Chapter 8

COUNTING AND THE BINOMIAL EXPANSION

EXERCISE 8A ©

1 There are 3 paths from P to Q
4 paths from Q to R
2 paths from R t0 5
number of routes possible
—3x4x2 {product principle}

=24
3 B
w
1
X
2 Y|
A 3

From A there are 3 possible first leg
paths, to W, X or Y. Then there are

2 second leg paths to B
total number = 3 x 2 = 6 paths.

5 Any of the 8 teams could be ‘top’.

Any of the remaining 7 could be second.

Any of the remaining 8 could be third.
Any of the remaining 5 could be fourth

there are X TX6X5
= 1680 ways.

T LI
——

letters numbers

Repetitions are allowed.
total number of ways
— 26 X 26 % 26 x 10 x 10 x 10
= 17576 000

EXERCISE 8B I

1 a Thereare 2xX2+3X3
= 13 different paths

¢ There are 24+4x2+3x3
= 19 different paths

2 a There are 4 choices for A. But once A is located,

there is 1 choice for B, 1 for C and 1 for D
thereare 4 X 1 x 1 x1=4 ways.

b There are 4 choices for A. ¥

A
But once A is located there \:

are 2 choices for B. v
Once B is located there is 1 choice for C and 1

for D
there are 4 X 2 X 1 X 1 = 8 ways.

¢ There are 4 choices for A. Once A is located
there are 3 choices for B, Once B is located
there ate 2 choices for C and then 1 for D

there are 4 x 3 X 2 X 1 = 24 ways,

4 Any of the 7 teams could be in ‘top’ position.
Then there are 6 left which could be in the ‘second’

position.
So, there are 7 x 6 = 42 possible ways.

6 There are 5 digits to choose from.
a Number of ways = 5 x 5 x 5 =125
b Number of ways = 5 x 4 X 3 =60

8@ a The 1st letter could go into either of the 2 boxes,
and the second could go into either of the 2 boxe

there are 2 X 2 = 4 ways.

These are: [Box X | Box Y

A, B -
A B
B A

5 A, B

b Thereare 3 x3=9 Wways
¢ Thereare 3 X 3x3x3=28l wiys

T

Mathematics HL (2nd edn), Chapter § — COUNTING AND THE BINOMIAL EXPANSION 221

EXERCISE €

ol=1
11=1
2':2)(1:2

3=3x2x1=6

M=4X3IX2X1=24
Fl=hx4xX3X2x1=120

a TX6Xb5

“7x6x5x4x3x2x1

10! = 10 x 9! = 10 x 362880 = 3628 800

4x3Ix2x1

7
T

]
10! x 3!

5! 4 4l

=4l(5 4 1)
=6x 4!

12! — 101

=131 % 10!

13 x 12 x 11
3x2x1
s > 12 x 11 % 101
I x3x2x1

=5 x 4! -+ 4!

=12 x 11 x 10! — 10!
=101(12 x 11 — 1)

b

e 9! 4+ 81+ 7! f 7l — 6! 4 8!
=9X8xT4+8xT 47 =7Tx6'—6/+8x 7 x6! I
=7(724+8+1) = 6I(7 — 14 56) ‘ ‘

6! =6 x5! =6 %120 =720
TI=Tx6! =T x 720 = 5040

8l =8 x Tl = 8 x 5040 = 40320
9l =9 x 8! =9 x 40320 = 362880

6! 6x5x4 L
E:T:go ¢ 6_!: L =31
! 'y TmooTxer 7
190_;:1:100&98!':100 p 7! =7><6><5r.r
! 991, 5! x 2! B %2
= 21
(n+2)! . (n+1)!
n! (n—1)!
_ (n+2)(n+ Lmf (n + 1)(n)(m—1T
wly s
(n—1)T
=(n+2)(n+1) i) 1

b 10x9 ¢ 1Ix10X9X8XT
:10X9><8! _11><10X9><8><7><6!
8! a 6! |
__10! 11!
8l ~ e

1 4x3x2x1

6xbHx4 20X 19 x 18 x 17
_ 3! B 41 x 16! |
x5 x4x3 20 x 19 x 18 x 17 x 16! 1

_ 3 41 % 16!
6! 20!

