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x—2 =4

7

quotient is 22 + 22+ 3,
remainder is 7
EXERCISE 7D.1

_ g — 12 has zeros
5+ /25 — 4(2)(—12)
BrE R ok

= 4

1 a 2x?

54 121
-._—:-'——'_Z—'—

5411

oy
4

8

:4, '_'4

4_,_3—

Zeros are v T2

" 22— 62+6 has zeros
= 2
6+£+/12
2
—31+3
zeros arc 3:“:‘/5

e 242
= 2(22 +2)
=z(z* — 2i%)
=z(z + i/2)(z — iv/2)

zeros are 0, +iv/2

guotient is

§ AND POLYN OMIALS

(m-l)(m+2)(m2 _3z+5)+1

= (m—l}($+2)

15 — 10z
kO
—g?—3z45+ (u:)l)(w*Z)

| is 15— 10z
g2 — 3z +5 remainder 1%

b o?+6x+10 has zeros

G /36— 4(1)(10)
o=

64
=—9

= B
zeros are —3 Ti

ms — 4z
= w(mz - 4}

seros are 0, £2

t A pazt =5
(2 +5)(E D
= (gF— Bit)(z®— 1)
= (z+iVB)(Z— Bz + e =1
ZEros are +i4/5, 1

5m2:3$+2
. 5932—33:—2:0
5z +2)@— 1) =0

2
roots are 1, —F

¢ ,Qz(_zz —2z+2)=0

94 /2 — 412
k. s it

2

24++/—4

=0 or 9

—Qor 1xi
roots are 0, 1 £

z=0 or

2 +52=10

2(z%+5) =0

2(2* —51%) =0

2(z +iVB)(Z — i/B) =0
roots are 0, +iv/5

(22 + 1)(=* +3) =4
. e+ e -3
(2 4 Dz + V3@~ aoh
roofs are  —3: i3
ws = bT
: ms — b = 0
z(z? —5) =0
g;('n+\/g)($—‘/g) =2
roots are 0, ++/8

4 =3
2t = 32
. (zz — 5)(22'
(z2 % 5)(ZB
o4 VB — VO VI
roots are ++/B, xiv?
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222 — Tz — 15
= (2¢ +3)(z — 5)
2%+ 227 —dx
=z(z® +2z—4)
22 + 2x —4 is zero when
—24+/4+16
—
=_1++5
4227 —da
—g(z+1+VE)(z+1—5)
21— 62 +5
= (22 — 1)(z* = )
= (z+1)(z — V(= +V5)(z — V5)

o=

(B—a)x0x{8—9)=0
(y—a)y—F)x0=0

The zeros +2

have sum = 0 and product = —4
come from quadratic factor 2% — 4

and zero 3 comes from (z — 3)
P(z)=a{z2 —4)(z—3), a #0

The zeros —1 %1

have sum = —2 and product = 2

come from quadratic factor 22 + 2z + 2

and zero 3 comes from (z — 3)

P(z) =alz —3)(z* +22+2), a#0

For zeros of +1, sum =0 and product = —1

b 22 —6z2z+16 is zero when

_ 64/36 — 4(1)(16)

z
2
=347
2* — 62416

= (2 —3+iVT)(z—3—iVT)

62° — 2° — 2z
=z(622—2—2)
= 2(22+1)(3z2 — 2)

gt g B
= (" = 2)(z" +1)
= (z+V2)(z — V2)(z +i)(z — )

a, B and v all satisfy P(z) =10
o, 0 and ~y are zeros of P(x)

b The zeros =i

have sum = 0 and product = 1
come from quadratic factor 22 + 1

and zero —2 comes from (z 4 2)
Plz)=alz? +1)(z2+2), a #£0

The zeros —2%+/2

have sum = —4 and product = 2
come from quadratic factor 22 44z + 2

and zero —1 comes from (z+1)
P(z)=a(z-+1)(z2 +42+2), a #0

- come from 22 —1

& For zeros of ++/3, sum =0 and product = —3

Or 2eros of 2+ /B, sum = 4 and product = —1

For zeros of ++/2, sum = 0 and product = —2
P(z) =a(22 —1)(22—2), a#0
For zeros of +i+/3, sum =0 and product = 3
2eros of 2, —1 come from (z — 2)(z + 1)
P(z) = a(z - 2)(z + 1)(2* + 3), a #0

. come from 2% — 2

-, come from 2% +3

-, come from z? —3

For zeros of 144, sum = 2 and product = 2 ., come from 22 —2z+2

o P@)=a(2? —3)(z2 —22+92), a0
: -, come from 22 —4z—1
OFzeros of —2 -+ 3i, sum = —4 and product = 13 .. come from 22 +4z+13

b P(2) = a(2? — 42— 1)(22 + 42 4+13), a#0

; me v

P+ 5 = 022 | 25— 6lz 4 ¢
WSINgG coefficients gives
= 7, 2b—6=4, angd e=5
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b 2$3—m2_+6:(m—1)2(2$+a)+bm+c
:(m2—2m+1)(2m+a)+bm+c
:2:1:3+[a—4]a:2+[2-‘2a]m+a+ba:+c
:st+[ar4]m2+[2—2cn+b]m+[u+c]

