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cosf 1+ sind

F # 1 +sinf cosé
cos? § + (1 +sind)?
(1 + sin8) cosd
CDS2H+1+251n6+sin26
- (14 sin ) cos
:_—2&29—— {cos?§ +sin? 8 =1}
(14 sin@)cost
_ 2(1 A4t l]
- gljb—,s%n'ﬁ’)"cosﬂ
_ 2
~ cosf
8 tanf =—32, T <<
sinf 2
cos 3
¢ing = —2k, cosf =3k
but cos®@+sin®f=1
ok F4k* =1
13k =1
R

9 P(t) =40+ 125in 2 (¢t — 3F) me

a P(#) hasa minimum of

40 4 12(—1) = 28 mg per m®

b

b

when

1
iy

(.1 + cols g) (cos@ — cos? 9)

:;;9564(:0529—%-1—995‘9
—1—cos’f

= sin® @

But in Q2,
sinf >0, cosf <0
1

k = fﬁ
sind = %,

sin 22 (¢ — 2y =1

K

37 _ 21
p— 3 =2 kT
gl
t=8L+kT
1 .
t= 1%, 8%, 163, and so on.
on Mondays at 8.00 am
days after midnight Saturday}

cosf = — 13

Chapter 11

MATRICES

EXERCISE 11A =

1 a 1 row and 4 columns 1x4 b 2 rows and 1 column 2T,
¢ 2 rows and 2 columns 22 d 3 rows and 3 columns 3x3
1.95
e a (216 1) b [2% € (2% 1.95)+ (1 x 2.35) + (6 x 0.15) + (1 x 0.95)
0:95 represents the total cost of the groceries.
3 200g 300g 500¢g & pics pasties rolls buns
1000 1500 1250\ week 1 40 50 55 40 Friday
1500 1000 1000 | week 2 25 65 44 30 Saturday . d
800 2300 1300 | week 3 35 40 40 35 | Sunday (0 dozens)
1200 1200 1200 / weck 4 35 40 35 50 Monday

EXERCISE 11B.1 s

3 4 6 -3\
| ® A+B_<5 2)+(—2 1)

9 1 3 7
® A+B+C:(3 3)*(4 2

6 -3 -3 7
€ B+C—(_2 1)4—(_4 2)

-3 7
d (:4-13a4_(_4 _2).,_(_2

3 5 —-11 17 -4 3 20 1 -8
2 a P+Q=| 10 2 6 +l -2 8 —-8|=(8 10 -2
-2 -1 T 3 -4 11 1 -5 18
3 5 =11 17 —4 3 —-14 9 14
b P-Q= 10 2 6 - -2 8 -8 |= 12 -6 14
-2 -1 7 3 -4 11 —5 3 —4
17 -4 3 3 5 —11 4 -9 14
c Q-pP=|-2 8 -8|-—-| 10 2 6 =|-12 6 —14
( 3 -4 11 ) -2 -1 7 ( 5 -3 4 )
Friday  Saturday
] 85 102 Total for Britlay | 22 2 LET
a8 =192 |+ | 137 | = 229
( 92) ( 137 ) and Saturday 59 \ 49 101
52 49
4 a i Cost price ii Seclling price b In order to find David’s profit/loss matrix
1.72 1.79 we subtract the cost price matrix from the
27.85 28.75 selling price matrix.
0.92 1.33
253 2.25
3.56 3.51
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1.79 1.72 0.07
28.75 27.85 0.90
¢ Profit/Loss matrix = 133 | =] 092 | = 0.41
2.25 2.53 —0.28
3.51 3.56 —0.05
5 a Lou Rose b L R € Total sales for November and December
fridges /23 19 fr/18 25 23 19 18 25 41 44
stoves| 17 29 st|] 7 13 =17 204+ 7 13])=]24 42
microwaves \ 31 24 mi\ 36 19 31 24 36 19 67 43

Low

) (5 1)-(2 3)

Fquating corresponding elements:

o o (55)(

Equating corresponding elements:

z=y, 2°=4and —1=y+1 $=-y} y=0, =0
z=242 and y=-2 y=2x
But z=y .. z=y=—2
2 1 -1 2 (-1 2 2 1
7 a A+B:(3 _1)+(2 3) B—I—A—( s tls
24+(-1) 1+2 I e T 241
~\ 3+2 -—-1+3 =\ 243 3+(-1)

¥} (1)

b A+B=B+A forall 2x 2 matrices A and B because addition of numbers is commutative.
8 a (A+B)+C A+ (B+C)
-10 3 4 4 -1\ _(-10 3 4 4 -1
_[(1 5>+(41—2)}+(-1 3) —(15 Il 2) Tl s
2 4 4 -1 {-10 T 8
_(0 3)+(1 3) —(1 5)*(—2 1
6 3 {6 3
B T\ -1 6
a b (P q _(w =
b Let A=(c d)’ B_(r S) and C (y )

(A+B)+C A+(B+C)

(ENC Ol =06
w B a w +x

G 1 G B (S R (ot ed

(a+p+w b+q+:c) =(a+p+w b+q+m)

™

P
o2
oo

Il

ct+r+y dis+tz c+r+y d+s+z
=(A+B)+C

6 The matrix is 12F = 12
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2 a A+B b A
A1 6 4 1 2 3 {1 6 4) 11 2 3
_[24+1 342 5+1 _f2-4 3—2 5-1
14+1 642 443 “l1-1 6—-2 4-3
_({(3 5 86 {1 1 4
T\2 87 =lo 2 1
¢ 2A+B d B < B %

~p(2 B85y {1 21 (2 3 5 12 1
1 6 4 1 2 3 - 16 4} \1 2 3
. .

3

_(4 6 w0\ (121 B 9 15 i 8 g

“l2 12 8 1 2 3 “l3 18 12) (1 2 3

441 642 10+1) (5_1 9_ 9 15_1) "

:(2+1 1242 843 3—-1 18—-2 12-3 “
(5 8 11 (5 7 14
“\3 14 1 “i2 16 o9
12 3 9 ‘E
— 24 i = 6 1 3 18 it
3 a 2H=| o b H=| ¢ HyiH=$H=| o !
60 15 45
L
30 40 40 60 35 46 46 69\ i e
50 40 30 75 58 46 35 g | rovndediothe
4 a Increase of 15% = 1.15 40 40 50 50 | = | 4s 46 58 58 nearest whole
10 20 20 15 12 23 23 17/ Tumber
30 40 40 60 26 34 34 51 ded to th
_ 50 40 30 75| | 43 34 26 64 | foundedtothe
b Decrease of 15% = 0.85 40 40 50 50 | = | 34 34 43 43 nearest whole
10 20 20 15 9 17 17 13 ) mumber
5 a Weekdays Weekends b

75 136 DVD 75 136 211
27 43 VHS 27 |+ | 43 | = 70
102 129 games 102 129 231

¢ The sum matrix of b represents total weekly average hirings.

