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0 DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS
R S B e R R R TR,
EXERCISE 19D SN A I R I e R
1 flz)=e"" . 1 1
)= e | w Vi 1
1 .. the tangent has equation — .
the point of contact is (l, E) . )
) e
Now f'{z)=—e " .
Ty — _1i_l coey—l=—-x41
ffly=—e""= e 1 o oztey—=2
So, the gradient of the tangent is — p — 1 - 2
€ E
2 y=In(2 —z)
sowhen x =—1, y=1n3 - 1
the point of contact is (—1, In 3). the tangent has equation T =1
- B
Now %:—Q—w S 3y —In3d)=—(z+1)
‘ dy 1 1 3y—3n3=—-z—-1
whem @ =l = a1 @ gk 3= 3Ins — 1

So, the gradient of the tangent is —1.

3 y==x%" sowhen z=1, y=e

the peirt obepdact is Hl.g). The tangent cuts the z-axis when

dy 2. =0
— = 2ze® 4 z?e

o do 3ex = 2e
d - 2

when = =1, d—y:26+e:3e som=12

’ — and the y-axis when

the tangent has equation — = 3e e
y—e=3ex—3e Sy =2

y=—2e

y— 3Jex — ~2e

dex —y = 2e
& y=lnVz o when y=-1, —1=1llnz
T Inz = -2
=Ilnz e
=iz o 1
. 1 , : 1
T = = .. the point of contact is il

d 1 e?

d 11 : il =_

Now ﬁ = % i so at the point of contact, He - ogt 5

2
e? ; &
the tangent has gradient 5 and the normal has gradient — -2

. y+1 2
the normal has equation =

Soe{y+1)=-2 (.c = elz)

2 2 2 3
e’y+e =—$+62

2 S ot s
2etefy=—e+—= o y=——Zuz+ 1

ed

So, Ais(2,0) and Bis (0, —2e).
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5 y=e" sowhen z=q, y=e®
the point of contact is (g, e),

Since the tangent passes through the origin,
(0, 0) must satisfy (x)

d et — Lafny
Now ¥ _ e® 0—e e®(0—a)
et S —e% = _ge®
. d e
at the point (a, e%), &y et Sooe*la—1)=0
dx a=1 {as e b 0}
the tangent has equation sl = e So the equation of the tangent is
o8 Y—e=er—e or y=exzn
o y—e®*=e*(z—a) .. (=)

6 a f(z)=Inz is defined forall z > 0.
il
b f(z) == whichis >0 forall z >0
T

f(z) is increasing on 2 0; its gradient is always positive,

—1
fz)=—z2= —5 Wwhichis <0 forall >0
€T

F(z) is concave down on > 0.

At y=1, 1l=lng
L oz=el=e

the point of contact is (e, 1)

dy 1
Now — = —
dr =z
dy 1
at (e, 1), — ==
(e, 1) dr e
. 1 . ;
the gradient of the tangentis =, and the gradient of the normal is —e
e
. . y—1
the equation of the normal is =—¢ Sy —1l=—e(z—e)
T—e

Yy—1=—ex+¢?
ex+y=1+¢e?

T y=3e™ and y=24¢e meet when 3e™* =24 g=
3 =2e* 4 e** {xe*}
e®® 4 2e* _ 3=
(e 4+3)(e"~1) =0
e*=-3orl
¢®*=1 andso =0 {as e® > 0}
Now when =0, y=23e"=3, g0 the graphs meet at (0, 3).

d d
For y=214e2, & o er, For y=3e 2, i A —3e™ %,
dx dx
50 at the point (0, 3), —= =¢0 =1 so at the point (0, 3), —= = _3
dw dx

the gradient of the tangent at this point is 1 the gradient of the tangent at this point is —3

the tangent has direction vector G) the tangent has direction vector ( _13)

i = - 2
If ¢ is the acutc angle between the tangents, then cos#d = )+ 3| |

VITF1Z, /124 (—3)2 V2V/10 20
A ~ 63.43°
8 a W =20e"* 50when t—50 hours, W =10g¢g
L 20e75%% = qp
o—50% _ 1