11! — 10! ¢ 648
=11 x 10! — 10! =6/4+8x 7 x 6!
=10!(11 — 1) =6/(1+8x7) ‘
=10 x 10! = 57 X 6! |

=8l xT! =62 x 6!

b There are Ax2+3%X2X2
— 20 different paths

d Thercare 2x2+2x2+2 X388
— 32 different paths

L0 11

120 — 2 % 111
=12 X 111 — 2% 111
. i‘-'ll!(nkg)

h  3x945x8l ‘
|
|

=3xX9x8+4+5x8!
= 81(27 + 5)
=32 x 8!
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10! — 8!
10! 49!
121 — 11! 39
—_— 11

0x9x8 —8l
12 >1<11'1| —1 10 x 9! + 9! e
_lzxui— 1l

89
11 1 81(90 — 1)
91(10 + 1) G5 i
111(12 — 1) - 89
= ”LT H 8! x 89
111 % 11 ghsel = 20
i1 1 8!
i =9l e

nl+ (n— 1!
(n—1)!

6! 4+ 5! — 4!
1—al
10.9l9 g
10 % 91 — 9! Gx5x4l+5x4—4

e

= A
' 41(30+ 5 — 1)

91(10—1 e

—(—9—.—) 1

9 ’ =34

(n—1)!
(n—1)l(n+1)
]
=n+1
I —(n—1)! (n+2)!+(n+1)!
n'-nf1 n+3 .
! n !
nx(n-nl}—lz(nflﬁ _ (n+2)(n:j—)3+
(n—ln—1) _ (n+ Din+2+1)
B n—1 N n+3
=(n—1)!

i) X YZ,ZW, ZX, ZY
X B, :
WY, WZ, XW, XY, XZ, YW, YX, YZ, -
x};{’Y WXZ, WYX, WYZ, WZX, WZY, XWY, XWZ, XYW, XYZ, XZW, XZY, YWX, 5
YXZ,, YZW,,YZX, ZWX, ZWY, ZXW, ZXY, ZYW, ZYX -
AR, AC, AD, AE, BA, BC, BD, BE, CA, CB, CD, CE, DA, DB, DC, DE, BA, EB, EL,

C. BAD, BAE, BC
ABC. ABD, ABE, ACB, ACD, ACE, ADB, ADC, ADE, AEB, Aig é}l;l]i (lég]) -
BCD’ BCE’ BDA, BDC, BDE, BEA, BEC, BE[;, %}];}SC %}]\?’Ié ]C) CA, DCB DCE! e
DAE, DBA, DBC, DBE, DCA, DCB, DCE,
L. CEA, CEB, CED, DAB, DAC, ! :
(E:EB’ EAC. EAD, EBA, EBC, EBD, ECA, ECB, ECD, EDA, EDB, EDC
(2 at a time: 20 3 at a time: 60)

— 336 different ord
There are 5! = 120 different orderings. b There are 8 X 7 X6 =3
There are 10 x 9 x 8 x 7 = 5040 different signals.

b

e 12+ 24 =36 different signals {using a and b}

(here are 4 x 3 =12 different signals

therc are 4 x 3 % 2 =124 different signals

There are 6 different letters Gl = 720 permutations.

a[a]3]2[1]t[1]
to

E D

o [A]2]8[2]1[1]
t |

F A.

ions
there are 4><3><2><1><1x1:24130m“t3m

tations
there are 1x4x3x2x1x1:24permﬂ

nx{n—U+(n-1)
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¢ [2]4fs]2]1]1]
t f

AorE

there are 2 X 4 % 3 x 2 x 1 x 1 = 48 permutations

the other one

So, there are 73 = 343 different numbers.
n So, there are 7 X 6 x 5 = 210 different numbers.