Ll =N
i
oo
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EXERCISE 118.3

|

B

1 a A+2A=3A b 3B_3B=0 c C—2C=-C
d -B+B=0 e 2(A+B)=2A+2B f —(A+B)=-A-—
= i AL 2B— (A—B)
—(2A—C) h  3A—(B—A) i
: :—;A+c —3A-B+A —A4+2B-A+B
—4A—B =3B
2 a X+B=A b BiX=C .
X+B+(-B)=A+(-B) B+X+(—B)=C+(-B)
X+0=A-B 04+X=C-B
L X=A—B X=C-B
| c 4B + X = 2C d 92X = A
| 04 X=2C—4B X 3A X=1a
| . X=9C—4B
‘ " f A-X=B
| ¢ X8 A-X +X=B+X
3(3X) = 3B A+O=B+X
IX=1B .. X=3B A=B+X
and A4 (-B)=B+X+(-B)
g. iIX=C A—B=X4+0
e s 2(iX)=2C A—B=X )
| . 1X=2C . X=2C X=A-
| i A—4X=C
=B
" wal 1 A— 4X 4% = C + 4X
:2(X+A) =3B A+ 0 —C 4 2%
| ! 1{X+A) =3B A=C+4X
| X+A=:B aid A= C=dX
-1
X+ A+(—A)= 1B+ (-A) 1(A-C)=3(4X)
—lA-C
X+0=1 X=1A-0)
X=2

If %X:M
then 3(3X)=3M

A=3B+2X
IR o A+ (—3B) =3B+ 2X+ (—3B)
1] s A—3B=2X

1(A—3B) = ;(2X)
1(A-3B)=1X

b If 4X=N then 2(4X)=1iN
X =1iN

12 3 6 X (2 —1>_(% c
=t §—— % = -— 5 3 L ;
! ¢ If A—2X=3B
then A —2X+2X =3B+ 2X X:%(A—SB)

-
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EXERCISE 11B.4 [ -L.iaaif = dyespirs s st o s e T 1S H
5 5
1 a (3 —1)(4)_(3'><5+(—1)><4) b (1 3 2)[1]=01x5+3x1+2x7)
= (15— 4) ) =(5+3+14)
=Ly = (22)
1
¢ (6 -1 2 3)| % |=6x1+nx0t2x(-1+3xa
4 /] =(6+0-2+12)
= (16)
1
2 (w Ty z) } =(w+m+y+z)
1
N 1
2(w+z+y+ z), which is the average ;1
of w, =, y and 2z, can be represented as (w Ty z) 2
1
4 I'
3 A

2

4
' 3 a Q—(3), P:(27 35 39)

4
b total cost=PQ = (27 35 39)(3)
2

= (27 x4 +35 % 3+39 x 2)

| = (291) total cost is $291
3
| : 2
A a P=(10 6 3 1) b total points =PN= (10 6 3 1) i
3 2
N= j =(10x3+6x2+3x4+1x2)
3 =(30+12412+42)
= (56) So, the number of points awarded is 56.

EXERCISE 11B.5 =

SHE VLA LG B AT ficee

1 A=(4 2 1) whichis 1 row x 3 columns, B:((l) f é) whith is 2 tows s Soghmme

AB cannot be found because the number of columns in A does not equal the number of rows in B.

- 2 Ais 2xn andBis m x 3.
)

@ We can find AB if the number of columns in A equals the number of rows in B, -

b If AB can be found its order is 2 x 3.
13

Cif n=m.

BA cannot be found because the number of columns in B does not equal the number of rows in A.

3 a i Ais 2x2 andBis 1 x2

Lot equal 4

AB does not exist.
i Bis 1x2 andAis 2x2
: RS
BAis 1x2

(
=(5x2+6x3 5x1+6x4)
:(10+18 .5+24)

(

e
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b i Ais 1x3 andBis 3% 1, ABis 1 x1 and
| . |

-AB:(2 0 3) (ik)=(2><1+0x4+3x2):(g+0+6)=(8)

ii Bis 3x1 andAis 1x3,
.
1 1x2 1x0 1x3 2 0 3
BA=(4](2 0 3): 4%x2 4x0 4%x3|=|8 0 12
2 2x%2 2x0 2%3 4 0 6

2 3 1 o
1 2 1)(0 1 0) is1x3 by 3x3 . resultant matrix is 1% 3

BAis 3x3 and

( 10 2
=(1x2+2x0+1x1 1x3+2x14+1x0 1x1+2x0+1x2)
=(2+0+1 3+240 1+0+2)
:(3 5 3)
1 0 -1 2 o
b -1 1 0 3 is 3x3 by 3x1 .. resultant mafrix is 3x1

0 -1 1 4
1x24+0x3+(—1) x4 2+0-4 =2
= (—1)X2+1X3+0X4 =| —24+3+0 | = 5 8
O0x2+(—-1)x34+1x4 0—3+4 1
adults children

C= (12'5> N = (2375 5156 first day
95 2502 3612 ) second day

NCis 2x1

b Nis 2x2 andCis 2x1
/ 7.5+ 48982
2375 5156 12,5\ _ [ 2375 x 12.5 + 5156 x 9.5 _ 2068
NC= (2502 3612) ( 9.5 ) - (2502 % 12.5 + 3612 x 9.5 ) 31275+ 34314
78669.5 income from day 1
~ 1 65589 income from day 2
¢ Total income = $78669.50 + $65 589 = $144 258.50

me friend )

1 1 hammers b P— 7 3 19\ store A

6 ¥ B= 2 | screwdrivers 6 2 22/ storeB
2 3 / cans of paint

¢ Pis2x3 and Ris 3 x 2, PRis 2x2

7 3 19 14 Tx1+3x1419x2 Tx14+3x2+19x3
PR=[g 2 22 )| 3 2= \6xi+2x1422x2 6x1+2x2+422X3)
743488 TH6+57) _ (48 70
PR=1g412+44 6+4+66 52 76
d My costs at Store A are €48; my friend’s costs at Store B are €76.
My costs at Store B are €52. Therefore T should shop at Store A, which is cheaper.

EXERCISE 11B.6 [ s

Mathematics SL (2nd edn), Chapter 11 — MATRICES 209

gy

16 18 15 10 6 -7 22 0 132 176 198 Eg
1 a (13 21 16 b 9 3 0 ¢ | 44 154 88 110 0O d i

10 22 24 4 —4 —10 176 44 88 88 132 1066
2 a nights breakfasts dinners

Numbers matrix N = (3 3 2)

Bay View Terrace Staunton Star

) ) 125 150 140 room
b P tri =
rices matrix P 44 40 40 breakfast
75 80 65 dinner

¢ Total prices for each venue = numbers matrix % prices matrix = NP

Nis 1 x3 and Pis 3x3 NPis 1x3
125 150 140 _
NP=(3 3 2)( 4 40 40 |= (657 730 670)  {using technology}
75 80 65 '
$657 for Bay View, $730 for Terrace, $670 for Staunton Star.
_ 125 150 140
d Totalprices= (2 1 1)( 44 40 40 |= (369 420 385) {using technology}
75 80 65

$369 for Bay View, $420 for Terrace, $385 for Staunton Star,

e To include both scenarios we calculate

(3 3 2) 14245 14500 1.;.0 = (657 730 670) using technology
2 1 1 75 80 65 369 420 385 )°

125 ”
. | 315
3 Prices matrix = 405
375
50 42 18 65 125 51145 1
. numbers matrix 65 37 25 82 315 60655 {using
Total =t == ) =
otal income X prices matrix 120 29 23 75 405 61575 technology}
42 36 19 72 375 51285

total income = $51 145 + $60 655 + $61 575 + $51 285 = $224 660

b a Incomematrix T= (125 195 225),  Cost matrix C = (85 120 130),

15 12 13 11 14 16 8
Numbers (bookings) matrix N=| 4 3 6 2 0 4 7
31 4 4 3 20

Profit per day
= (income from room) x (bookings per day) — (maintenance cost per room) x (bookings per day)

=1IN - CN
15 12 13 11 14 16 8 12 13 11 14 16
:(125 195 225) ( 4 3 0 4 7|—(85 120 130)
1 3 20

3 4
1 2

i
w oA

6 2
3 4 4

D ~1 oo

6 2 0
4 4 3
= (1185 800 1350 970 845 1130 845) {using technology}

profit for the week = $1185 + $800 4 $1350 + $970 + $845 + $1130 -+ $845 = $7125
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b If the hotel maintained every room every day we would need to calculate
(income from room) X (bookings per day) — (maintenance costs per reom) x (number of rooms)

. 15 12 13 11 14 16 8 20 20 20 20 20 20 20 ]
= (125195 225) ( 4 3 6 2 0 4 7 —(85 120 130) ( 15 15 15 15 15 15 15
3 1 4 4 3 20 5 5 5 5 5 5 5
using technology, profit per day = (7820 —1840 —455 —1485 —1725 —920 —1785)
the profit per week would be  (—$820) + .... + (—$1785) = —$9030, or a loss of $9030,
¢ Profit per room matrix = income per room matrix — cost per room matrix
=1-C=(125 195 225)—(85 120 130)
=(40 75 95)

the result in a can be calculated using:

15 12 13 11 14 16

8
(40 75 95) 4 3 6 2 0 4 7 This checks using technology,
3 1 4 4 3 2 0

EXERCISE 11B.7 |
{10 -1 1\ _ {140 140\ (-1 1
1 AB‘(l 2)(0 3)‘(1+0 1+6)(—1 7)
Ba— (L L\(1 oy_(-1+1 0+2)_(0 2
i 1 2/ L o+3 o0+6)"\3 6
AB # BA . in the general case AB does not necessarily equal BA.
_(a b\ {0 o\_{o+0 o+0\ (o0 o)

% AO—(C d) (o 0)—(0+0 0+0)(0 0)_0
{0 0\{a b\ _(0+0 0+0\ [0 0}) _
OA_(O 0)(0 d)_(U-I-O 0+0)—(0 0)0

102 11 7 3
3 a Suppose A=(3 4), B—(l 1) and C—(l 1).