g—4=-—1 2—2a+b=0

a=73 . b=2a—2
b=4

Equating cocfficients gives

2 a z4+4:(zz+az+2)(zg+bz+2) 1 o g
:z4+[a+b1z3+L4+ab1z2+[2a+2b]z+4 v 1 b9

A
A+ab=0

ab=—4 b ab 2h

By inspection @ = 2 and b= —2 1 @ 9
and b=2

Equating coefficients gives: « +b=0

a=—b

or a=—2

b 2:4+555 +427 £ 72 +6 1 . 8
= (zz +azt 2)(2z2 4 bz +3) 9 b
=22+ 20+ blz® + lab+ 722 + [3a + 20z + 6 -
sa+b=5 .. (1 5 ab 9
3ab+ 2!;:1 (é)) ) n §
ab+ 7=
2 2 b ab+7 3 6
. sarzb=10 {)x2} a+b ab+7 3o+t
and 3a+20=T7
and solving these two equations gives @ = 3, b=-1
which checks with (3)as ab+T= _347=4 ¥

Equating coefficients gives:

3 Consider )
2t 464 = (z2 +az+8)(zz +bz+8)
=zt e+ blz® + [ab+ 16]2% + [Ba + 8b)z - 64
Equating coefficients gives:
a+b=0 and ab+16=10
a=-b ab=—16
by inspection @ = A and b=—4
or a=—4 and D= 4
44 & 64 can be factorised into (22 +4z +8) (22 — 4z + 8)

Now consider
Ared= (2" 4+azt 16)(z% + bz +4)
=z +la+ b]23 + [ab+ 20]7,2 + [da + 16b]z + 64

Equating coefficients gives:

at+b=0 .. and ab+20=0
da+16b=0 ... (2) - gb=-—20 ... 3)
Solution to (1), () is &= b=0
But this does not satisfy (3)

0 values of @ and b exist which obey the original assumption

cannot be factorised in this way.

2 2a 4
[

1 e =
L atb 4+ab 20+2 i

Consider
4 2

= (;'L'z +G«m+2)(m2 + bp — 2)

4
=zt +e+ blz® + [ablz? 4 [2b — 2a]z — 4
Equating coeflicients gives:

a+b=0 and ab=—4 and —2a+2b=38

(1) 1 a+b CLb 2572,1

_2a+20=8 .. (2)
Adding (1) and (2) gi _
g)glves =8 b=2 and hence a = —2, whi
P(z)=(z *2m+2)(m2+2$72) ., which checks with ab= —4
Now if ot 48z =42? 44
then x* —4z®+ 8z —4=0
(352‘255+2)($2+2:1372)=0
2
22 —2r4+2=0 o z*4+2—2=0

_2+v4-8
wiTzlii or m:.Lm_ 1:]:\/5
2 =

g=144, —1++/3

' a P(Z)=253_22+G‘Z_3

= (2z — 3)(2?
A ;zs . ;;Z + 522 + 1) for some value b b
[2b— 3]z" + [2 — 3b]z — 3 4

v

s
—3

Equating coefficients gives: 3 3
2b—3=— ]
3 1 and 2—-3b=a : & =

-3

2hi=2 _
a=2-38 5 25—3 2-3b

—3

b=1 e
P(z) = (22— 3) (2* + 2+ 1)
——

this quadratic has zeros z = —1+/T—4
= -

@ = —1 and zeros are %,—%:’:iﬁ
2
BRRR(2) =3:° —2*+ o+ 1]z +a
=(B8z+2)(z" +bz+c)

¥ = 323 + 9 2

Equatin, [.+3b]z +[2b + 3c]z + 2¢ 3

3 g coefficients gives: 2 o
3 3b 3¢

St 2+3b:_1
, 2b+3c=
[ Nowas 243b=—1 sE=a-td BN W
3 243b 2b+3c

3b = —3
b:—l

smhtutl £ = — d o -
n b ant a = int b 3 2
2c o 2b -+ 3c a+1 gives 2( 1) =+ 3c C 4+

—2+3c=2c+1
e=:3

i
and so a==6

¥ P 2 =
: (@)= (32 +2) (22— 2+3)
this quadratic has zeros 1 4/1-4(3)1) L VIl
= =
2

=6
and the
Zeros are ﬁgg %i'bﬂ
TR
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3 —3

6 a p(m)=2m4+a:c3+bw2—12mf8 2
_ (22% — 3z —2)(a® T ¥ 4) y o
2¢ -3¢ —2

Equating coefficients: 2¢—3=0, 9 5 2
_3c= _9p—12=— R B e s
g—3c=> and 2¢ — 12 12 —2c—12 -8

5 : 2 2¢—3 6— 3c
The last equation has solution ¢ =0 and conse
a=—3 and b=6
P(z) =25+ 1
os are —=, 2 and +2i and a=—3 b= 6.