So, there are 6 X 5 x 4 =120 different numbers.
' i
6 remain  fill 1st with any of 4 odds

7 There are no restrictions 6! = 720 different ways

Glelel2[il1] o [E]s]ale]1]T]

B G B G B G G B G B G B

So,thereare 3 X3 X2X2XIX1+3X3x2X2x1x1="72 different ways,

W a[ofo]s] b [8]8]1]
So, there are t f

¢ 9 % 9 % 8 = 648 numbers.

cannotuse a b

So, there are
Oorb

cannot use 0
So, there are

¢ [o]8 1]
IX8X1="T72

d 64-+72=136 different numbers.
f
0 different numbers.

{using b and €}
0
) a As there are no restrictions, the number of ways is 5! = 120.
b Xand Y are together in 2! ways {XY or YX}
They, together with the other three books can be permutated in 4! ways.
total number = 2! x 4! = 48 ways.

€ 120 — 48 =72 ways {using a and b}

& As there are no restrictions, the number of ways is 10! = 3 628 800.

b A B and C are together in 3! ways {ABC, ACB, BAC, BCA, CAB, CBA}
They, together with the other 7 can be permutated in 8! ways.
total number is 3! x 8! = 241 920 ways.

s [4]a]s]
i 4x4x3=48

f
not 0 different numbers. 1or3 different numbers.

So, there are

6

So, there are
2x4dx3=24

' The last digit must be 2 0 or .

Ifitis 0
t
3,50r8

it is 8: .

' i {
3ors 8

3 % 3 x 1 = 9 different numbers

2 X 3 X 1 = 6 different numbers

in total there are 9 + 6 = 15 different numbers.

nun So, there are 6 x 5 x 4 X 3 = 360 different arrangements.

W10 Vowels are used, there are 4 letters to choose from.

nodn

So, there are 4! = 24 different arrangements,

8 X 8 X 1 = 64 numbers.
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360 — 24 {from a}

st one vowel must be used, there are
— 336 different arrangements

if at lea

¢ We first count the mumber of ways two vowels are adjacent.
A and O can be put together in 2! ways {AO or OA}
These vowels can be placed in any one of 3 positions
The remaining 2 places can be filled from the other 4 1
two vowels are adjacent in 9l X 3 x 4 x 3="T2ways
are adjacent in 360 — 72 = 288 ways

{1st and and, 2nd and 3rd, or 3rd and 4ih}
etters in 4 x 3 different ways.

no two vowels

13 =a nun So, thereare 9 X B X 7T X 6X 5= 15 120 different ways.
b n So, thereare 4 X 3 X 2X6xX5= 720 different ways.
!

2,4,60r8

10! = 3628 800 different ways.

iﬁ0l9\8|7|5\5l4l3|2[1_|

o 10><5><4><4><3><3><2><2><1><1:288[}0wa3|j

same gender

opposite gender
as first person

to first person

b i[m]ols[7[6]5]
roL

Alice can sit in any
of the 10 secats

10 x 9 x 8 % 7 X 6 x 5 = 151200 different ways

Her friend can sit
in any of the
remaining 9 seats

Alice can sit in any of the 8 middle seats.

i
She can choose the two friends to sit next to herin 5% 4 different ways.
The remaining 3 friends can occupy the other 7 seats in 7 X 6 X 5 different ways.

thereare 8 XBX4AXTXBX5= 33600 different ways.

15 a Bn So, there are 8! = 40320 different ways.
b ﬂn So, there are 8 X 1 X 6! = 5760 different ways.
1

b

1st person 2nd person sits
sits anywhere directly opposite

other in 6 x 2 = 12 different ways.

¢ Two people can sit next to each
ible orderings for each position}

{6 possible positions, and 2 poss
The remaining 6 people can be seated in 6! ways
there are 12 x 6! = 8640 different ways.

EXERCISE 8E
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GBS o n!
_ BXTX6X5x4x3x2x1 T = r)in—[n—r])!
EXTXOEXbxXx4x3x2x1
=1, as expected = (n—m)'—I,
—r)lr!

T
T

9
(k):4(kzl) ABCD
. ABCE, ABCF, ABDE, ABDF, ABEF,
ACDE, ACDF, ACEF, ADEF, BCDE, BCDF,
BCEF, BDEF, CDEF, and C’f =18 ,

9 =4( 7
k(9 — k) (b — (7 — [k — 1”])
9l _ 4% 7!
KO-k (k—1)E— k)
9 EN9—k)
ax 7 (=18 —k)!