B+C) AB+AC

3 4 (1 2Y /1 1} 1 3\ f2 @

5 o "3 4l 1) T ls a)i1 1
344 444 1+2 1423 (242 342
9+8 12+38 3+4 344 6+4 944

Y
Gy (DG
<

AO=0A=0

A(B+C) = a b p+w g+xz\ _ (ept+aw+br+by ag+ax+ bs+bz
T \e d r+y stz ) \eptewtdr+dy cgtcr+ds+dz
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P A)E ) e e E Y

meac= (7 (2 D+ (2 D (s 2)

_ ap +br ag+ bs aw+by ax+ bz
cp+dr  eq+ds cw—+dy er4dz

ap + aw + br + by aq + azr + bs + bz
Cp + cw + dr + dy cq +cx +ds + dz =A(B+C)

A(B@:(é & D D]
(969

346 448 )

¢ Using the matrices in a,

3 3 2 3
AB)C =
(aB)C (7 7) (1 1)
— 6+3 9+3
14+7 2147 (
941
B 8 = +12 12+ 16
—l21 928
2 )ﬁ(ABJC
d  Using the matrices in b,
(AB)C: ap+br  ag - bs w oz ‘]
cp+dr  cgtds Yy oz

_ [ apw+ brw + agqy + bsy apz + bre + agz + bsz
CPW + drw + cqy + dsy ept + dre + cgz + dsz

A(]?.C):(CL Z Pog wozil_fe b wtaqy prgz 1
c T s Yy oz ¢ d ™0+ sy  Tx- sz !
_ { apw + brw + agy + bsy apr + bre 4+ aqz + bsz
cpw + drw + eqy + dsy epz +drx + cqgz + dsz

= (AB)C

a If ( )( w): a b then aw + by  ax+ bz _f{fa b
z c d cw+dy cex+dz | "\ e 4
w=z=1 and z=y=0, then

_ [ a(l)+b(0) a(0)+b(1 a
LES (c(1)+d(0) C(O)-&—d((l;)_(c g)zRHS v

) . 1 0
b Inawe showed that if X — 0 1) then AX = A,

1 0 a b
XA — _(a+0 b+0 a b
(0 1) (c d) (o+c 0+d )= \c q¢)=4
S AT=1A = A for all 2 x 2 matrices A where I:X:(l 0)
o 1/

= A

_ 443 24 (-2) 25+ (=2) — = : .
6+ (—6) 3+4) :( 13-&82) —52++(1(;4) (g _41)

-(i %) -5 DG

= (1154 (-18) -234+(-36)\ (97 —_s9 |
90 4 28 -18+56 )~ | 118 38
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6

1o\ /(1 0\ _[1+0
712:(0 1)(0 1)'(0+0

AZis 3x2 by 3 x2. 2+ 3 so A? does not exist.

1 2
a A=[3 4
: 5 6

b We can square a matrix when the number of columns equals the number of rows, that is, if it is a

square matrix.

B=IR=11=12=]

EXERCISE 11B.8 0o Bl |
a AA+]) b (B +2I)B € A(A® —2A41)
= A? | Al =B? +2IB =A% — 247 + Al
=A’+A =B*+2B =A% —2A% 4+ A
d A(A?+A—20) e (A +B)(C+D) f (A+B)*
=A%+ A? — 2A1 = (A+B)C+ (A+B)D =(A+B)(A+B)
=A%+ A% -2A = AC+BC + AD +BD =(A+B)A+ (A+B)B
= A? 4+ BA + AB +B?
g (A+B)(A—B) h (A+T)? i (31— B)?
=(A+BA-(A+B)B ={A+DA+T) = (31— B)(31 - B)
= A2 + BA — AB — B? =(A+DA+(A+T)I — (31— B)31 — (3T -B)B
= A2+ IA+AT+ TP = 91% — 3BI — 31B +B®
= AT +A+ALHT = oI — 3B — 3B + B?
=A"+2A+1 = 9l — 6B + B*

2

a A2=2A-1 AP =AxA? and  A* = A x A®
= A(2A 1) = A(3A —2I)
=247 — Al = 3A% — 2AI
=2(2A -1)— A =3(2A —T1) —2A
=4A 21— A =6A —31—2A
=3A-2 =4A 31

B:=2I-B

B® =B x B? and B*=BxB® and B°=BxB*
=B(2I - B) — B(3B — 2I) — B(61 — 5B2-)
= 2BI — B® = 3B% — 2BI = 6BI — 5B
=2B - (21 - B) =3(21 -B) — 2B — 6B —5(21—B)
=2B—-21+B — 61— 3B —2B —= 6B — 101+ 5B
=3B 21 = 61 — 5B = 11B — 101
¢ C?=4C-31 C*=CxC? €’ =¢* we?

= C{4C — 3I) = (4C — 30){13C — 12I)

= 4C?* — 3CL = (4C — 31)13C — (4C — 31)12I

= 4(4C — 3I) — 3C — 52C2 — 39IC — 48CI + 361°

=16C — 121 — 3C = 52(4C — 3I) — 39C — 48C + 361

=13C — 121 = 208C — 1561 — 87C + 361

= 121¢C — 1201

3
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a If A2=1:
i A(A 4 21) ii (A —T)? iii A(A + 312
= A% 4 2A1 = (A-T){A—T) = A(A + 3I)(A + 31)
—T142A =(A-DA-(A-II =A[(A+3DA + (A4 3D)31]
=A% —JA — Al +T? = A(A® + 31A + 3AT + 91%)
=I-A—-A+1 = A(T+ 3A +3A 4 9I)
=21 - 2A = A(10I + 6A)
= 10AT + 6A>
. = 10A + 61
b If A=1 A’(A+I)>=A%2(A+2A+1)
=A%+ 2A% L A%
= A(A%) 4+ 2A°% + A%1
=Al+ 214 A?
=A% L A421
c If AZ=0
i A(2A —3L) i AA+2D(A-T) ] A(A +1)°
= 247 — 3AI =A[(A +2DA — (A + 201 =AA+T)(A4T1)?
=20 —3A = A(A® 4 2TA — Al — 21?) =AA+TD)(A% +2A +1)
= —3A =A(0+A-20) = (A +AD)(O+2A+1)
=A% - 2A1 =(0+A)(2A+1)
=0-2A = 2A% + AT
=—2A =20+A
=A
10 0 0 0+0 0+0 0 0
¥ AB:(O 0 (0 1>_(0+0 oio):(o 0)_0

+
_|_

(-2

=

[~

[l
e
[S] NS =
= =
TR
(1 S
Rl= b=
S

Il
FEETT
Lo L

i+

K= b

)_A

[ N
[5] el T

€ A% = The argument contains a false step. As the example in a
o AT A — illustrates, AB = O does not imply that A=0 or B = O.
LAA-D) = This is a property of real numbers that does not hold for
. A=0 or A—I=0  matrices. Therefore it is false to say that if
A=0 or I AA—1)=0, then A=0 or A — 1 equals Q.
a b a b
d Let A_(C d). If A2=A, (C d) (i 3):(‘;‘ 2)

a?+be ab+bd\ [(a b
acted bet+d®* ) \e d

Equating corresponding elements;

a® fthe=ua bec=a(l—a) e (D)
ab+bd=b blat+d—1)=0 e (2)
ac+cd=c cla+d—1)=0 ans 3]
bet+d®=d be=d(1—d) .. (4)

