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2 2, .4 4 d(vz) 3 5
b Now V*=m"2"(100— 4z*) e = 77 (4002* — 242%)
&L
= 7?(100z* — 42°) = 8722°(50 — 3x?)
) = 8r2*(v/50 + v/32) (VB0 — v/3g)
d‘: 2
%:0 when z = /2 {as x>0}
2 -+ S
and i has sign diagram: T
the maximum volume occurs when z = % =2 4.08

radius ~ 4.08 cm,  height = 4 /100 — 4 (2) & 5.77 cm

7 At z=2B, f"(z)=0 but f'(z)#0
f(z) has a non-stationary inflection point at = = B,
f’{(z) is above the x-axis for 2 < A and z > C, and below the z-axis for A LU
@

=zC

f(x) is increasing for = < A, decreasing for A < # < C, then increasing for
f{z) has alocal maximum at = = A and a local minimum at = = C.

non-stationary
inflection

/ by

lacal
maximum

Chapter 19

DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

EXERCISE 19A e R BT LR R L SN R A = e, e
1 a flz) =e'® b flz)=e"+3 € f(z) = exp(—2z)
f(z) = de*® J{z)=e"+0 2w
=g fz) = —2e 2=
d flz)=e% e flz) =2 % t fl@)=1—2e=
fiz) = %e% fz)=2e"2 (-l) Fz) =0—2e7"(—1)
= —e—% =2e™ "
s fl@)=def s b @)= T s e e
fi(z) = 4e% (%) —3e %(—1) f’(;".,) — %(em +e (1))
=2e2 + 3% — %[’e"t _ e;m)
i fl@)=e= i fla)=ex k f(z) =10 (1 + &%)
f(w) = e (—2x) Py g (—%) =10+ 10e%
= _Ope— " N F'{z) = 0+ 102 (2)
= = 20e*®
=——
! flz)=20(1—e7*) m Jlz) = e+t n fla) = e¥
= 20— 20¢ % f'(@) = e 1) F() = e5(2)
f{z) =0—20e"7% (-2) = 2¢*¥ 1 s T B
— 406-29: - Ze
° flz) = el—2a? p fla) = e 002
fiz) = 12" (—4z) f'(z) = e709%= 5 (—0.02)
_ ‘43;31_2"‘?2 s _0.02670.02:1:
2 a flz) = ze® b flz) =g
f=) = 1:@ +xe®  {product rule} (@) =3z% " + 2% (—e %)
=€ tae {product rule}
= 3zle = _gle®
© S =2 d  fw==
fiiz) = ﬂ;—:mﬂ {quotient rule} s flE) = leze:—;;e”‘ {quotient rule}
za:exgem _e(l-z) 1—=
x T (e®)2 T eo
e f(z) = z2e3® f flz) = a
s 3z 2 _3x \/E
oo f(w) = 2ze®® 4 32%e®®  {product rule} ¥
e®\/x —
fz) = 2\/_ {quotient rule}
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e* 42
s flo)=vae b @)= 2 ; |
. ; e 41 5 y =23 | et EE = 6e® 4+ 20e4*  and ‘cl_y = 18e%* 4 80et"
S ) %,c;:_'z'e"m —x2e * () e® (e~ + 1') —(e® +2) (ﬁ.ek-‘n) " o dx dz? |
x) =
, : {product rule} fe2 LIP Now &a:_g -7 ﬁ 12y = (186> +80e'*) — 7 (6¢° + 20¢%) + 12 (26°* + 5es=) |
I S {quotient rule} = 18" + 80e™™ — 42¢® — 1406% + 2463 | Gede |
2V _1tet+1+427" = €% [18 — 42+ 24] + €*® [80 — 140 + 60]
=1y = 7 (0) + e*=(0)
_ e +242e7® =0
NG . Py dy
5 el B
dx? T dx + By =1
1 B . / ®
3 a flz) = (" +2)* b f(w)=1 = 6 flz)=e*+z . flz)=keb 1
=u* where u =¢® +2 :1& = Now f'(0) =—8, so ke’ +1=—8
g el =u - where u=1—-¢° kx1=-9
2y y du ;
ey R hain rule dy dy du . . —
dz d_usda: yphein mig) Y T {chain rule} S k=9
=4y (e ) =7uﬁ2(e—m) 1
! _ x 3¢ _x
F'(@) = 4e® +2)%(e%) L o  _ R
= te"(e” +2)° Al d
d_y =1le % —ge ™ {product rule}
x
1 A
¢ flz) = v/e2= +10 d f(m):m- =€ (lﬁm) . /\ N
. # 41 ! 1—z which has sign diagram: - L
=u? where u=e

=u"? where u=1-¢3®

—
= 1
= /N

dy  dydu !