If question 1 i
9x8xA k T (9 — question 1 is compulsory there are
axA %&W C10§ = 1% 70 =70 possible
: ; selections.

9><8_k9
== =Kk

There are  C1] = 12376 different teams.

There are  C'f = 126 different possible
selections.

R H: no restrictions, there are C3% = 286
2 different committees.

ok —9k+18=0 GRGE = '

i 103 = 66 of them consist of the

n _ president and two others.

k=3 or 6

1f no restricti i
‘ strictions, there are  C2? = 792 different teams.

a Those containing the captain and vice-captain number C2CL0 =1 x 120 = 120

b Th ini Y = =
0S¢ Coﬂta].]llng exacﬂ one Of the Captﬂln and Vl‘ce Captain number C C 2 x 210
1Va 420.
| ll!bel of different teams = (:3 COCG =1x1x462 = 462

@ If 1 person is always in the selection, number of ways = C1CY = 84
=Gl6 =

b [f2 are always excluded, the number of ways = CgCs =10
4

e If 1 i ys ‘in’ way. way. =
L is always ‘in’ and 2 are always ‘out’, the number of ways is C1C2C7 = 35
1 =g33

| If there are no restrictions the number of ways = (16 = 4368
) The thr i .
P :Ie men can be chosen in C3° ways and the 2 women in C% ways
k, number of ways = C1° x C% = 120 x 15 = 1800 ways P
| - .
* Uit contains all men, the number of ways = C19 x Cf = 252
6 —

;f; ;m;::gn; at least 3 men it would contain
i ;:o;;en (_)r 4 I‘nfgl B.éld 1 woman or 5 men and 0 women
B ne in - C32C8 + CL°C% + C1°CE ways = 3312 ways,
. : (a;ll;as; one of each sex, the total number of ways
iUy 2Cg +CI°CE + Cl°CT = 4110 or Ce — C1oCe — Ci0C8 = 4110
s =

2 doctf)rs can be chosen in C§ ways
E ; :ftIlmSt can be chosen in C? ways
3 ers can be chosen in OF ways
-~ the total number of ways = C§ x CF x CF =945

Ik contains 2 doct
018, 3 my
ust be chosen from the other 10, .. there are CSCL? = 1800 ways

Contains at
: g 7leasctY ;)nf; of the two professions this can be done in
C3Ct + 303 +CI0T = 4347 or CI6 — C2CT = 4347
5
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rm a line.

to choose from and any 2 fo
0 lines joining the vertices.

But this count includes the 2
20 -20=100—-20= 170

13 There are 20 points (for vertices)
This can be done in C3° ways.
the number of diagonals =

L2 =66 lines can be determined.
croi* =11 pass through B.

ji ~ Of the lines ina |

C1? =220 triangles can be determined.

i Of the triangles in b i C1C3t =55 have one vertex B.

15 The digits must be from 10 9. So, there are 9 of them, and we want any 4.

This can be done in  C§ = 126 ways.
Once they have been selected they can be put in one ascending order

total number = 126 X 1= 126.

16 a The different committees of 4, consisting of selections from 5 men and

are
(4 men,

4 women)
@%+@@+@@+ﬁ@+%@:@l

0 women) ot (3 men, 1 woman) or (2 men,

- total number unrestricted.

b The generalisation is:

OO + O Cpy + O Cfg v ¥ CFLa G om Gy + O Cg =0t

two equal groups.

ler case of 4 people (A, B, C and D) going into

17 a Consider a simp

AB CD O D and (6) are the same division.
AC BD @2 @ and (5) are the same division
AD BC (3 3 and (4) are the same division
BC AD 4

BD AC (5 So, the number of ways is £ of Cs.
D AB  (6)

of €258

So, for 2 equal groups of 6, the number of ways 3
1

_ kOB xOxC]

1
b For 3 equal groups of 4, the number of ways = =7

= 5775

18 There is one point of intersection for every combination of

4 points (2 from A, 2 from B) as shown.

ways to choose these points.