If at+d—1%#0 thenfrom (2)and (3), b=c=0.
from (1) and (4), a=0o0r1l and d=0or1l
a=0, d=0 or a=1,d=1 or a=0, d=1 or a=1, d=0
where the last two cases are not possible as  a +d = L.

i 0 0 .
So,if @ =0, d=0 then A_(O O) andif a=1, d=1 then A = (é (1))
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2 I

=3 3
If a4+d—1=0 then d=1—a and c= = b“ | a A%=AxA? b A=A xA®
; | = A4+ = A(5A — 21)
& = —2A% L Al — 5A?
. . = 5A% — 2AI
— ded b#£0.
‘ So A is (a, ba 1a) provide # =-2(-2A+1)+ A =5(—2A+1) —2A
| =4A-21+A = —10A + 51 — 2A

) (1 -1
S Suppose A = (1 -1 EXERCISE 11C.1 i

e S S

(iSg=A T N e

,Az_(l —l)(l 1)(1+(_1) _1+1)_(0 g)
R A A A 56\ (3 —¢ _
' VBG-GB 0-(2 )=

PO T
AN Ea LS PR oy iy

A0 but A®=0. So, “if A2=0 then A= 0" is a falsc statement. 23 -2 5
. 5 6 1 —6 8
| e Xz =1 A a 2 4 _
| 1 2N{1 2 1 2 1 0 (2 3) 3(‘2 5) h (l 2>><m (_l 3)1
. 2 __ — Ly T2 -
I [ a Since A% = aA 4 b, (_1 2) (1 2);0,(_1 2)+b(0 1) 5 6 . ‘ 3 _g4\ "t ) 5 4
\ . ' 23 3 oAl B T\ -13
) 14+{—=2) 244 - a 2a T b 0
W ol 2) —244) e za 0 b :( 1 —52> _ ( i 0.4)

_ —0.1 0.3
(—1 6)_(ﬂ.+b 2a ) ’
-3 2]~ —a  2a+b
2 a [Al=12—14 b |A|=2-3 ¢ Al=0-0 d [Al=1-0
a+b=—-1 and 2a=246 =—2 ==1 =) =1
a=3 and b= —4
" © Checking for consistency: —a=—3, 20+b=6+(-4)=2 v 3 @ detB=12—-—-14 b detB=6-0 ¢ detB=0—1 d detB=¢?>— —¢ |
AT =3A —dl =26 =6 =_1 wuia? oy ‘
b Since A?=oaA+bL (g _12)(3 12_)_a(g _12)+b(; g) (2 -1 ,
| o a) w0 mee(? )
=38 - 1

oo
N ®
o

‘ . 942 3+(-2\_ (3 a \_ (b
i g8 3431 )Tl -9 0 Al = —3 B ( 4 —2) r
T2 -2 |
| 11 1\ _(3a+b a S AP =(-3)°
| | 2 6/ \ 20 —2a+b =9 S Al =4(-2) - (-2)(-2)
3a+b=11 and a=1 =—12 1
a=1 and 5=28
_f[a b ka kb
Checking for consistency 20 =12(1) =2, —2¢+b=-2(1)+8=6 g et A= (c d) then. kA = ( ke kd) and  |kA| = ka(kd) — kb(ke)
A?=A+8I = k*(ad — bc)
=k*|A|
7 A’ =pA+dql 6 A_(a_ 2) =(w 9:)
_ 1 2 o2\ (o2, (10 ‘ vz
: | v N wg Sy =1 - -1 -3 0 1 B |h= s b b AB:(a 3 P
and [B| = wz — oy c d y oz

aw +by ar -+ bz
cw+dy  cx+dz

|AB| = (aw + by)(cz + dz) — (az + b2)(cw + dy)

| . (1+(~2) 2+(—6})ﬁ(p zp)+(q o)

I‘ - —1+3 —249 /T \—-p —-3p 0 g¢q
- . . (1 4)_(P+q 2p )

1 ER . 2 7 -r  —3p+gq

¢ Expanding brackets,

ptg=—1 and 2p=—4 |AB| = awer + awdz + byex + bydz — azew — awdy — bzcw — bzdy
p=-—2 and g=1 = wz{ad — be) — zy(ad — be)
Checking for consistency —p=—(=2)=2, —3p+g=-3(-2)+1=7 v = (ad — be)(wz — zy)

AZ = _2A +1

= |A|[B|
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ra-(37) =-(3 )
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¢ 3a—b=26 . 3 = i 6
2a+7b=—4} anvewhaa | g 7)(5)—(_4)

I a i |Al=1(4) —2(3) ii |24 =27 A i |—A] = (—1)? A
=4-6 =4(—2) =1({—2)
=2 =-8 === 2 -y =46 can be written a 2 —1 x 6
v [B]=(-1)(1)-2(0) .. |-3B|=(=3)*[B] v |AB| = [A|[B] P “39:14} penmen s (1 3)(9)_(14)
ey = - (5)-0 %) ()= (5 )
— 9 =2 & Y 1 3 4] 7\ -1 2 14)

‘ |2A] = 2(8) — 4(8) = -8 V' |-Al = (-1)(=4) — (-2)(-3) =2 v 5r—dy =5

b Check: 5
. T 2 2 4 - —f =3 Lo fE o 18FN (5 _
! ii 2A_2(3 4) (6 8) i —Az(_3 4) (y) 7(—64—28 2 andso o =322, y=22

} can be written as

; RO L -3 () D

! |38 = B)(-3) - (-0)0) |AB| = (~1)(10) ~ 4(-3) =2 ¥ - (3)- s( - (3) wiwe-g0--z

o e
4 5) 2(5)4(1)(—(—1) z) (1 2) () ( )( )ﬂ(_s 2)(7)

. f —17_—]"_ -1 0y _ (-1 0})_ 10
1 -1 Ti=n-ow \ 1 1) -1 1) \1 —1 NP i
¥ T( —35+ (- 2)) (_ﬁ) and so :c:?ry:_%-

2 4
1 Jz+ 5y =
¥= can be written as & B c)_ (4
2 -1 Y 11

<
<

(2_1 e L

O ()G Y R
| ()t (- (B) oot
<

1 "

-1
) does not exist, since ad —be = 2(2) —4(1) =0
20 —y=1

=
) does not exist, since ad — be = 3(—10) —5(—6) =0

5
8
e 3$_5y:0} can be written as (3 5)(@)( )

-6 —10
2 BY T 1 7 2\ _ .7 -2
4 7 T DM 2@\ -4 1) -4 -1
x\ _[4 =7 -t
()G 3 (- (2D
z\ _ [ —40+0
(y) - (24+0) and 5o @ A0, =

3 4\ _ 1 2 -4\ _ . (2 —4

=1 3 T@) - (@ \ -1 3 el 3
A 1 3 (1) _ (3 1\_{[{-3 -1
2 3 T (=13 - (—1)2 \ 2 -1 - -2 -1\ 2 3

T+ 11y = 18 )

f 111.77?’.:_11} can be written as (171 117) (z)_(—llgl)

z\_ (7 !