—50k:1n%:gln2 k:g%an“NJO.DlSQ
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When ¢ =1 week

b i When t=0, i When t=24, iii
W = 20e° W = 20624 = 7 x 24 hours

=20g — 90244 = 168 hours
~143¢g W = 20e168%%¢

~1.95¢g

¢ When W=1g,  20e 50
e~ B Xt = 0,05
In2 _

t= ] 72 216 hours or 9 days and 6 minutes

In2
dW . .
E i When t= 100 hours, ii When ¢ = 1000 hours,
— 90—kt (—k) @ _ (—2011'12) e—2In2 ﬂ _ (_201112) e 20lnz
02 dt 50 dt 50
. o2
= (_20_55) xe 50" A —0.0693 gh™? ~ —2.64 x 1077 gh~t
aw dWw
- = —k(20e Rt = kW s — x W
dt ( ) P
9 T =05+95e %t °C
dr —t
a T =20°C when t=15 b When =0, € EZO—}—QSE (—k)
20 =5 + 95 1% T =54 95e” = —(95e )k
15 = 95— 10k =5+95 =¢(T —5) where ¢ = —k
15% 95 = 100°C
e =
15
15k = In (12)
_ 1 19 ..
k=% (%) =0.123
d éd% = —95e %t x k ~ —11.6002¢0-1231¢

ar N 3
i When t=0, = ~~ —11.69, so the temperature is decreasing at 11.7°C min—1.

A
ii When ¢ =10, d—
dt
1

so the temperature is decreasing at 3.42°C min—1!.

~ —11.6902e~1231 == —3.415,

dT
iii When ¢ =20, E ms —11.6902¢—2-461 ~y —0.998,
so the temperature is decreasing at 0.998°C min—"',
10 H(t) = 20In(3t+2)+30cm, ¢ 0
a The shrubs were planted when £ =0. H(0) = 201n(2) + 30 ~ 43.9 cm
dH 3 60 1

b When H =1m=100cm, € —=20X ——— = ¢m year
. L4 2 3t+2
201n(3t + 2) + 30 = 100 g B2+ )dH +
013k~ T | When ¢=3, —-={ w5455
In(3t 4+ 2) = 3.5 .
( 3t++ é R it is growing at 5.45 cm year™*
3t —=e>% =1 . dH
. NI il When ¢ =10, E = g—g = 1.875
= years -, itis growing at 1.88 em year™*

t =2 10.4 years

4
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11 a A=s(l—e""), t=0
When t =0, A:s(l—eo)

b When t=3, A=5 and s=10
5=10(1 —e3)

=s(1-1) 0:5:="T - g3k
= 673]‘: =0.5
&3 9
3k=1In2
k=2In2=0231
dA
S —kt dA
€ = ske d e ske—*t
when =5 and s = 10, =k (se*‘“t)
dA —  f e —kt
ol 10(%]n2) (€7%1n2) k ( £ )
dt = —k(A-5s)
A2 0.728 litres per hour dA
Lo (A—3s)

: e
12 Consider f(z) = —.
z
a e”#0 forallm, so f{z) #0 and there is no a-intercept.
)
e’ ]
F(0) = T is undefined, so there is also no y-intercept.

b As @ — 4co f(z)—co, andas o — —co, flz) =0 (below)
( As z —0 (above), y — 400, andas = 0 (below), y — —oo
z =0 is a vertical asymptote. )

¢ Using the quotient rule, f'(z) = e’r —e®(1) _ & (z-1)
@2 x2 :
with sign diagram: ;\_ 7\ | / L
: N

e
f(1)=— =e, so there is a local minimum at (1, ).