—— = ———— {chain rule} @ == -d—y@ chain rule 1

dr  dude dr  dudz { } 5 When = =1, y=1e"? ==, sowe have a local maximum at (1, 1)

= —l-u_% 232:". TR —3(_q 3z — Ge & e
2 2£ ) = —2u"%(-3e™") w2 b y = z2e®
M) — 5 Ged® d
filz) = VeE 110 s JE)= m ﬁ = 2ze” + zle® {product rule}

=ze®(2+ )

which has sign diagram: ANk, f+,m
O t f@) =21 2e~ 5 N /2N N\

1 When #= -2, y=4e72, andwhen = =0, y=0.
=zu? where u=1-2e *

1 _,
=u 2 where u=1—¢e" %

. 4 ;
. . du So, we have a local maximum at (—2, —-2—), and a local minimum at (0, 0).
o (z) = luz 27 — €
% = %d—“ {chain rule} #g) = luar g S dz o2
u d . - ==
. B _lu*"?}(e*‘") {product rule and chain rule} € y -
- 2 1 _ d T e® (]
i =1lVutziu 22" d,_y o SRS : (L) {quotient rule}
~ o2 V1 —2e—" s : 3 v i
= 7t = ﬁe(:r—l) ; : . . ‘_\;,\ /+
i 1 N = 7—— which has sign diagram: - '1 —
)= 3 i —z l @ \/
2(1 —e—=)5 Fla) = 1—2e7* 4 ze .
V1—2e=®

When z=1, y= eT =e¢, sowe have a local minimum at (1, e).

d y=e"(z+2)

dy e .
by = AerT a & = Ae*® (k) b dZ—y = 2 kAer*  {from a} =, = (z+2)+e {product rule}
da dx? dz —
= % (~p~24 1)
= k(Ae™*) _ 1.2 gk e ®(—z i
| = ky _ zer =e " (—z~—1) which has sign diagram: <= N =T
; — K%y

, 7N

When z= -1, y=e(—1+2)=e, sowe havea local maximum at (—1, €).




416 Mathematics SL (2nd edn), Chapter 19
DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

The y-intercepts occur when = =0 5
Now f(0) =€’ —-3=-2 and g(0)=3- - =3-5=-2

both f(z) and g(z) have y-intercept —2.

b As 1z — oo, flz) — o0 As = oo, g(z) — 3 (below)

z — —o0, f(z)— —3 (above) T — —oo, g(z)— —oo

¢ f(z) and g(z) meet when d
" —3=3-5"°
e —3e” =3e" —5 { xe"}
e —Be®+5=0
(e —5)(e®—1)=0

e”=>5orl
x=Indor0
Now f(ln5)=e™®-3=5-3=2 |
and f(0) = —2 =

flx) and g(x) meetat (0, —2) and (In5, 2). '

7 a Consider y=e® —3e*

It cuts the z-axis at P when y =0 It cuts the y-axis at Q when =z =10

e" —3¢ =0 y=¢e" — 3¢
e —3=0 {xe%} =1-3
e2m=3 =-2
2z =1n3
z=1n3 Pis (3In3,0) and Qis (0, —2).
d: d
b ﬁ=em—|—3e_‘c € ﬁzexﬁ-&i_m

Since e* >0 forall @,

dy 2
24 ; . d
dz >0 foralls Above the z-axis y >0

the function is increasing for all x the function is concave up

d
i Below the z-axis 3y < 0 k| <D
dax?
y=e*—3e” " the function is concave down

/ a non-horizontal inflection occurs
P in

z when y =10
—217" (413, 0)

Q non-horizontal
inflection

EXERCISE 19C Tmmmmmmmmmnne

AT

R L e g e

1 a y = In(Txz) or y = In(7x)
y=InT+Inz _ dy 7+« f'(z)
dy 1 1 o E:%Hf(a:)
dr |z = 1

e ——
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b y=In(2z41)
W __2 —fl)

de  2z+1 « f(z)

d y=3—2Inz
d
20
dz x

_ 2
x
Ing

f M i

¥ 2z

1
EE (;) 2c —Inz x 2
dr (22)?

V7 — (lng)}

Y
dy _ 1 ==l 1L
T s(nz)~2 (;)

i
-;23}‘\/11’1:1:
k y = vz ln(2z)
dy 1 )
— =1 Z
iz~ 25 n(2w)+\/5(m)
In(2z) 1
— +—_
2T T
m y:3—4111{1—'m)
dy 4
dr iil—af: ® =1
4
T l—g
a y=xInb
d =Inj
o n
€ y=In(z*+z)
%74$3+1

y=In(z — 2?)
dy _1-2z« fi(x)
dxr T — 32 — f(x)

y=xz lnz

d
2 < somna a2 (1)
dx

€T
=2zlnz +x

y=¢e"Inz
T
= :e”lnm+e—

dx &

= (Inx)?