(y)<11 4’) ( )

18 _ 1 —126 + 121
—11 /)7 170} —198 —77
L
5 o @=L

EXERCISE 11C€.2 i s T PR -y |
1 1 2 z\ [ x=+2y b 2 3 al [ 2a+3b
a3 a)ly/ T \3et+4y 1 —a)\s) e
2 a Bp—i= 8 } can be written as g~ == 8
2r 4 3y = 6 2 3 Y 6
[ b o= = 1 } can be writlen as 4 3 Tl = 11
| 3z +2y =5 3 ;
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a If AX=B then A AX=A'B {premultiply by A~'}
IX=A'B
. X=A""B
If XA=B then XAA~>=BA~! [postmultiply by A~"}
XI=BA™!
X=BA!

ey
() (2 2) _(( A0

—14 (=125 34 {8}

—14 425 —28+(-5) _ 1
__Tli(zz-;-o —44 40 7 —244 62
13 3
-13 _ (7 7 )
-(33) -3 -3
5 a i |A|=0 when 2k—(—6)=0 .. k=-3 . Aissingular when k= —3
i kLY s Y (2 =T vided that k£ —3
b I |A|=0 when 3k—0=0 k=0 A is singular when k=10
i & < a- LB rovided that %k £ 0
ii A= (D k ) A = % 0o 3/ P

¢ i |A|=0 when k(k+1)—-2=0
B4+ k—-2=0
(k—1)(k+2)=0

. k=1lor-2 A is singular when k=1 or —2

] k+1 2 N S S O R
i A:( 1 k) o _k(k+1)—2(1 ft
_ 1 k -2
T k-1 \ 71 kL)Y
. 2 =3 z\ _ [ 8 0, the system has a
6 a i (4 —1)(1;)_(11) i As lAl?él? e sy
unique solution
and |A| = -2 — —12 . 2 3\ ‘(s
= 92112 v)=la 11

10

provided that
E+#—2orl

)
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i (j.

iii When

4z

So, we

are parallel and so do not meet).

EXERCISE 11€.3 7

2 1
- (22),
Since AXB =
3 then AT'AXB =
IXB =

XB =

t

>
I
[

SOOI

and |A| = —2— 4k

The system has a unique solution if
—2—4dk#£0 k#—2

()-(5) ()
"= (%) ()

k= —2%, the equations are

i : _ A -8 —11k
{2‘9:—%@;:8 o {4z—y—16 T 24k —10

—y=11 de—y=11

8411k 5
Tova YT ir

k=%

have no solutions (as the lines

is the unique solution

e
e e e P s

(1 2 {0 3
B_(l 0) and C—(l 2)
C, and
ATIC {premultiply by A=1} XBB~' = A"'CB~" {postmultiply by B~1}
ATlC XI=A"1CcB!?
AT'C X=A"'CB!

—1) (0 3)3(0 —2)_;(‘”(—1) 3+(—2)> (0 2)
2 L2/23 1 1 /) 141 g49 044 1 1

x=1( L 1y (0 =2} ,f0+1 241 \_,(1 3)_(1 2
a2 afl1 1 £ \0+4 —4+4+4)72 4 0)7 ] 4
2 a If A=A then A?=AA = AA—1 =1
a b s % . a b a b 1 0
b If (b a) is its own inverse, then (b a) (b a)_(o 1)
a? + b2 2ab (1 0
2ab B4a? ) L0 1
a2+ =1 If 2ab=0, then a=0 or b=
and 2ab=10 and b2 =1 and a?=1
a=0 and b=41 a==+1 and b=0

and  (A~1)(

(A—l)fl —

then (A" A ") =B 'B=1

L : ;o 1 0 -1 0 0 1 0 -1
T .
his gives four possible combinations: (0 1), (O 1), (1 0), (1 0)
1 2 0 -2 0 -1
3 = . 121 =
' Aﬁ(l 0) e B “2(1 1)(1 .L)
B 3
; 1
- T
2

(4 1)-

If A=™'=B c

NHMIH
=
|
FTy
"_‘b—n
oW
~—
Il
b

We can deduce from b that (A~ 1)1 = A
and A is the inverse of A 1.

A D' =BB" =1
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>
L
I
NS
P
Ll
- L
R,
I
g
Wit wl~
‘ e
=
~—
==}
|
25
|
L)
| o— | /'_‘\
|
5 do
= |
i
Il
—
= rales

— e
o =
\'*—-/

b wl=
|
G L=
~—
AN
a——
o o=
A
=
[==1
i
p-
L
[l
FaS

W=
+
(=]

o ol
o1 [35]

|

al-
—
\.____—/

|
N,
@l®
4 @k
e +
i S0
ol @l
+ +
o O
e

Il
0~

wl= olw
+ o+

I
/-_\
wl= @lo
w— el
~—

b Choose appropriate matrices and repeat question a.
¢ The results of a and b suggest that (AB)~' = B-'A~* and (BA)~'=A""B~%
d (AB}(B™'A™')  and (B~*A1)(AB)

—A(BB A =B 1(A'A)B
s Aicrl =B~'IB (AB)(B~'A"1) = (B—'AT')(AB) =1
—AA L1 =T =B 'B=1 AB and B7'A~' are inverses.
5 ka) (1a—1) =k x Laa) =1 and (lAfl) (kA) = 2 x k(A™*A) =T
ka7 Tk k k

(1 _1) i (R
— = —A kA) =1 kA and —A are inverses.
o) (347) = (547) 68 :
6 X =AY and Y = BZ

a X =AY = A(BZ) = ABZ b (AB)"'X = (AB) !ABZ {premultiply by (AB) '}

(AB) !X =1Z
. Z=B!A!X {as (AB) =B A}

2 1 0
(_32 31)<_32 _21)—3’<_32 4)‘”(0 1)
(9+(4) s+(—2>')_(3p 2p)+(q 0)
—6+2 —44+1 —2p —p 0 ¢
(5 4)_(3p+q 2.?3)
-4 -3 ) —2p —p+gq
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5=3p+¢qg and 4=2p
p=2 and g=-1 and A?=2A-1

Checking for consistency: —2p = —2(2)=—-4
—ptg=-2+(-1)=-3

Now A?=2A—1

ATTAZ = A712A — AT
ATTAA =2A7TA — A1

JA=21— A1
A=2T— A1
A t=21—A

8 In each example we premultiply by A—1.

12

a AZ =4A — 1
OATTAT = ATIT4A D)
ATTAA=4AT'A AT

IA=41— A1
A—dl=—-A"1
Al =4l - A

€ o1 = 3A% — 4A
. OATI2I = AT13A% — ATM4A
2471 = 3A7TAA —4A 1A
2A~! = 3TA — 41
2471 =3A — 41
ATl =23A_121

2
If AB=A and BA = B,
then A2 = AA
= (AB)A
— A(BA)
= AB
A=A

{associative rule}

If AB=AC
then AT'AB=A"'AC
{premultiplying by A=}
IB = IC
B=C
We need A~ to exist, so |A[ # 0.
So, if AB=AC and |A|#0,
then B =C.

If cA? +bA +cl=0
and X = P~'AP then
aX® + bX + el
=a(P 1AP)(P~'AP) - bP AP 4 ¢l
=aPTA(PP )AP 4 bP AP + oI
=aP AP L BPTIAP + oI
=P (aA® 4 bA + )P
=P~'oP
=0

v

{premultiplying by A=*}

b 54 =1— A%
ATIBA = ATI(1 - A?)
SATTA = A7 — AtAA

51=A"1'—TA
BI=A1—-A
A7 =51+ A

ab = ac implies that b = ¢ for non-zero
real numbers, but this property does not hold
for matrices.

Thus from AB = Al = A it does not follow
that B = I.