quenﬂy,

Y@ — 9z +4) = (2z+ 1)@ — 2)(z + 26) (% — 2i)

zer
b P($)=2ﬂ:4+am3+bx’+am+3 5 .
= (w+3)(2m—1)(;,32 Jexr—1) ______,_i_———l————c‘—l‘
= (22" + 5z — 3)(z® +cT— 1) —2 ¢ hag
Equating coefficients: a=2c+ 5, ) 2; 5; —3¢
=5c— == == 2 5 - _ 3
b=s0—5 4= 57 5 5c+5 Bc—b —b—3c 3
2c+5=—5—3¢C {equating a’s}
5e = —10
e = —2 and S0, a=1 b=-15

P(z) = (z+3)(22 — 1)(z® —22—1)

4+ 4
2tvatr? V;'*';liﬁ

this quadratic has zeros

- zeros are —3s %,1:t\/-2— and a =1, b=—19

1 2a ~ti’_

a 28 + 322 —9z+¢
— (z+a)’@+h X 1 AN
= (e’ +2aﬂz+a2)($+b) b pr
_ 2 4 b+ 2ale® + [o® + 2able+ a2b .. L
. ! _ 1 b+ 2a_a +2ab &%

Equating coefficienis gives

20 +b=3, a2 4 2ab=—9 and c=ab

qubstituting =3 — 9q into the second equation gives:

o? +2a(3 —2a) =2
a,2+6a~4az:#9 a=3 a=-1
! _3g2 4+ 6a=—9 hb=—-3 of b=35
302 —6a—9=0 e e=95
@2 —22-3=0 If c=—27, P(m):(m+3)2(m-3)
(a—3)a+1=0 £ c=5, P(:ﬂ):(mrl)g(ﬂ:—i-S)

b 3% LAz —x+m 1 20
= (z+0)?@z+b) g
= (2* + 202 + a®)(3z +b) b 20b
_ %+ [6a+ble® + [3a? + 2ablx + a®b 3 6a 3a
Equating coefficients gives 3 6athd 30 £ X 2
6a+b=4% 3g2 +2ab=—1 and a*b=m

=8

4—6a into the second equation gives: 302 + 2a(4 — 62)
3q2 4 8a — 12¢% =—1

ga‘ﬂrga_l—;(} ‘

@a+De-D=0
T i
. =

Substituting b =

zeros aré

P() = (z+176z —2)
S0, P(z)=(x— Syl
4

1 12
Zeros 216 5> T8

When a =1, h=—2 and m=—2. 50
e s 2 =i L
When a= Q,bI3 and M = i3 3)
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EXERCISE 7D.3

f a If P(2)=7, then P(x)=(z —
(x) = (z — 2)Q(z) + 7 and P(z) divided by (z —2) leaves a remaind
emainder

of 7.

If P(z) = (z+3)Q(z) —
)Q(z) — 8, then P(—3) = —8 and P(x) divided by (z + 3) I
eaves a

remainder of —8.

T di ==
f P( ) when vided by (5‘3 5) haS a remainder Of 11, ther P(5) 11
al d 3 and

P(z) = (& — 5)Q(z) + 11.

P(m):m3+2m2—7w+5
R = P(1) {Remainder theorem}
— 1% 4 2(1)* — 745
=1

P(x)y=2*—2z4a

Now P(2) =7 {Remainder theorem}

22 —2(2)+a=7
44+a="7
a=23

& Plz)=x*+22 +az+Db

b Pla)=2*—222+3z-1
R = P(—2) {Remainder theorem}
=(—2)* —2(—2)> +3(-2)—1
=16—-8—-6—1
=1

b P(z)=22*+2+ar—5
Now P(—1)=—8
2(~1)* + (=) +a(-1) —5=—8
—2+4+1l—a—5=-8
—a—6=-—8
—a=—2

a=2

Now P(1)=4

. (_) 4 and P{—2)=16 {Remainder theorem}

,I ()=4 thenl1+2+a+b=4 andso a+b=1

f P(—2) =16 then (—2)° +2(—2)° +a(-2)+b=16
—8+8—2a+b=16

Solving (1) and (2) h

—2a+b=16
—a—b=-1

—2a+b=16

1
9(2} =00" - ax? — 6
By the Remainder theorem, P(1) = —7 .-

0 Bz) = 2™ — 302 —6
|' since P(—3) =129,

—3a =15
a=-5

{adding}
andso b=26
a=—5 and b=6

201" +a(1)? —6=-7

24+a—6=—T
a=-—3

2(—3)" —3(—3)* —6 =129

2(—3)™ —27—6 =129

2(—3)" = 162
(-3)* =81

4

M =
a=-—3 and n=4

iy - Q‘(z)(zz =
) 3242)+ (42 —7) = Q(2)(z — 2)(z — 1) + (42 — 7)

Remainder |
T1s P(1) {Remainder theorem}

o R:Q
=_;1)><(1‘2)><0+{477)

b , :
Rema;]{.udcr is P(2) {Remainder theorem}
—Q2) X0 x (2—1)
+[4(2) — 7
—oe [4(2) -7
=1
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is divided by (z—3)(z+1)
ose P(z) 1s aivice +1)+(Az+ B)
T