1
' @ —
d e Now f"(m) — .e(m*ll
Y =
s S
horaon o e prry= 2
asymptote i) Y= % (=15
y=0 . - 2
& . . the gradient of the tangent is = — =
T
vj vertical asymptote et 1 )
=0 When =z = —1, y=—= _=
— e
(=) :
the equation of tangent s —~ €/ _ 2 Y - e = B
x—(-1) e oz e

1
e(y-}—;—) =—-2z+1)
ey+1=-2x—2
ey = —2x—3
13 a s(t) =100t +200e % cm, ¢>0
v(t) = 100 — 40e~ % cms—

a(t) = 8e=% cms~2

b When t=0, s(0)=200cm (right of the origin)
v(0) = 60 cms~!
a(0) =8 cms™2

€ As t— o0, e %t — 0,
v(t) — 100 cms—!  (below)

X
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‘ | d e When w(t)=80cms ',
' + =1 -
|‘ v(, Aank. sl 100 — 40e~ § = 80
| / —40e~% = —20
60 i
e 5 =05
- 5 . =1n0.5
1 t(s) 5
t=—bIn0.5~ 347 s
1 a Aty =tlnt+1, 0<t<5 b A(t) (5,51n5 + 1)

! 1
Aty =Int+1tx 3 +0 {product rule}
l =Int+1
I S A(t)=0 when Int=-1

] soot=et +
| | v

and the sign diagram of A’(t) is: — - >
W :

minimum
(e, 0.632)

/

t (years)

1
A(t) is a minimum when ¢ = T 0.3679 years

the child’s memorising ability is a minimum at 4.41 months old.

1.2 . ; . T ®
o ' 15 a flz) = 1211- g=2” F'{x) has sign diagram: i)
i v
i , 1 —1g2. . 1
I ™ e f(w)ﬁ—\/z—we 2% (—x) Now f(o):—%
—x

1
50 there is a local maximum at (0, ﬁ)

Ql

' 12
= e 2
II 2

flz)=0 when z=0
3 : z

ol . = 7%E2_ 1 (_me_%mz)
| b =Tt =L (s

The function is increasing for = < 0
and decreasing for = = 0

9

1

l| s e = L ((71) e84 (—=) e (f:c)) {product rule}
|

| V2T
3 B (2 g
iy N ( )
: 1 157 . N _ g =
y = e %% (@+1)(xz —1) which has sign diagram: +——————
V27
1 1 1 1
T e = and f(—1)=
‘ b f( ) V2T v 2er Zem
1 i
there are points of inflection at (1, \/ﬁ) and (—l, %> ;
€ As z — og, e~ 3% 0 (above), d - :
fz) — 0 (above) (0, %) y=1fl=

— L2
As w— —o0, e 2 — 0 (above), non-horizontal A non-horizontal

z) — 0 (above) inflection inflection
1 | f ( ) (71 1 ) o ( 1 1 )
’ \/ﬁ 2 2em

Y T

o
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30—z

2
16 C’(:n):tllnm—l-( ) , 210

4 30—z
=g +1 (5 (-4)
4 30 —x
Tz 50
_ 200 — (30 — )
- 50z
200 — 30z + 22
- 50z
_ (z—10)(z — 20)
a 50

C'(x) has sign diagram:

| - T
i\

10

the minimum cost occurs when = = 20
or when 20 kettles per day are produced.

17 Let coordinates of D be (x, 0) where z > 0.

the coordinates of C are (x, =),

dA

= has sign diagram:
G

area ABCD = 2pe—="

el

= 7

1
_ad a2
= 2e 2 +2ze”" (—22) {product rule} l]] = \

=2e7" (1 - 2932) the area is a maximum when z — %
a2

=2e"" (1 +v/22)(1 — v/2z) TR g

soCis (e :
18 P(z) = R(z) - C(a)

P(z) = [1000 In (1 £ %) + 600] — [(1.5) + 300]

=10001n (1 + 0.0025x) — 1.5z + 300

' 0.0025 ;
P'(x) = 1000 (—_0 ) e B e
1+ 0.00257 1+ 0.00252
2.5 + -

P'{r)=0 when ———_ _3 Sign diagram of P’(z):

140.00252 2 2663
34 0.00752 =5
0.0075z = 2
9 Now  P(266) ~2 410.83 and P(267) ~ 410.83
- 0.0075 B AR - o maximise the profit, 266 or 267 torches per

day should be produced.