11

If X=P AP and A% =T

then X* = (P~'AP)(P~AP)(P~1AP)
= (PLAY PP HA(PP~1)AP

{assaciative rule}

= P LAJAIAP
=P~ 'AAAP
=P 'A%P
=P 'IP
=pP7'P=1
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EXERCISE11D1 T e T A Pt 2g—Ra=b . 1 2 -3\ /o 5
& 2 —y —z=8  has matrix equation | 2 —1 —1 y | = 8
. 5 o kr4+y+422=14 ko1 2 z 14
2 2 1 11 =1 @ . i B _ A % = B
. 1 a |1 2 1|=2|4 5|-3|% 5|+0|5 o|=AO-0)-3(-5-2+0=4
g W E X = A"'B has a unique solution if |A| # 0.
1 2 =3
i| -1 2 -3 ==l =] 2 1 _
0 0 1 0 10 Now 2 -1 —-1|=1 _9 : 2 1
b |1 0 0)=-1lp ;|=2| 4 ((+{B) 4 i 1 2 1 2 oo | TR
-1 2 1
— _1(0—0) — 2(1 —0) — 3(2—0) = 1(~2— —1)—2(4 — —k) - 3(2 — —k)
- _g =—-1—-8—2k—-6—3k
' 2 1 3 — 15— 5k
¢ |-1 1 2|=2 } g -1 _21 §.+3 _21 1 there is a unique solution for all k # —3.
2 1 3 L 2r —y—42=28 2 1 -4 - g
=2(3-2)-1(-3— )+ 3(—1-2) 5 3z—ky+z=1 has matrix equation 3 -k 1 y | = 1
=0 5¢—y+kz=—2 5 ~1 k z 5
1 0 0 - A X = B
2 0 00 9 2 i
‘ d |0 2 0|=1|, 4/-0]5 3|+0|45 ¢ =1(6-0)=6 This has a unique solution if |A| # 0.
I: N 003 & ¥ 1 . 1 N
00 2 Now |3 —k 1 |=2|_ —(=1) + (—4 =
co10:0(1)8—02(0]”3(1]:2(073):—6 51k -1 5 k|TEY(s 1
300 - =2(—k* — —1) 4+ 1(3k — 5) — 4(—3 — —5k)
4 1 3 =—2k"+2+3k—5+12 - 20k
— 2 -1 0
-1 0 2|=4/9 2|7 3 +3}41 . — 2?17k +9
- =f 9 I _ = —(2k* + 17k — 9)
—4(0—2) —1(~1——2)+3(~1—0) = —(2k — 1)(k +9)
there is a unique solution for al[k#%or —9.
" z 2 9 k2 1
1
2 a |3 1 2|=s|l 2l-2)® 2140 ® | 6 a 2k 2|=0
-1 0 =z i 2 1
= — xr ——2 1 w5 %
mgx) 2(3z ) +9(1) The matrix is singular if its % k 2 oy 9 B 51 2 k _5
:x2_6$75+9 determinant is 0, which occurs 21 11 1 2"
=gz —6zx+ _ —
(=5 —1) when z =5 or =1 klk—4)—-22-2)+(4—-k)=0
) k> —dk4+d4—k=0
. This means that when z = 1 or 5, the matrix does not have an inverse. B2 —5k+4—=0
| : e 00 (h— 1)k —4) =0
. s alo b 0l=a b 0| _(|0 0,4 0 b — a(be — 0) = abe andso k=1 or 4
|| o O 0 ¢ 0 ¢ 0 0 1 k 3
b (& 1 —1|=7 - 1|} Lg% A pslk oy
h 0 g ¥ 0 0 z|_ |-z =z . 0 3 4 2 4 2 32 3 4
i b |—= z|=0|_, ¢ x —y 0 ) —y -z _—
: (2——4) —k(2k— —3)+ 34k —3) =7

= —xz(0 — —yz) + y(zz)
= —TYz + TYZ
=0

a c

| e al _,|b a b ¢
¢ (b ¢ al=a bbchrcca

| c a b

= a(ch — a?) — b(b” — ac) + c(ba — c?)
| = abc — a® — b® 4+ abe + abc — &°
= 3abc—a® —b® — ¢

6—2k* —3k+12k—9—=7
2k — 9k +10=0
(2k —5)(k—2)=0

andso k=2 or 2
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g 3y [~% 2 : 33 —37 ? 21 g
2 F) Y - -
3 —-11 9 15
f g 2 x2| -1 1 1 =1 andso 1 5 2 = _% 2 1 . : s 1
2 "
1 =31 8 —6 —10 1 -3 1 4 -3 -5 B4E—18 Wbt I5ihbi
=| 3-346 24343 ~-3—-6+9
: T 5§ 2 “9-1+410 —6+1+4+5 —9_24715
1 7 2
- b Afl i ?_ 1 I 4 0 0
: AT :} % % - 3 g 2 = 0 4 0 =41 (%M)N == I and 50 iM =N"1I
A PR 0 0 4
B L Now  3u+ 20+ 3w = 8
ow w i =
0.05023 —0.01148 —0.06634 0.060 _000(-1};1 70000226 ooty } — . f 31 3 :j i 168
3 a B 'r | 4.212x10% 0.01353 0.02775 ~ 0.000 i 0.030 BB 1 e z - 2 z s
[ —0.02990 0.03933 0.03006 —0.030  0.039 4 o
| - % 3 18 5 3 -7\ /18
| 1.596 —0.9964 —0.1686 1.596 —0.996 00612?;9 u iS5 BB : _ -41. a8 : :
i : b B 1~ | —3224 1.925 0.6291 ~ | —3.224 1.925 0. v = ) 2 2 . : s
| 2.000 —1.086 —0.3958 2.000 —1.086 —0.396
1 ) 5,
& Check that AA=' =1 in2 and BB '=1 in3.

iy R R P R
EXERCISE 11E e (3 2 = | x 14
9 h a 1 -1 2 v |l=1 -8 Using technology,
T—y—z=2 . 1 2 8 =1J\z 13
1 a z+y+3z=7T has matrix equation 1 jl) \ ) m—%%
y)l=[1 -1 2 -8 L
o C 2wdy—z=3 (2 z 2 3 - 13 z=—% 1
= i 1]
' b y+ 2z : 233 has matrix equation : .' 1 -1 _9 @ 4
r—y+z= b 5 1 2 ¥ |l=1| -6 Using technology,
a—l—b—C:'T 1 3 —4 -1 z 17 .’L’:g%, 1
" ¢ a—b+ec=6 } has matrix equation 1 g x 1 -1 —2\"1 /4 y= 25 _
204+b—3e=~2 ? Soly)=(5 1 2 —6 "l \
) - z 3 -4 17 2= 37
2 1 -1 4 7 —3 - o - i
% sl i 9 1 1 -2 1 T 9§ =i x 15 . n
= N € 2 1 1 y =1 7 Using technology,
D 6 1 6 12 -5 1 -1 —2/\; 0
T =2,
8—1-6 14-2-12 —-6+4+1+5 —1 _ .
=(—4—2+6 —7T—4412 3+4+2-5 x ; f 21 175 y=4,
_ — 12412 0+6—5 Yy | = z=—1
0-6+6 0-12+ z I -1 -2 0

AB=1 andso A =B"!

1 00
=0 1 0
001

5 a T=2 y=-1, z2=35
4a+ 7b—3c= -8 4 7 4 a ~ —38
! —a—2b4+ec=3 has matrix equation -1 =2 15 b | = "
- & ..
6a+12b—be = —15 6 12

5 b =4, y=-2, z=1
€ =4, y=-3 2=

d o=4 y=¢6 >~ _7v

€ =3, y=11, z=—7 f 2 0.326, YRT7.65 2416

Using technology, # — 4, y=11, z =17

Cost of 4 footballs and 5 baseballs is 4z + 5y = 4(14) + 5(11) = 8111
amount left for basketballs is  $315 — 117 — $204

iy .
a 4 72 _13 38 8 a Let z he the cost of a football in dollars,
b *1 12 5 15 ¥ be the cost of baseball in dollars, and )
¢ z be the cost of a basketball in dollars. J
b

(E) (3190
(£)-(E)-(3)

Number of hasketballs bought = 222 — 1
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2z + 3y + 8z = 352
xr+ 5y + 4z = 274
z + 2y + 11z = 351

System of equations is:

Using technology, T = 42, y =28, z=23.