s of intersection (when none *
€10 x CF = 945

There are C3° x CF
the maximum number of point:
of the intersection points coincide) is

19 There is one point of intersection for every combination of
from any one line) as shown.

4 points (no more than 2
the maximum number of points of intersection (when
none of the intersection points coincide) is
C1oC2CE + CI°CR05 + C3°C3C + CR°CRCT+

cLosct + CroCCs =12528

1726  Mathematics HL (2nd edn), Chapter 8 — COUNTING AND THE BIN

6 women in all possible way:

2 women) ot (1 man, 3 women) or (0 men
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EXERCISE 8F FEdminm

L (e +1)° b (3 3
=z +32%(1)" +32(1)* + (1)3 3;1)
=a®+32° +3z+1 = (32)" +3(30)*(=1) +3(32) (—1)* + (~1)°
=272 — 272 + 92 — 1
¢ (22+5)° 1y38
d (2 _)
-+ p

= (2z2)® + 3(2z)%(5) + 3(22)(5)% + G)°
= 82 + 602? + 150z + 125 = (22)® + 3(22)2 (1) 132 3
z)? (=) +3(22) (_) 4 (l)
T T -

=8:x:3+12w+ﬁ+l
x  x3
2 a (z—2)*=a"+45°(-2)" + 627 (—2)% + 42(-2)% + (-2)*
=gz —8z% +242% — 32z + 16 )
b (2z+3)* = (22)* +4(2x)%(3)" + 6(22)2(3)% + 4(22)(3)3 + (3)*
= 162" + 12 x 82% + 54 x 42% + 108 % 2z 4 81 Y
= 16x* + 962> + 2162° + 2162 4 81

1 4
4 (ﬂ’:+—) :m4+4333 (l) 2 (1 2 133 134
T 7 + 6z (;) + 4x (;) 4 (;)

- TUPEL a3
z? m‘i

= T 30 gl

2 gt

1 5 10 10 5 1
1 6 15 20 15 6

«—— the 5th row
1 ~—— the 6th row

b i (z+2)°¢=4° 5
( ) a:s + 62°(2) 4 155*(2)® + 202%(2)% + 152%(2)* + 62(2)° + (2)°
k. = 2% + 1225 + 60z* + 1602 + 2402% + 1922 + 64 )
2 —1)°% = (2x)° :
) = (2%)° + 6(22)°(—1) + 15(2z)*(—1)? + 20(2z)*(—1)® + 15(22)%(—1)*
+6(22)(—1)° + (—1)° e
= 64x°% — 6 x 32z° + 15 4
X 16z* — 20 x 8z°
S 415 x 4a? —
64x® — 1922° + 2402 — 1602° + 6022 — 122 + 1 e

il (“i)s
T
=% 1 6z° (l) 4(1 2 3
= | + 15z —) + 20283 1 1\4 5
z z Sl b B (;) + 62 (%) +(i)6
1 z
z8

6

i
=T +6m4+15x2+20+E+_
2 F

(14v2)° =

V) = (0° 4307 (V2) +301) (vB) + (v)°
=1+3v2+3x2+2x% 2
=52

-3"/@‘=(1)4 +4(1)® (\/5) +6(1)? (@24_4(1) (\/5)3+( o
=1+4v5+430 +20v5 + 25 v3)
= 56 + 24+/5
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= 2 & )
= S) ;/5_2254 (—v3) +102)° (—v3)" +100)° (=v3) + 5@ (-v2)" + (-v2)°
_ 39— 80v/2 + 160 — 80v2 + 40— 42
= 232 — 1641/2
=(2)® +6(2)°z+ 15(2)*a? +20(2)°c° + 15(2)%2* + 6(2)2° +2°

a (2+ :r.)ﬂ : ¢ .
_ g4+ 192z + 240z> + 1602 + 60z + 122" + =

i 64
b (2.01)° is obtained by letting = = 0.01

= 19 3 4+ 160 0.0 1.92
A 160 % (0.01 s
(2.01)6 = 64+ 192 X (0.01) 240 % (0.012 ﬁ( ) '
+ 60 % ([].01)4 412 % (0.01)” + (0.01) 0.02¢