19 a y—=az? a>0 touches y=Inz when az®=Inz
[f the curves touch when =56 then ab? =1nb . (1)

d dy 1

Now fi —az?, == =2 d fi =lnz, Z==

wfor y=ax e ax an or y=Inz il

when =0 £ g when z=5 ¥ _1

dz b

1

Since the curves touch each other, they share a common tangent. 7= 2ab ... (2)
b Now ab®> =21 {from (2)} € a= 5% {from (2)}
and ab® =1Inb {from (1)} 1 1
b=} TV T %
b= e% =+/e

When = =b = /e, S

y=Inz=lne

the point of contact is (1/e, % y




Mathematics SL (2nd edn), Chapter 19

426
DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS
11 .
d The tangent has gradient — = — and passes through (\/e, 1)
b e
: -5 1 1
the tangent is a:—\;é == - y_.%:_e (m_\/g)
1
Y — % = —e$ -1
y = gi%:{: — %
0
20 Pt) = ——0000 0<t< 25

1+ 1000e 05
= 50000(1 + 1000e~9-5¢)—1

P'(t) = —50000(1 + 1000e %) =2 (~500e~°-5*)
= 2.5 x 107e" %% (L 4 1000e~0-51) 2

. . dr . .
The wasp population is growing the fastest when Y is a maximum.

Using technology, the graph of P’(Z) can be drawn and the maximum obtained.

The maximum occurs when ¢ =2 13.8 weeks.

21 Consider y=Ate™®, ¢t20, A>0 b>0
a This function has a y-intercept when ¢ =0, so y = A(0)e~¥*° =0 the y-intercept is 0.
It has a t-intercept when y =0, so Ate ' =0
t=0, since e " >0 forallt, and A >0

the only ¢-intercept is 0.

b y = Ate™ %
% — Ae bt 4 At(—b)e*bt {product rule}
. = (1 bt)Ae™""

: p d:
The function has stationary points when d—ir =0

Since Ae~"* >0 for all ¢, this occurs when 1 —bt =0

+
b >
A/ |
v
-~

P :
The sign diagram of £ is:
dt Bl /

1 1 1 A
there is a local maximum at (—, A-e*bx%), or (", —)
b b b be

dy
¢ —= = (1 — bt)Ae™ "
= = )Ae
d?y —bt —bt
e —bAe™ " 4 (1 — bt)(—b) Ae {product rule}
= Abe™Pt(th — 2)
which is O when th—2=0 {Abe™"" > 0}
o 2
b
2 2 2 24
= =AZeg Xy = 22
At t D’ Y be he?

24

d; 2
o E) It is non-stationary, since d—g #0 at t= ¥

£ 2
the point of inflection is (—
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d 3 )
Ly (%, b—‘:‘z) local max.

(2,24
i A\ 5T
i point of inflection

Py SR R

= Iy L 1 L 2 =t

i b 3 t

€ F(t) has the form Afe=" with A =750 and b= 1.5,

s : ki 2 .
. the maximum occurs when ¢ = 5= hour or 40 minutes

REVIEW SET 19A |

1T a y=e®+? b y:ln($+3)
=e" where u=2°%42 x?
dy dy du ) =In(z+3)— ln(ﬁz)
e o {chain rule} & 7 e
=e" x 3272 “de z+3 22
= 327" _ T 3
= 3q2e5 42 Te+3 o

2
2 y=e"" sowhen x =1,

Y= e‘l = l
1 ; :
the point of contact is (1, E) the equation of the normal is g &
ay z—1 2
s ) —? 7
Now = 2ze ) (y e E) =elr—1)
dy
when z=1, —= =_2¢1 2
da we S 2y——=ex—e
e
the gradient of the tangent is " 2
e S 2y=ex+-——e¢
and the gradient of the normal is < el
2 e e
= —T _——
¥ 2 ¥ e 2

3 @ f(z) and g(z) intersect when €2® — _e* 4 g
(") +e* —6=0
(e® +3)(e® —2)=0

e =—3or2
But e >0 forallz,so e" =2
z=In2

f(ln2) = e2ln2 o (eln2)2 =4
the point of intersection P is (In 2, 4),

b f'(z)=2e, so the gradient of the tangentat Pis  f/(In2) =2 x 22 = g
y—4

the tangent has equation

z—In2
y—4=8z—8In2
Yy=8x+4—8In2
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I

% is never 0.

a fz)=
. eD
Now f(0) = = —1  so the y-intercept is —1.

b f(z) isdefined forall = £ 1.