So, the salaries are: manager £42 000, clerk €28000 and labourer €23 000.
3z + 8y + 37z

= 3(42) + 8(28) + 37(23)

— 1201 thousands of euros

Salary bill is

or €1201000

Let x be the cost in dollars of 1 kg of cashews,
y be the cost in dollars of 1 kg of macadamias, and
= be the cost in dollars of 1 kg of Brazil nuts.
The cost of 1 kg of mix A is 0.5z + 0.3y + 0.2z =12.5,
the cost of 1 kg of mix B is 0.2z + 0.4y +0.4z =12.4,
the cost of 1 kg of mix Cis 0.6z + 0.1y + 0.3z = 11.7.
Using technology, = = 12, y=15 and z =10
So, the cost of 1 kg of cashews is $12, the cost of 1 kg of macadamias is $15 and the cost of 1 kg
of Brazil nuts is 310.
Cost per kg of 400 g cashews, 200 g macadamias and 400 g Brazil nuts
—04%12+02x15+04 x 10 dollars
= $11.80

lp+ig+3r=27 . (0
lpt2g+3r=3 .0
lptig+ir=30 .03
{(1) x 15}
{(2) x 30}
{(3) x 60}

Number of students who study Chemistry is
number of students who study Maths is
number of students who study Geography is
5p + 5g + 6r = 405
15p + 20g -+ 67 = 1050
15p + 20q + 36r = 1800

The required system of equations is

Using technology, p =24, ¢ = 27, v =25,

As 1 is the number of years after 2006, then

profit in year 2006 is  P(0) = b+ -j: — 160000
profit in year 2007 is  P(1) = a+ b+ % = 198000

profit in year 2008 is  P(2) =2a+b+ g — 240000
Using technology, a = 50000, b= 100 000 and ¢ = 240000,

b Using the model given, the profit in 2005 would be

P(-1) = —a+b+ % — —50000 -+ 100000 -+ 80000 = 130000

the profit in 2005 does fit the model.

¢ Predicted profit in 2009 is  P(3) = 3a + b+ % = 3(50000) + 100000 + 2407000
r £284000

Predicted profit in 2011 is  P(5) = 5a+b+ % — 5(50000) 4+ 100000 + 2409000
~ £377000

REVIEW SET 11A I
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RNt
sy
(1)) -
L
(3 4)(5 )
T

a Equating corresponding elements,

b Equating corresponding elements,

b o g 3+b=a
—273 20;70,:2
e =2—¢ a=0b=5 bt =2
d=—4 c=1, d=-4 o4 d—6
a B-Y=A b 2Y+C =D ¢
-Y=A-B . 2¥V=D_C
Y=—(A—-B) Y=1(D-C)
Y=B-—-A
L YB=C e C-AY=B p
YBB~! = CB™* ~AY=B_C
YI=CB™! A= -1
Y=CB" A~'AY = A~Y{(C—B)

Y=A"'(C-B)

a=2, =-1
c= 3, d=28
AY =B
ATIAY = AT'B
IY=A"'B
Y=A'B
AY_l =B
ATAY 1 =A"1R
Y'=A"'B

-(.Yfl)fl ] (Ale)—l
Y = B—I(A—l)-l
Y=B"'A
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S ANED0Y o

4 [f P+ Q=0, then equating corresponding elements gives:

a-+(—3)=0

2+a—-5=0 @ — 3 is the only value of a that satisfies

54+(-5)=0 all these equations, so o = 3.
—3+a=0

So, a=1, b=0, ¢=0, d=1

eow (1 Bl
matrx 1§ 0 1 =

at+c=1
b+d=1

a by (1 0
ate b+d /A1 1

2
4
0

4
8
0
): (15 18 '21)

PHIORG

b (A-D(A+30)=(A-DA+(A-13I

~d CA does not exist as C is3x3
and A is 1 x 3.

7 A=2A"1 a A'=AxA

=A(2a7Y) — A% —JA + 3A1 - 31
=2AA7" =2l — A +3A 31 {froma}
1 2 3 3 -2 -1 3—-8+6 —2+240 —-1-243
8 AB= 2 5 T —4 1 -1 ] = 6—20+14 —445+4+0 —2—-5+T
-2 -4 =5 2 0 1 —6+16—10 4—4+0 244-5 /
1 0 0
=10 1 0
0 0 1
3 -2 -1 1 2 3 34492 6-—104+4 91445
BA=| —4 1 -1 2 5 T =| -4+2+2 -8+5+4 —12+7+5
2 0 1 -2 -4 =5 24+0-—2 44+0—4 6+0—5
1 0 0
=10 1 O
0 0 1
AB=BA =1 A-1=B
: k 3 z) (-6 . - k 3
9 In matrix form (1 k+2) (y)—(Z) has a unique solution if 1 k42 #0

s KR4 2k—3#0
(k+3)(k—1)#0

k# -3 orl

So, the system of equations has a unique solution forall k € R, k#1 or —3.
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=18

m 3
moom

m? —3m = 18

soomP—=3m—18=0

S (m43)(im—6)=0
. m=-3,6

a+b c c b+
12 e b+c 5 —(a+b c a e a a b+e
b b cta ) b cta €l c+a A b b
=(a+b)[(b+c)le+a)—abl —clalc+a) —ab] + clab— (b+ c)b]
= (a+ b)(bc+ ab+ c® + ac — ab) — ac® — a®c + abe + abe — b*c — be?
= abe + e+ ac? + be? + ae + abe — ac® — a®c + abe 4 abe — b2 — be?
= 4dabc
, -6 —4 =
13 MN = =[7h 212 L
(13 —3) M(ls 43)(3 2)
2 -1 —6 -4 —
- _ (-6 —4 1 2 1
(3 2) (13 _3) —(13 —3)4_(_3)(—3 2)
{0 -1
7\ 35 7
{0 -8
R ] 1
14 a

2 1 1 a b 0
1 1 1 b 0 a|=1I
2 2 1 0 2 b

20+0 2b4+2 a+b 1 0 0

a+b b4+2 a+b |=|0 1 0

2a4+2b 2b4+2 2a-+b 0o 0 1
b+

2a+b=1, 2b4+2=0, a+b=0, 2=1 and 2a+42b=0.
b=—1 and a =1 satisfy these equations.
a=1, b= —1.

2 1 1\ ! 1 -1 0
2 2 1 g 9 =i

b Writing the system of equations in matrix form,

SBIONG

[
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REVIEW SET 11B

3 -1 2
1 This system in matrix form is 2 3 -1

2 a Given { B—dy=2 we can write b Given {

()
- (3)-07) ()
RRVNR

Il

I [l
S

I
ml"'

Il I
g~
e O
S— ,'_. o
S

|
o

B
Il
L
s
Il
|
wl

-5
L
x- ( 4) ( _53)
x=(3 %)

2 1 1 z
b In matrix form, the system is 4 -7 3 y | =
3 —2 -1 z

{using technology}

w

R i

[i=]

Il

B
w |
—

l

Rl

‘Tifz“‘m/‘—\/—"\

N

N

L 1
2 1 1 i 4 52 26
3 @ Using technology, A= =[ 4 -7 3) = i- —% 75%
3 =¥ i i % 8
4 52 26

TN
N e N
R
I
[ [ N T
l*' or‘ o
Sler al-
|
o gl 8
| ¥ i
=
~—
Il
C A e T
ST
~——

2 0
z+1 -2 2 —2 2 z4+1
z+1 —2 = i 5| —2 +0
9 r42 -2 z+42 0 z+42 0 -2

=m[{m+l}(m+2)—4]—-2[2(:1:-]—2)—0]
=a(z® +32+2—4) — 4(z+2)

=a(e® +3z-2) -4z —8

=z® +32% - 2c — 4z — 8

=1* + 32% — 6z — 8

=(@+4)(z+1)(z—2) {using technology}

(z+4)(z+1)(z—-2)=0

z=—4, —1or2 !