0.00016
— 65.944 160601 201 0.000 00086

0.000 000001 2
6 (20 + 3)(z + b
= (2$+3)(w4+4m3+5:1:2+49:+1) i
— 945 + 8z +122° + 82" + 2z + 3% +122° + 182° + 123 + 3
—ox® 4+ 11z% + 242% + 262 + 14z + 3

a (3a+0)°=(3a)+ 5(3a)%b + 10(3a)b® +
the coefficient of a®b® is 10X 33 =270 .

b (2a+3b)°= (2a)8 -+ 6(2a)(3b) + 15(2a)%(3b)? + 20(2a)*(30)" +
the coefficient of a®b® is 20X 93 x 3% = 4320

EXERCISE 8G 70 —
I (1“@“:1“+(lf)11“(2m)1+(121)19<2m>2+....+(13)11(2m)1°+(n)<2z>
1+ (3@ + () + et (o) + ()™

(se+2)” - 2 -
= (30)"* + () )™ (—3) + (%) )™ (%) Foet (35)(32) (;) +(
(214%)20 3 2 3 19 5
_ s () (-2) + (e (-5) + -+ ()0 (-3) +@

For (2z+5)'%, a=(2x), b=5 and n=15 . o
Now Try1= (“) oa*—7b" and letting =5 gives T = (5)(2z) 5.
ki

; 5
5 == —_ ]
For (mﬂ + ;) , a= (=), b= (:r:) and n=29 3
; oy o2y (2
Now Trg1= (”)a“‘”br and letting 7= 3 gives Ta = (3) (z*) ( )

b— (i) e
r

. 1
Now Tyg1 = (n)a"’”rb‘" and letting r =9 gives T1o = (9
v r

21 1 B
For (Zmz-%) , a=(227%), b=(——) and n=21

xT

8
: 21 2713 _J_d) -
Now Tri1= (")a“""br and letting 7 = 8 gives To = (8)(2$ ) (

T

4+ 0.000000 000001
65.944 160 601 201
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g aln (34+2:H), a=3, b= (22" and n=10
Now Tr+l=(n)an—rbr

-

= (10)31071“(2‘,32)1* r=b
)

We now let 2r = 10

_ (11"0 So, Ts= (150)3525 z10
g [
the coefficient is (150) 3525,

) and n=26
€T .

310—7'27'2:21"

b In (2:{:2 -

Now Trya1 We now let 12—3r =3
3r=9
r=23
— (B\q3 3.,.3
o, Tu=(})2%(-3)°x
[ —
the coefficient is (g) 23(—3)3.

1
¢ In (2$24 s a=(22%), b=(f_) and n =12
€T

Now Try1 = n)an_’"br

™

We now let 24 — 3r = 12
(i =12
E) r=4

9l2—r 24-2r (-1 So, T5= (1:)28(—1)4 z12

e —_—
the coefficient is (142) 28(—1)%.

and n =15
Now Tv-+1 = (1:)Gn_rbr = (11:5)5615_"" (m_zz)r — (11“5)315—7' 52;_? — (1:)27‘3315—37-
The constant term does not contain z.
so Tg = (155)25.’1‘0

15—3r=0 Fo W= h
the constant term is (155) 28,

3
;]32) and n=9

The constant term does not contain x.
9—3r=0

r=g3
50 Th= (g) (—S)EEO

the constant term is (z) (—3)3.

! sum = = = 2
+1=2 1
R-OWZ

sum=1+4+2+4+1=4 =22
Row 3 1 33 la— sum=1+3+3+1=8 =22
B 1 4 64 1 sm=1+446+44+1=16 =91
s Rows 1 5 1910 5 1—sum=1+45+10+10+5+1=32 =2°
1€ sum of the numbers in row n of Pascal’s friangle is 2™,
(14

S+ ()17 1 ()1n-ar 4 (7)1

MO (e + (3)e + (3o 4ot (20)om 4 (

{as all powers of 1 are 1}
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=1 g LHS = (1+1)" =2
T gives ( ) 9 Tr+1