¢ fliz)= em(m%)l—)zew(ll {quotient rule}

:M T 7§7|+

and has sign diagram: - :
(x—1)2 FHEE T 7

f(x) is decreasing for © < 1 and 1 <z < 2, and increasing for z > 2.

_ e =2+ e Dw—1)° — e*(z — 2)[2(z — 1)" (1)]

Fx) = @1 {product and quotient rules}
_ [e®(x — 2+ 1) (z —1)?] — 2e%(z —2)(z — 1)
@—1
efle—1)(xz—1)2 — 2e(z—2)(x —1)
(@—1)*
_efle-D[(z—1)* — 2(x - 2)]
(z-1)*

e*(z— 1) [z? — 2z + 1 — 2z + 4]

- o1

falr e B 4
= 6(32—13;:-52 where the quadratic term has A < 0
T —

The sign diagram of f"'(z) is: - i+ " F(x) is concave down for all = < 1
L and concave up for all z > 1,

e Now f[(2)= 2 2 I

d + =e
Tm—1 2—1
Using € we have a local minimum at (2, e?)
y=e? i i

the tangent at = = 2 is horizontal

< : JE——)
\E — and is y = e?,
v im=1
dy 2z
= 1 2 3 _— = — 1
y=In(e”+3) dv 22 +3
d
When z =0, -&E =0 so the gradient of the tangent at this point is 0. .
o

But when @ =0, y=1In(0+3)=1In3
the tangent is y =1In3 which does not cut the z-axis.

flz) =e*" +pe+gq
fi(z) = 4e*" +p
At the point where x =0, the tangent to f(z) has equation y =5z —7, so f'(0)=5
4e fp=5
p=1
The tangent meets f(x) when =0 and y=5(0) —7 = —7, so (0, —7) must lic on f(z) ioo.
™ 4 p(0) +g=—7
l+g=—
. q — _8

*
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7 e —x
a Qfe 5= —2e® b 2lnz — 3In (—l-) =10
8T 5" =3 {xe7) @
. T —he*4+2=0 21n.’r—31n(m71):10
(36 —2)(e —1)=0 S 2lnz+4+3lnx =10
e”:%orl S Blnz =10
— 2 Ine=2
.tflné-or() by
=e

REVIEW SET 198

1 H(t)=60+40Im(2t+1) em, ¢t > 0

a When first planted, t =0 H{(0) =60 +401n(1) = 60 + 40(0) = 60 cm.
b I When H(t) = 150 cm, il When H(t) =300 cm,
60 + 40 1n(2¢ + 1) = 150 . 60+ 40In(2t + 1) = 300
40In(2t + 1) = 90 S 40In(2t4 1) = 240
In(2t 4+ 1) = 22 = 2.25 oo In(2t4+1) =6
24 1 — o226 S 2t+1=¢"
| b Bt =1 |
t:%(ezzs‘l} = %(eﬁ—l} - \
t = 4.24 vears S+ 1R 201 years |
2 80 |
< H’(t):él.()( ):—-
i 31 O per year - I

i When ¢t =2, H'(2) = 82 = 16 cm per year
ii When t =20, H'(20) = 22 = 1.95 cm per year