7 Supp
P(z) = Q&) x (z =3

the remainder must be of this form

Q(—1) %04 (—A+B)=-8
Q(3)><0+(3A+B):4
. 3A+B=4

Now P(-1)=-8

and P(3)=4

Solving (1) and (2)

- .R(z) =3z—5
i F
g Suppose P(z) is divided by (= — a)(w —b) and has remainder Ez+
hence P(x) = Q(x) % (z — a)(z —b) + Bz + Fb .
Now P(a)=Ea+F (1) and P(b) =;J d F
i (1), P(b)—Plo)=Eb—Fo=FEb=

Subtracting (2) an ( . . o

e PO - PO,
from (1) F:P(a)—Ea:P(a)ﬁ ( s a

_ P(a) - P() — Pla)
mm=(£&%:§i s+ P@ - (T )e
P(b) — Pla) il
R(z) = (.—(—2)—:—6‘—'—‘) (= )+P(€1)

EXERCISE 7D.4 GRS -
1 a P(m)=2m3+m2+kmf4
if @42 is a factor then P(-2)=0
—92k—16=0
s k=-8
P(w)=2m3+m2-8:n—4
= (z +2)(22" — 32— 2)
P(a) = (@ + D@2z + 1) —2)

{as when k = —38, k+6=—2}
and k= —8
6 0

_ o4 303 — ka® + 6z 1 —k
b P(ﬂ?)ﬁr & _3k 18 — 9k

if ©—3 isa factor then P(3)=0 .
18 —9k=0
ok = 18
s k=2
. P(g)=a" —3a° — 22" +62
P(z) = (= — 3)(a® — 2¢) {as when k
— o — 3" —2)
=$($‘3)($+\/§)(m—«/§) and =2

—9, —k=—2 and 6 — 3k =0}
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2 p(m):2$3+am2+bm+5
if z—1 isafactor, P(1)=0

if #+5 isafactor, P(—5)=0
2(—5)? + a(—5)2 + b(—B) +5=0
—250+ 256 —5b+5=0

25a — 5b = 245

2(1)% +a(1)? +b(1) +5=0
2+a+b+5=0

Adding (1) and (2) gives: 6a = 42

a=7 and b= -14

P(z)=2%—2* 4 [k—=Glz+ [k* =1
if3isazero, R=P(3)=0
K2 4+3k—4=0
(k+4)(k—1)=0
o k=—4or k=1
if k=1, P(z)=(2—3)(22 +22+2) if k=—4, P(z)=(z—3)(z* +22—3)

—24/1—8 ) =(z—3)(z+3)(z—1)
9 =-1417 . erosare 3, —3 and 1

o
6 3k-+3
k41 | K2+ 3k —4

the quadratic has zeros:

zeros are 3, —1 =i

P(z) = z® + mz® + (3m — 2)z — 10m — 4 1 3m—2 —10m —4
if z—2is afactor, P(2) =20 0 2m + 4 10m + 4
since * = 0 Rj is always 0 1 5m + 2 0... (%
0
1

z — 2 is always a factor 2 2m+48
m+4|7m+10

now for (z— 2)? to be a factor
Tm+10=0 {Rs is also 0}

i Plx)=x3—a i a 0 0 —a

1
Pla) = a® — o 0 a a? a®
=0 "

x — a 1is a linear factor of P(z) for all a

a a? ] 0
P(z) = (z — a)(z® + az + a?)
i P(z)=z%+a°
P(—a) = —a® +d®
=0
T+ a is a factor of P(x) for all a

P(z) = (z + a)(z? — az + a?)

Consider P(z) =z™ +1 ifnisodd  (-1)"=-1
il @41 is a factor then
Lo (=0T +1=0
P(-1)=0 o
B (=1 +1=0
(1" = -
which is only true if n is odd

.

© T+l isafactor of z™ 4+ 1 < n is odd.

then P(—1)=0 if P(z)=2z2"+1
xz = —1 is a zero of P(x)
z+1 is a factor of P(x)

) e ;

BI=2® 300 — 9 andif ©—1—a is a factor then P(l+a)=0
I4a(1 o —3a g
L8 1+a 1+2+4a® a®+1 soa®—8=0

1
l+a a?>—a+1 |ad =38 a=2 {the only real soln.}
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EXERCISE 7E.1
e Y= —-(ZB = 1)(g;+2)(m +4)
. has :c-?ntcrccpts 1, -2, —4 ty= 2(_$ — Dz —2)(z +4)
_axis at o has y-intercept —(—1)(2)(4) = 8 has a-intercepts 1, 2, —4
matches graph D has y-intercept 2(—1)(~2)(4) = 16
.. matches graph B -
|
|

indicates that the graph cuts the &

indicates that the graph touches
the z-axis

a A single factor such as (z— @)
the z-axis at ¢

ared factor such as (z — o)?
at o, and at & the graph

g —a)? indicates that the graph cuis
1
a —and—3
5 = are zeros, and so (2z — 1) and (z + 3) are fact
ors