™

(7

amd RES= (D) + (D) + (3 i B
(0) (@?)10-" (=
o e

6 a (2+2@+1)°
o) [+ Q)@+ (et (EV (e + Q1)

)a,” " where n =10, a= (z?), b=(i)

Now letting
= ar

1
a*m”
1

1 —_—
= ( 0)$20 3roy -
v a’

)20 —2r

only terms which when multiplied give an z° Welet 20—3r=11
s 3r=9
- coefficient of 2% is 1 X (z) = (2) = 28. =%
(2 —=)(3z + 1)°
= 2—a) [82)° + () 82)° + (©) o)+ (5)62)° + (3)@2)° + ()
_ A3/ ot

a3

and Ty = (130) 2t x %

. coefficient of z® is 2 X (8) % 3° + (-1} X (5) x 3% = 2(3)3° - (9)3® = 91854
i

6 39— 5P a Fom5d, (1+2)"=(3) + (De+ Qe + (D)2 + oot (*)en 1 + (M)am
_ ([1+2:r:]—m2)5 Now, letting @ = —1 gives LHS=(1+(-1))" =0
and RHS = (5) + (1) (=1 + (5) (-7 + (3) -1+
2)ED T ()
)+ () (&) +oert ()
J=

= (1 +22)>+5(1+ 2z)*(—=*) + 1001 + 22)?(—=2%)% + .-
{all further terms contain higher powers of z than & 41 (
=1% +5(1 )(2:[:)+1[)(13)(2:c) +10(1%)(2z)? +5(02x)* + - ( ) -
—Bx?(1t +4(13)(2m)+6(12)(2m} +.o.)+10t(1% 4 )+ ) () () :
— 14102+ 402? + 80a? + 80x* — 62” — 402° — 120z* + 10z + - : G) = G+ 0
1+ 10z + 352 + 402° — 302" + . S b As 1+o)t = (5) + (D)= ()m +(2)a® + . +(n’ll)w“‘l+(g)xn,
(14 a)2 -t = (>t 2n+1 2n+1Y, 2 - g .
; a(ﬂ:C?:n:ﬂam@yﬂm=@%iﬂ=3@§3 = ) O et O e (30)e D)

1
. h T:nn—iﬂj’“? d > 2 n
o (o ms To= (et = () md 0> i RES = () + () 4 () 4t (550) + (1)

But this term is 3627 .. (3) =36
ut this term 18 o (2) e —9 [(ch;i—l) + (27:1-»-1) + (2’112-',-1) +”__+(2n:1)]

n(n—1) _ S
Mo 36 But nz2 . n= fEety= (s, Pt = [ s () = P51

2 n—3,8
nin—1) = 72 and To=(5)1 S 2[CY + G+ O e+ ()] =4 x 2

a8 =0 - ) ) () 4 () =
¢ (4 ko) =17 (reike)t + (310 22“() 2(p) +24(7) + 2 (3) + 22 () + 27 (2)
()—kI:—(lzk::i( 2k):ﬂj60 )+ (Dot (5) + o+ ()" + ()"
: n(ﬂ_; 2 | )+ (D)2+ (32 + e+ () + (D)2
nin = D =60 3= ()2 ()42 () 2 (1) +27(0)
zf@:s

n(n— 1)k* =120
0 =0

144
n(n—l)——:lZO oo
A ynomial f(z), the sum of its coefficients is f(1).

(ﬂ!)—-a:a-l—m: +3x—7
¢ 8um of the coefficients of f(z) = f(1)

Now letting £ =1 gives LHS = 22"+t =227 x 21 — 4" x 2

Using 5 d, (1+a)" = (
letting = = 2, (1+2)" = (

i
0
n
0
0

nk =—12 and

144(n —1) =120n {n = 2}

14dm — 120n = 144
2471,:144 3
n=~06 and so k= —2 =07 03—
=14243-7T=-1




OMIAL EXPANSION
932 Mathematics HL (2nd edn), Chapter 8 — COUNTING AND THE BIN
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Now consider the function g(z) = (z° + 22" + 3% )

= [f (@)™

The sum of the coefficients of g(z)=g(l)