2 s(t) =80e 19 — 40t metres, =0 | |

a v(t)=s'(t) = —8e 1o — 40 ms-1 b When =0, s(0)=80m |

a(t) =v'(t) = 0.8¢" 10 m s—2 2(0) = —48 ms~* (
a(0) = 0.8 ms2 il

_t
€ Ast—o0, 710 =0 Soou(t) - —40m s~ (below) | l‘
d Aolt) (ms=) e When v(t) = —44 ms—! l :
- - S —8eTTo —40= 44 |
B8 =
e"16 = 0. 5 |
L : ﬁi—ln(]S Il
R — - T1o Il
v ‘ |
t 22 6.93 seconds

=-10In0.5 | ’

3 P(z) = R(z) - C(x)

_ €T
-~ [200 In (1 £ ﬁ) + 1000] — [(z — 100y + 200] ' :
=2001n (1 4 0.012) — (2 — 100)2 + 800 | ‘
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|l
I ) (ﬁ%) — 2(z — 100)* & = s(t) =25t — 10lnt em, ¢ 3> 1 b When ¢t —¢,
. " e . 10 T s(e) = 25e — 10lne = 25 =]
| _ "2 2(@—100) © ) =25 = = om min~! ~ 58.0 cm e
2 2(z — 100)(1 4 0.01z) 10 v(e) =25 — — cm min~?
- 1+0.01 = — cm min~? e
o 2 ~ 21.3 om min~"
2 —2(z +0.01z% — 100 — x) By
I N 1+ 0.01z dP ale) = — cm min~2 & 1.35 ¢m min— 2
‘ == 0.02z* = 202 e?
i _2- 0.0222 + 200 Y 0 when :c2 | i
N 1+0.01x soo@t =10100 ¢ As t— oo, e 0 . w(t) =25 ecmmin~! (below)
202 — 0.02z2 ooz =+10100 {z > 0} d ‘
. i v - e 100.49 %Jtﬂff_t_k)ﬁ('cmmiﬂ‘l) _____________________ e When v(t) =20 cmmin~?,
1
o ap Faa ' 2510 _op
i and the sign diagram of Tz 18! T Z 15 o
s =2
- ¢ (min) . ‘ .
I‘ ' ‘ . the maximum profit occurs when x == 100.49 ¥ 4 3 o = oot =2 minutes
Now P(100) ~ $938.63 and P(101) 2 $938.63 e
d the maximum daily profit is $938.63 when 100 or 101 shirts are made. REEER L IR O B A e ey
| 1 a y = In(z® — 3z) b y:i
2
: , & a Attime t=0, V =20000e""4x° . dy _ 32%-3 *
i = 20000 dollars Cdr o —3s 1 2 — (2] {quotient rule}
|
' .. the purchase price of the car was $20 000. da z*
u " I @ _
., b V' = —0.4(20000)e~ 4t = e_(“-"a_‘?)
e =, —0.4¢ T
Ty = 000 : y=In(z" +3)
- Attime ¢ =10, V' =—8000e 4x10 L dy 4a®
'1‘ ‘ ! 2 —146.53 dollars year™* ' o dr  z4+3 ‘

1 after 10 years, the car is decreasing in value at $147 per year. dy 4(1)?
Al h = — — -—
e M ==l Gi= gyl e yomthE =g |
| . y—In4d
s 2 .. the tangent has equation =T —z—
5 c(w)=101n:c+(20-1%) =1o1m+400—4m+1% z—1 & p=a=lsnd |
_ Now when =0, y=1In4 -1, sothe tangent cuts the y-axis at (0, In4 — 1).
oy = 10 4 & _ 500200z 47 , |
r) = — — e S I i
as 50 50z 3 a b Oo=ile b e _7e” 412 =0 .
| o C'(z) =0 when z?—200x+500=0 SooeT =37 =0 o (e =3)(e*—4) =0
' 200 + /38000 , S e(e®—-3) =0 o e*=3o0rd
i b= T em = O or 3
! 2 Y S o xz=In3or In4
~ 2.53 or 197.47 S et =3 f{as " >0}
u ¥ —
i But 350, so xa107.47 s Bi= 153 .
. Now C"(z) =102 + L L h flz)=e" -2 ,
' C"(197.47) = —10(197.47) "% + 0.02 =2 0.02 whichis > 0, so the shape is \/ 1 a fllz)=e*-1 b As 2 — 00, €® — oo faster than @ I
| the minimum cost is when = =2 197.47 l |r\ 0 fi(z) =0 when e"=1 S f(E@) > o00
I ‘ I L ®8=0
Sign dingrun tor 20 =N\ a L s | |
ign diagram for C*{x) | W * Sign diagram of f'() is: _j((%*_»
50 ) ®
[
Now C(197) 7 52.92 and C(198) ~ 52.92 Now f(0)=e®—0=1