P(z) = (2z —1)(x 4 3)(az + b)
But P(0)=30 .. b{(-1)(3)=30 andso b=-10
Now P(1) = (1)(4)(a fgz% z (—2;(; ek g0
a—10=—5 andso a=25
ﬁgz) i (22 — 1)(z + 3)(5z — 10)
) =5(x —2)(2z — 1)(z + 3)

b A squ
A cubed factor such as (
changes shape.

y:a(m{—l)(sc;Q)(:cfS), a#0
12 = a(l)(—z)(—ii) a=2
y=2(z+ 1){(m — 2)(z — 3
y=alz+ 3)(2z + 1) (20— 1), @ #0

6 = a(3)(W)(—D) = —2
Y= —2(x + 3)(233 + 1)(‘2:.’0 — 1)

~1,2and 3

2 a The m-intercepts arc:
As the curve passes through (0, 12),

-3, 415 and %

b The z-intercepts are:
(]s 6}3

As the curve passes through (
b 1isazeroandso (z—1)i
(z — 1) is a factor, touches at —2 indicates that (z + 2)? i
is a factor

P(z) = k(z — 1)(z +2)

¢ The x-intercepts are: —4, —4d and 3 . y=oal@+ 4)*(z - 3), a#0
As the curve passes through (0, —12), _12 = a(4)*(-3) a= i. But PO)=8 . 8=k(—1)2? andso k
=3
P(m) = _2(.’1': — 1)($ + 2)2 {
¢ outs the z-axis at (2, 0) and so (z —2) is a factor I

y=3@+9- 3)

Y =a(m+5)(:r:+2)(a: —5), a#0
1 P(z) = (z — 2)(az® + bz + c)

d The r-intercepts are —5, —2and 5 .
As the curve passes through (0, —5), —5 = a(B) @2)(-8) . o7 =
y= L@ +BETE=9) g s —te=—4 amdso c=2
e The z-intercepts are: —4,3and3 y = alz+4)z 32, a#0 L S (FDe+b+2)=—1 B
o= a@(-3 - o4 B . Cheepea T
a—b+2=7 . a—b=5..()
|

As the curve passes tarough (0, 9)-
Adding (1) and (2) gives 20 =4

a=2 andso b= —3
P(z) = (z - 2)(22" — 3z +2)

y==(z 44w — 3)?
y=a(z+ @+ T @ £0

-ﬁ12 =a(3)(2)(1) - 97 —2
y= —2(a+ 3)(x + 2)(2x + 1)

1
—3, —2and —3

The x-intercepts are:
0, —12),

As the curve passes through (

=

b Plz)= axlz+2)(2T — 1) CISE 7E.2 - ‘

3 a P(z) :a(:cﬁ3}(m—1)(m+2)
Since P(x) passes through (2, —4) Since P(x) passes through (=3, —21)
_4= o=@ _g1 = —8a(—1)(=T)
4= — . Pl == a
. i414a o 2(11#12” whej:e(zi;g($+l)2(:”_1)2 b P
KA = 2 = , and T)= T
. Ply=(=— )z — 1)@+ 2) - P = oz +2)(2z — 1) = a(l)?l)passes through (0, 2) where a # gfma:dsgiss; 11):(()?1;”117 2
¢ Pl)=az—1@E+2) d P)=aBz+2’@—4 =2 —6=a(8)(1)(-2) B 00 il
Since P(z) passes through (4, 54) Qince P(z) passes through (=1 -5) BP0 = 2(x+ 1)%(z — 1)? R ‘
. 54i?(9)(5) . 'Zi?(l)(‘m ' whimi;g(m+2)(m+1)(m_g)z , - PI()(;C) = (z+3)(z +1)%(3z — 2)
o - o - , and - ) =a
-y =@ D@+ . p@y=EerE@d e 0 e a7 e v (0, oy
3 .P s —9 = a(3)(1)(—3)(—3) g -
h a yzZ(m—l}{w+2)(m+4) b y:—(w+1)(m—2)($—‘4) f (@) = —2(z + 2)(z + 1)(z — 2)? ooa=—1%
has z-intercepts 1, —9, —4 has o-intercepts ;8,4 p ) . Pz) = ?
has y-intercept 2(—1)(2)(&) = —16 has y-intercept —-(1)(’2)("4) 3 (&) = a(z +1)(z — 4)3 o Plr) = —5(z+3)(x +1)(2z — 3)(z — 3) !
_ matches graph F - matches graph C -l: f 0, and passes through (0, —16) f P(z) = az*(z + 2)(z — 3) (i
¢ y=(-De-2E+Y d y=—2-1E* 2)(@+4) N T(l}(_4)3 where a 7 0, and passes through (-3, 54 |
has z-intercepts 1, 2, —4 has z-intercepts L. —2 ‘ = i 54 = a(9)(—1)(—6) - 54)
has y-intercept (—1)(—-2)4) =28 has y-intercept —2('1)(2)(4) i 1&; P(z) = L@+ 1)( 5 ;. 4 =54a
matches graph A - matches graph B l =) n om=1
P(z) = 2*(z +2)(z - 3)
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fl P - NTJ—M