= [
_ (_1)100 —

— 100 g 1.
the sum of the coefficients of (2% + 2% + 3z 0! is

13 Pristii 5 d, (1+m)n = (g) + (?)TL'“' — (ni1)m“‘ + ( ):ﬂ ( an )mzn,fl +(
o = () + (oot (Z20)e 7+ ()7 ot e

Now (14z)(+2z)" =0+

'n 1+
[®+mww+mmwwcﬁﬂ@+mfw%54 )]
) 4 (et (e (ot (N G

uating coefficients of ™, o
}E’g) () + (”f;(n” )+t () @)+ (6 =)
But (n) () (’1):(;‘) and so on. 2
()7 + () G ot (2 + (2 = ()
| (n—1)!
" Din—1— [ — 1)

n —1)! .
- (r —Xlgﬁn f)'r)! {using a}

2(7) +8(3) + - 1(7)

1w a n(70))=

w —af(rg) + (7 + (7 4 G

rl(n —r)!
=r(7)

zn:Pr:PO+P1+P2+""+Pn

r=0

non—t {second part of 5 d}

=(p+[1—p)™ {binomial expansion}
=1"=1
il i rP.=1P +2P2+ 3P + .. +nP,
! = _ n—2 3( ) (1__ }n 3+
_i()pra—prt 2R e T 3P
+n(2)p (1 —p)° ) p
_n(n—l) 1—p )n—1+n(n11)pz(l_p)n_2+ﬂ(ﬂ21)p3(1_p)
- ]
+“(n Dp {using a} -
= np[(’”; )P (1 _ p)n41 + (n:l)pl(l fp)n—z £ (’n; )pz(l -‘P)
+ (o)

—nplo+ -
=np X {t

=np

Mathematics HL (2Znd edn), Chapter 8 — COUNTING AND THE BINOMIAL EXPANSION
.

o ()
() £ (7)) + -t Gk

1y ()P - e (PSR
_@pra—pr+ Qpa-pr T G mpTE + (e

233

REVIEW SET 8A |

26 | 26 | 10 | 10 | 10 | 10 | .. there are 262 x 10 = 6760000 if there are no restrictions

b 5 26 [ 10 [ 10 [ 10 [ 10 | - thereare 5 x 26 x 10% = 1300000 possibilities
if the first letter is a vowel

vowel

25 | 10 | 9 | 8 | 7 | .. there are 26 X 25 x 10 x 9 x 8 X 7 = 3276000,
if there are no repetitions

a To form a line we need to select any two points from the 10.
total is C3°% =45 lines.

b To form a triangle we need to select any three points from the 10.
total is Ci° =120 triangles.

nl _ nn—1)n—2) b nl+n+1)  nl+(n+1)n
n—2!  (n—2) N

n! !
=n{n—1) 771'![14“”'*‘11

- el
=n-++2

Total number = C57 = C'15 = 3003 committees

Total with 2 men and 3 women = C5CY = 980 committees

Total with at least one man = total unrestricted — total with all women

= 3003 — C5CY = 2982 committees

- There are C% = 28 handshakes made.

A (z-2y)° =2° +32° (—2) + 3x(—2y)* + (—2y)°
=2® — 6y + 12292 — 8y°
b (32 +2)% = (3x)% + 4(32)(2) + 6(3x)%(2)? + 4(3z)(2)® + (2)*
= 81z* + 216> + 2162° + 96z + 16

@ With no restrictions there are C20 = 252 different teams.

) Those consisting of at least one of each sex
= C’é‘o =
= 246

b (4]3]2]1T1]
t
_ T
LilsT2]1]1]
i

i-’ .%

CECs  {there are no committees consisting of 5 women}

. 4x3x2x1x1=24 arrangements end in T

1Ix3x2x1x1=6 arrangements begin with P and end with T

EXpansion of (22 +5), a— (2z), b=5 n=6

g (:)“n Eb” For the coefficient of z° we let 6 —r = 3
i : _
By res
= ﬁ):25~rmﬁ—p51- and Ty = (2) 2353 23
L (N
the coefficient is  (§)25° = 20 000.