Y
dy 1
— =2 o (B
o (In z) (a:)

_ 2Inz

z

y=e ®lng

y=xzln(z® +1)

dy_ 5 2x

2x2

=In(z?+1
( )+.:L'2+1

y=In(z") = 3lna
dy 1y 3
i (E) 3z

y =1n(10 — 5z)

dy =5 1
dr 10—5z =x—2
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_ In(4x)
e y = [In(2z+ 1)]° f =
2
j—y =3[In(2z + 1))* x ] Cody (4;‘;) x— In(4dz) x 1
x - S
2 dz T
_ 6 [In(2z + 1)] L ey
2e+1 — —:1:2
i = — = (I -1
g y=1In (l) h y = In(lnx) i ¥= {Inz) F
o 1
==lnw W, d—y:—l(lnm)_zxé_
de Inz xlnx dx E |
dy _i o
CIE ~ x(lnz)?
1 xT
VT - ¢ y=I(EVa)
3 a y=Inv1— 2z b y_ln(2$+3) 1 o
= " 3
=ln(1—-2m)'21' = —In(2z + 3) nem+1nm
11n(1 - 2z) Coody 2 =lne 1+51M
Iw iig—lx —2 Todzr 2243 =z+ 5 Ilng
de 27 1—2z dy_lJrl(l)
' = dr 2 \z
pr T1-22 Ll
J : -
T 21
’ x4+ 3 ¢ =T z?
d y = In{zv/2 — ) e y:]n(m_l) .~
1
™ =lng+In{(2—=x)2 = In(z + 3) — In{z — 1) = Inz? — In(3 - )
I . =lnz+in2-x) - 5 i _ _ sinw— (ol
| iy _ A 1(*1) T dz z+3 3-1 Cdy 2 -l
dr = 2\2—z S T2  3oa
1 1 _ 2 1
Tz 202-2) S
I % + 2z
2 —
g flz)=In ((393 — 4)3) h flz)=In (m(m -+ 1)) i flzr)=In —%
2
= 3In(3z — 4) =1n:t:+1121(m +1) _ it
i ! = — In(z —5)
Fz)=3x- Plal—= = +— 7
et P oo 2w+2
o Fo=oie
3T —

y=2°

— (ean)m = (elna)m
=emln2 :em]na
dy_ zlna 1
izi:e”’l”xan de xa
du 97102 =a"Ina

|
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7 Consider f(z) = —
z

. . 1
- there is a local maximum at (e, =

b flz) =1 forall 2 >0

5 f(z)=In(2z—1)—3

a f(z)=0 when In(2z—1)=3

2z —1=¢°

: 2z =¢41

3 1 3
z =5 2+ = 10.5 the z-intercept is ol
b f(0) cannot be found as In(—1) is not defined. there is no y-intercept.
¢ fliz)= 2 Lo = B = gradient of tangent = 2
2z —1 o 2—-1

d In(2z — 1) has meaning provided 2z — 1 >0 20>1 andso x> %

f(x) has meaning provided « > %

e Jz) =22z —1)"
Fiz) = —2(22 - 1)7%(2)
:_—(23:_1)2, fc>'é‘
provided > 1, f(z) <0

flz)=m(2z-1)-3

() is concave down when f(x) has meaning.

a f(x) is defined when lnz is defined fiz) is defined for z > 0

b fl(z)=Inz+ 2 {product rule}
T

=hz+1
which is 0 when Inz = —1 Sign diagram of f'(x) is: 'r;\ L /+—=-m
B =g~ 0 8
So, there is a local minimum at (i, iln 713-)
the minimum value of f(z) is ilne 1= -1
Inz

1
, (;)m—lnm(l) | A=l
_f(:c): 22 - 22
f'(2)=0 when 1—Inz=0 ]
Inz=1 Sign diagram of f’(z) is: 2 LSz
=g 0 r/ \

1

Now f(e) = g ==
e €

€

1
f(z) £ -

1 1
for all z, and so = £ — forall >0
@ e

a flz)=z—Inz

5 o __1_ =],
Fe)=1--=2

B , Lo = \ i / +
and the sign diagram of f/(z) is: | 1 i
:
This is the only turning point.

f(z) has a local minimum at (1,1 — In 1) or (1,1).

z—Inx>1

Inz<z—1 forall z >0