€ P($)22$373m274$735

21 ot " . 12 -3 -4 -35
b y=—2— From technology, 37 18 a Zero.
2 a y= (@ — 1) (z + @+ 3 has z-intercepts -1, -3 fouehes ]‘; (<0) 7 343 147 . ! A 28
e 2 —— 5 —_ 223 lai =
has z-intercepts —1, —3; o 10) has y-intercept —2(-1*(1(3) Check: P(3) = 3 R 2 4 10 0
has g-intercept (—1)*(1)(3) =3 & .. matches graph F 343 — 147 — 56 — 140
maiches graph C —(z— Dz + 12— 3) 1
' d y=@ t—1 =0 v
¢ y=(@—@E+ 1)2(z 4+ 3) 1 has z-intercepts 1, 3, to\;ches a— 2 (o) o . ;
has x-intercepts 1, —3, touches at — has y-iutercept (_1)(1) (—3) = From the division process 2x? + 4a + 10 is a quadratic factor
e 0
has y-intercept (—1)(1)*@) =3 (<0 matches graph E P(z) = (z — I)(22® + 4z + 10)
2
. matches graph A ’ { y=—(@-Dl+ D — 313 3 = (22 — T){z® + 2z + 5)
_ _lip—De+ 43 has a-intercepts 1, —1, 1OUCRES B
e y=—30 o3 as 2 _ g _ 2+ /420 _
has z-intercepts 1, -1, touches2 at 33 - has y-intercept f}(lfol)(l)(?') 9 >0 where the quadratic has zeros — & —1+2¢%
has y-intercept --15(-1)(1)(3) = - matches grap o
maiches graph B 3 2
= — 20x — 10
2 d P(a) = (z — 1) (as” +b2+0) fl Flz) izl ’ 1+_ ¥ 112 -1 20 -10
- -2 -axis at (0, —1 From technology, % is a zero.
3 a P(a) = a(w+ 4@ — L h ()1 5) where a0, end cuts y-axis at (0, =) : : 0 1 0 10
where a # 0, andpasseslthmug > 1=1% (0+0+c) Check: p(_;_) = if-‘lz—&-l[)fl[):() e 2 0 20 0
5:a><5><1>< (‘,:fl ) .
- am , - b~ (- P +m Y HE= (b 4
P(q;) = (CC + 4)(21: - 1)($ - 2) But P(._.l) = —4 = (23 - 1)($ + 10)
P(e) = a3z — 22 +3)° . _4=4(a—b—1) zeros are %, Fiy/10
b &= —4, 49 N — 1
where a0, and passes through sk 25) £ el o) e P(z)=4z* —4a® — 252" + 2+ 6 24 -4 —25 1 & |
2 P(2) =15 \
49 = a(—14) (1) Also From technology, —2 and 3 are zeros _
i 15 =1(4a +2b—1) 0 -8 24 2 6
. a=1% , ) e 10, 25 Check: P(—2)=64+32—100—2+6=0 S T
P(z) = 3z —2)*(@+3) 1?; 8“ @ P(3)=324—108—225+3+6=0 v . b o 5
-2 2a D=0 o —
= P(z) = a2z + 1)(27 — Dz + 2@ 18) ) it 1) and (2) we get: § o =S - et =1 4 0 -1 { 0
where a # 0, and passes through (1, — Adding ( 8 540 b= ikg zeros are —2, 3, £
~18 = a(3)W)B)-1) B 2,8 42 ‘1l 1) ! P(z) = o* — 62% + 222% — 48z + 40 |
. = Pla) = (o — (32" +5° o 2|1 -5 22 48 40
& Yzt ) — 2) From technology, 2 seems to be a double zero. 0 9 -3 98 40
.. P(g) =22+ 12z - {Graph touches the z-axis at 2} 5 [ T 50 5
Check: P(2) =16 —48+88 —96+40=0 B . _20 |
s P(x) = (z — 2)%(«® — 2z + 10) 5 8 - |
EXERCISE 7E. e 1 -2 10] o
where the quadratic has zeros of —\/_0
1 a P(m):fﬂgf3““2#3m+1 1:&:3'2
= 7 |
—1 is a zero.
From technology, 1=0 ¢ zeros are 2, 2, 14 34
Check: P(‘1)=—1‘3+3+ 3
o4 1 isa factor 5 1 e 2 +sn e a1 2 6
3 3g% —3z+l=(@+ 1)(z® — 4z + From technology, —2 is a zero. - g
LAV 503 Oheck: P(—2)=-8+8-6+6=0 v — T
: o k
and the quadratic has zeros 23 B Pz) = (z + 2)(2® + 3)
seros are —1, 2% V3 = (& +2)(x +iv3)(z — iV3) |
" P(m))mafg‘mz 44z —2 4 W 100 of P(z) =0 are x = —2 and z = +iv/3 i
From technology, 1 is a Zer0 ) =20 4 302 3, 5 1 3 —3 -2
Check: P(1)=1—3+4~ 2=0 ¥ - kte‘:hﬂﬂlﬂgy, 1 is a zero. § %
i : pSfeck: P(1) — o e
. @—1isafactor s a quadratic factor 3 ()=24+3-3-2=0 v T
From the division process % — WA A EAR