| . the manufacturer needs to produce 197 or 198 clocks per day to minimise costs. .. there is a local minimum at (0, 1).
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DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Mathematics SL (2nd edn), Chapter 19

6

c f'(z) =€®
F'(z) >0 foralx
t o+
< =

f(z) is concave up for all =
e Since a local minimum exists at (0, 1),
flz) 21 forall =
e —x =1
e* >z ax+1 forall =

a f(z) = In(e® + 3)
£lo) = =

is defined when x > 0
r+1

a f(z)=2z+Inz

) 1

b fllz)=1+=-=
T

f(z) is increasing for all = > 0.

1
f"(x) = —— which has sign diagram:
i

f(z) is concave down for all z > 0.
d f(1)=1+In(1)=1

4
"]y

d

which has sign diagram:

Gll'y
) y=[f(z)
‘N
i &
== 1 2
v
N | e 2)°
f(z)=1n [_m :|

=lIn(z+2)® —Inxz
=3n(z+2)—Inz
, 3 1
Flz) = x+ 2 oz
3z —(x+2)
z(z +2)
2z —2
- z(z + 2)

T

€T

1

(1, 1) is the point of contact.
141

L) == =2

the tangent at = = 1 has gradient 2,

so the normal has gradient f%

-1
the normal has equation o _%
25—
y—2=—-z+1
z+2y=3

7 Let the coordinates of B be (z, 0), so the coordinates of A are (z, e~2%).
|

the area OBAC is A = ze ™ 2®
dA —2 —2
b (L)e™** + x(—2e7%*) {product rule}
T
=e %1 — 2z)
= 1 _229: and has sign diagram: ; i : — >
e2w 1
o /N

1

: _a(l
So, the maximum area occurs when x = z and y=¢e 23) — -

the coordinates of A are (%, %)

11
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DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

EXERCISE 20A

hapter 20

a Y = sin(2x) b

dy d
= o cos(2z) 5(23;)

= 2cos(2z)
€ Yy =cos(37) —sinz d
dy i .
dr sin(3z) x 3 — cosg
= —3sin(3z) — cosz
N Yy =cos(3 — 2z) ¢

dy .
5= —sin(3 — 2z) x —9

= 23in(3 — 23;)
8 Y =sin (%)aBCDS& h
dy
7 = 7905 (%) + 3sing
i Y = dsinx — cos(2z)
dy
Ty = 4cosw + sin(2x) x 2
= 4cosz + 2sin(2x)
a y=az4 cosz b
dy
e 2z —sing
€ ¥ =e"coszx d
dy -
e cosx + em(—sin:c)
=e“cosw —e®singy
e y = In(sin =) '
dy _ cosz
dr  sing
] y = sin(3z) h
dy ~3
T cos(3z)

Y =sinz 4+ cosx

dy

=CoST —sinx
dzx

y =sin(z 4 1)

dy d
= = cos(z + 1) &E(r+ 1)

= lcos(z + 1)
=cos(z+1)
¥ = tan(5z)
dy 1
dr  cos?(5z) %
_ 5
cos? (5x)
y = 3tan(wx)
4y =3 x L '
T T X
_ 3
cos2(ma)

Yy =tanz — 3sing
dy 1

E; = -‘—'Cos2:r —3cosz
Yy=e “sing

dy i

dz ¢ snz+e "cosz
¥ =e tang

d ) 2z

‘d—y = 2e%% tang + £

L cos? x
Y= cos(g)

dy !

- 1

Ir 2 sm(%)