. P(:l:) = (:1': — 1)(2m2 + 5z 4+ 2)
| =(r—1)(2:r+1)($+2) ‘
ot Pio)

24 4—4x2_2§;\/‘:4:1ﬂ
— 3 2

and it has zeros of s o —%, ) i ‘

zeros are 1, 1E1%
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€ P(m}:m3-6m2+12m~8
From technology, 9 ig a zero.
Check: P(2) —g-—24+24—8 =0 v
P(z)=(z— 2)(z® — 42+ 4)

=(z— 2)(zx — Nz — 2)
y=0is == 9 (a treble root)

only root of P(x

d Pla) =2~ 52 — 9x + 18
From technology, 3 is a Zero.
Check: P(3) =5~ 45 —27+1

P(z)=(z— %(2z® + = — 6)
{(w— 3)(22 — 3)(z + 2)
£ and —2

g=0

roots of P(z) =0 are 3,

e P(m):m4-m3—9m2+11m+6

From technology, 2 and —3 are Zeros.
Check: P(2)= 6_g—36+22+6=0 ¥
P(-3) g1 po7—81—33+6=0 ¥
Plz) = (& — 2)(z + 3)(w? — 28 — 1)

24 /4
__i__g__ti:l:tﬁ

where the quadratic has zeros of

roots of Plz) =0 are 9, —3; 1LE V2
t P(z)=2z"— 1823 + 27x? — 13z — 15 1
From technology, —1 and 3 are Zeros. ?
Check: P(r}é):§+l§+2§+l§i~15:0 v 3

P(B):162f351+243——39—15:[] v

Plz) = (z+ Ly - 3)(2a* — 8z + 10)
= (2:1:+1)(a:~3)(:1:2 — 4z + 5) 7
A+ yI6=20 544
2

where the quadratic has Zeros of

1 .
‘5,3,2:‘:?,

roots of P(x) =0 are

P(m):m3-3m2+4w~2 1

3 a Consider
From technology, 1 is & Ze10-
Check: P()=1-— 344—2=0 v
Now Plz)=(z— 1)(e? — 2z + 2)

24VE—B _ 44
2

- ——

where the guadratic has Zeros of

Plz) = (@ — D@1 FNCER )

b Consider P(z)= 2% 332 4+ dr + 12 _3
From technology, —3 is a Zero.
Check: P(—8)=—27+27—12 +1
Now Pz)=(z+ 3)(z* +4)
P(z)=(z+ 3)(x — 28)(z + 21)

2=0 V —

wal=

¢ Consider P(z) = 933 — 9% + 63— 1
From technology, 3 1§ & Z8r0.

Check: P(b)y=3-3+3-1=0 v
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Now P(z)=(z—1)(22° —8z+2)
=(2r—1)(z* —4z+1)

where the quadratic has zeros of .‘.kt—‘/m
——=2%V3

P(x) = (2z — 1)(z — 2+ v3))(z — [2 — V3])
d P(z)=z"— 42 + 9z — 10

From technology, 2 is a zero. 211 -4 9
Check: P(2)=8—-16+18—10=0 v 0 2 —4 _110
Now P(z)=(z—2)(z? —2z+5) 1 -2 5 -
0
where the quadratic has zeros of 2Ly -0
R i 2 =142
)z — [142i])(z — [1 — 2i])
¢ Pz) =423 -8z +z+3
From technology, 1 i8 a zero . 8
: . = 1
Check: P(1)=4—8+1+3=0 v ‘0 4 4 ’
Now P(z)=(z —1)(4z® — 4z — 3) 4 — 3 +
- = 0
=(z— 12z -3)2x +1)
P(z) = (z—1)(2z + 1)(2z — 3)
{ P(z) = 3z* +42® + 52% + 120 — 12
From technol — -
. ology, —2 and 2 are zeros. 218 45 12 12
eck: P(—2) =48 —324+20—24—-12=0 v e B N N
P3=2£+22420 s |3 2
Now P(z)= wTarty $8-12=0 : P | 0
= (@+2)(@ - )3 +9) ¢ v g
= (z+2)(3z — 2)(z® + 3) . ¥ | 0
Plz) =
i (z) = (x + 2)(3z — 2)(z + iv3)(z — i/3)
§ Ple)=20* — 32% + 522 + 6z — 4
From technolo
gy, —1 and “L12 =
e 5 are Zeros. 3 5 6 i
)=24+3+5—-6-4=0 v B -2 5 -8 4
1
P)=%-24343_4= ; |2 B
Now P( 3 e 2 s & ’ U
W &) =
)= (z+ L)(z — %)(222 — 4z +8) 0 ! =%
. = (z+1)(2z — 1)(2® — 2z +4) 2 ~4 B |
B )
) ere the quadratic has zeros of Bt~ Ve~ 1443
. = /3
& P@) = (z+1)
2z — 1) (z—[1+3
+4v/3 - i
Pl2) = 20° 4 502 1 87 420 V3 — 1 ~vE)
i technology, — 2
- 5 18 a zero. -5 |2 5 8 20
" (—2)= 125 | 125
R . Y 25 _20+20=0 v 0 -5 0 =20
(@) = (x + &)(222
5)(2z° 4 8) ¢ & 0

8P )
v L) =
)= (22 + 5)(2 — 2i)(x + 24)
WNg technolo
_ gy, =2 4+ 227
T 6x — 6 has zeros of —0.860, 2.133 and —3
5 2 —3.273

‘“hﬂﬂln 3+ 2 d
8 h s zeros of 2518, 1.
xr al < a 8
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EXERCISE 7F
13 and 1+30

polyr\omial, the zeros must be —3

4 Sinceitisa real
1-9i2 =10

For 134, a+pB=2 and aff =
factors are (22 + 1) and (z? — 22+ 10)
P(z) = a(2z + 1)(z? — 2%+ 10), a#0

9 p(1)=p@2+i=0
Hence zeros of plz) mustbe 1,2+
For 244, a+B=4 and af=4—1=

factors must be (€ — 1) and (2 —4z + 5)
p(x) = k(@ — 1)(z® — 4z + 5)
then —20= k(—1)(5)
o k=4

{as p(z) 18 real}

Gince p(0) = —20

p(z) = 4z — 1)(z?® — 4z +5)
pla) = 42® — 2022 -+ 36z — 20

g and as fhe cubic has real coefficients, 2 4 3¢ is also a zero.

9 — 34 is a zero of 22 4 pz+

For 2 £ 3i, a+p=4 and of
22 —4z4+13 is a factor
(z* — 4z +13)(z

3
1 —4 13

—=4—9i? =13

2 4pztd= +a) for some 4.

Equafing coefficients:
a—4=0, i3 —4a=7P
a=4, p=—3

. the other zeros are _4 and 24 31

Check: Sinee P2 — 3i) =0, (2— 33)3 +p(2—3) +9= 0

Expanding, (—46 — 9i) +p(2 — 31)+q=0

(—46 + 2p +q) (-9~ ap)i =0
_ap+2p+q="0
and

and 13a =4
q=52

Equating real and imaginary parts,

From (2), p= —3» SO in (1), —46 — 6+qg=0

& 341 isartoot of 2% —22° + az® +bz+10=0 where the coefficients are real.
. 3—1 is also a root
For3+i, a+B=6 and af =
22 — 6z +10 is a factor
; z4—2z3+azz+bz+10
= (22 — 62+ 10)(z2 +s2+1) for s

g = ==

ome s.

Equating coefficients:
s—6=-2, 11—6s=4a
=4 o =11 —6(4)=—13

and 10s—6="0
b= 10(4) — 6 =34

—4 16'4:_23:\/73;

eros
2

_g4+4/3.

is real, another Zero is —bi,

the other factor is 22 4+ 4z +1 which has z
a=—13, b= 34 and the other roots are 3 —t,
(bis real)

5 Let the purely imaginary zero be bi. Since P(2)

22 4+ b is a factor of P(2)
2 ez +3z2+9= (22 +b*)(z + )
— B re? +PPrrbC

4
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Equating cocfficients, B2 =3 b2c=9 and
H - a=c
c=3 and a=3 and b=4+3
P(z)=(z +3)(22 +3)
P(z) ={(z+3)(z+ 1\/5)(2 - 1\/5)’ a—3

Let ai be the purely imaginary zero of 3z 4 kz? + 15
as P(x) is real, —ai is also a zero S
For tai, a4+ 3=0 and af = —a%i?=a¢a
22 +a? is a factor
323 + kz? + 15z + 10 = (2 4+ a®)(3z + b)
| = 3z% + bx® + 3a°z + a%b
Equating coefficients k& =15
and 3¢*=15 . a*=5
and a?b=10 . b=2 - k=2
Pz) = (2% +5)(3z + 2)
P(x) = (37 + 2)(z — ivB)(w +iv5), k=2

2

b when ¢=100ms f(¢) =85 mm
85 = k x 100(100 — 700)?
85 = 100 x k x 360000
p_ 85
36 000 000

o = S,
36 000 000

a f(t) = kt(t —a)?
From the graph a is the t-value at the point
where the graph touches the t-axis.
a = 700 milliseconds
This represents the time when the barrie
has returned to its original position. )

(t — 700)*

¢ Using technolog i
y to find the maximum

,on 0< :

when f(t) &~ 120 mm < t < 700, the maximum occurs when ¢ &% 233 ms

.
V(L) = —t3 4+ 302 — 131t + 250 L)
We graph  V/(t) against ¢ and add the
waph of V(t) = 100.
me the graph, the level drops below

O ML when t =2 ;
=2 and
0 ML again when ¢ = 3, rises above

OW s £ =0 is Jan Lst,
WL <1 is January.

~ A imigation is prohibited for po
I ;

£ 1< 3, it is bann i
4 ed during M
g March, T % 0 10 11 12

Let the height of the
; : wall where the ladder t
Using similar triangles AXB, AOC: ehesbeem
n—1 = l

1 ocC
G0 =t
&—1

but z* +0C* = 10?

a:2+( 2 )
— ) =10

T

hnolo ;
£Y o find the intersection of y = x% 4+ (
HH

L1112 or 9938
X094 m or 1.11m