-2 3 (=7 9 c_(-1 03
4 1) "~ {9 —s3) 1o 21 |
]
(-4 6 —14 18\ {10 -—12
zAﬁgB_(s —2)_(18 6)(-10 4) |

Ais 2x2 andCis 2% 3 S ACis 2x 3

AC — -2 3 -1 0 3\ _ [ 240 046 —6+3 {2 6 -3
- 4 -1 0 2 1 )7\ 440 0-2 12—1 )"\ -4 —2 11
Cis 2x3 andBis 2 x 2 .. CB is not possible. "
DA=B
DAA™! =BA™! {postmultiplying by A—*}
D=BA"!

s [~F 4 1 -1 -3\ _ , (7-3 21-18
A9 =3 —2A-1)—-3(4) \ 4 -2 )7 W\ -94+12 —27+6
( 4 _i)
D= 10 10
_3 o2
10 10

i If AB=B then ABB~! = BB~ provided B~ exists.
A =1 provided B~ exists, .. provided that |B| # 0.
ii (A+B)?=(A+B)(A+B)
= A”% 4 AB + BA + B?
=A%+ 2AB+ B* provided that AB = BA.
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4 1 2 1 -1 2 -3
k2 k—1 —2 11 A=[2 4 6 B= 2 -1 4
b M=|, & =5 & 2 1 ¥ 3 04 1
’ allk=1 —2| .. s g 121 -1 2 -3 -1+4+3 2-244 —-3+8+1
g m=5 2" (—(k 4)(k" - k—8) AB=(2 4 6| 2 -1 4 |=|-2+8+18 4 4+24 —6+1646
! = (k+2)(k—2)(k+2)(k—3) 3 1 2 3 4 1 34246 6-1+8 04442
Since M1 exists, M| # 0. 6 4 6
k is any real number # 3 or =£2. AB = 254 fg i?g
IR T LAT - detAB—6|20 18] _,]2¢ 16|, |aa 24
7 s foms | 5 2 w4 A 00 Rl U shab=8113 3 5 —3|T% 5 13
3 1 o _
i s g LNt FA = 6(—72 — 208) — 4(—72 — 80) + 6(312 — 120)
y|l=15 2 —4) ( 0 =80
z 4 =L 2 7 deta=1|% S| _2f2 8|, ;]2 4
Using technology, == —2, y= 3, z=-1 1 2 3 2 3 1
] =1(8—6) — 2(4—18) + 1(2— 12)
8 a s—at?+bitc =2428—10
g At t=1, s(1)=63 oo =63 —20
Ty At t=2, s(2)=T2 da+2bte=T72 -1 4 2 4 g -1
At t=17, s(T) =27 49aq + 7+ =27 and detB = —1 4 1 —2 3 1 +(-3) 3 4
1 1 1 a 63
| B = —1(—1—16) —2(2 — 12) — 3(8 — —3)
e 4 2 1 b | = 72
| In mate form. ( 19 7 1) ( c) ( 27 — 17420 — 33
‘ " Using technology, @=—38, b=18, z=48 and s s(t]=—8"+186+48 =3
”:' b 5(0) = 48 the height of the chiff is 48 m. det A x detB = 20 x 4 = 80 = det(AB)
\ ¢ The rock reaches sea level when s(t) =10 12 a Let €x be the cost of an opera ticket 3z 4+ 2y + 5z = 267
—3(t* — 6t —16) =0 €y be the cost of a play ticket 2043y +2=145
! “‘ —3t—8)(t+2)=0 €2z be the cost of a concert ticket T+ S5y +4z = 230
. t=8 or —2 i
: - fter % seconds. 3 2 b i@ 267 @ 3 2 5 267
‘ m but ¢ 0, so it reaches sea level after 8 s b So, 5 3 1 Y e V=[5 3 1 i
Iy 1 : = 1 5 4 z 230 z 1 5 4 230
'1 | 1 =3\~ —12 =11 -1 2
' 9 AXB=C So X=1{, 4 -10 -1 3.1 z 32 _
A-1 B-1 — A-1CB~! y | = ;? using technology
h Z
—AlCB™! _ (0 -2 i hnol
IX}I( B 1:—101371 x= ( 1 1 {using technology} the cost of each ticket is €32 for an opera, €18 for a play, €27 for a concert.
N ¢ Total cost =4 x €32 + 1 x €18 + 2 x €27
| 10 a O0)=80 . a0)+b(0)+c(0)+d=280 =0 — €128 + €18 + €54 = €200

C(1) = 100 a+b+c+80=100 REVIEW SET 11C g R s AR
C(2) = 148 8a + 4b + 2c + 80 = 148 sl >
' C(4) =376 - 6da -t 16b+4c+80 =376 0 4 - 5 4 12
| 1 1 1\ fe 20 1 a 213_2(0 1):(0 2) b %B—%(U 1)_ o 2
| 64 16 4/ \c 296 -
; =1 7 20 2 , X
& é i é 68 | = | 8 {using technology} ¢ AB=(123)[0 1 |=(11 12) d Bis 33 0L . P does not exist
} ' ” 0 )T 64 16 4 296 10 32 and A is {1ix 3 equal - '
e & 1 xiZie—e i3 2
f | e=2 b=8, c=10

run : . ol et
esti ted in later prints as 1t COPY
[ Note: In the first print of the text there was an extra question here. It was dele!

question 3 b.
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3 0 1 2 2 =2 8 a 5A% — 6A = 31 b Al =ZA-21
b Q-P=|1 4 10 0 4 . A(BA —6I) =3I
11 2 3 -1 =2 _
) o AxL(BA-6I) =1
23 3 0 S A(RA-2) =1
¢ 3p—Q=1|2 0 1 4 %
& 3 e 11 2 % 9 a A b A1 2X—B
2

-1 —2Y /-1 -2\ /-1 -2 S OX =B-— A
3 (1 )( ) ( ) oy 0 -3 0 -3 0 -3 s K= 2B 14T
matrix form: |
k
(1 8) (1 _2) _l(l 0)_1(—1 —26)
“log 0 -3 2| g 7 P o
This system has a unique solution when . P

1 —26 {1 13
\ s 3—4k#£0 = ( 0 _27) - (3 17)

| 5 g
" 1 val s 10 If A% = 5A + 21,
t ue except 2.
l So, k can take any real v Pt Z = A(5A + 2I) At = A(27A + 101) A® = A(145A + 541)
-1 3 1 2 7 9 = 5A% + 2A1 = 27TA® + 10AT = 145A2 4 54AIL
I.,.m— § A2 = ( 3 0) ( 3 0] \-3 &6 Z%ZAHDHA = 27(5A + 21) + 10A = 145(5A + 2I) + 54A
a 5 = 25A + 101 + 2A = 135A + 541 + 10A = T25A + 2901 + 54A
K=0 54
Now A+ A+ . = 27A + 101 = 145A + 541 = T7T9A + 2901
( A _52)+(31 2)+k(1 2) (g D) A® = A(7T9A + 2901)
‘ - = TT9A% + 290A1
| 74 (_1) +Ek=0 = T79(5A + 21) + 200AT
" . —924+2=0 and so k= —6. = 418bA + 15581
- o -34+3=0
1 64 k=0 o 42 — 27 b4 —31 15 23 38
11 Sales matrix is 36-28 27-15 | = 8 12 Totals maitrix is 20
. I 34 —-28 30-—22 6 8 14
9 5 a A—l__l__(_75 _68) b A~" does not < A_l—%a( 6 11) 38
42 —40 exist as / Profit matrix is (0.75 0.55 1.20) 20 | = (56.3) . profit = $56.30
i a |A] = —24— —24 (1 5 ) 14
: =

; {1 2 c d
12 a AB_‘(& b) (D _1) € B l—=_J
(e d-2 i(ol —d
T \Nac ad—bk —& &
b A_I: 1 b —2
b—2a \ —& 1

a IfA?=A-Tthen A>=AA-D=A"—AI=A—T—A= I
A*=AA® = A(-I) = -A
A" =AA*=A(-A)=-A’=—(A-I)=1-A
AszAA5=A(I—A-)=AI—A2:Aﬁ(A—I):I
AT=AAS =AT=A
AP =AAT = AA=A"=A—|

. 2 4 2 0 4
| ¢ BA=| 31 (‘13 2 g)z 10 -7 —6
12 10 2

d Ais 2x3 andCis 2x2 . AC does not exist.

“ 2 4\ 0 22
5

| e BC=| -3 1 (12 3) 7 —12

| 1 2 0 11

: |
- z 1 2 \_(9 b Aft3 — (A%l e N AZ=A—1
;!- | 7 AB=(4 —3:.:)(-1)'(%) :4) : {::[IAA—A*A A7 {premultiplying by A1}
“ = = remultiplying by
| © 2z —1=9 {first row} Check: &+ 3z =23 {sccond row} APPEY — (ABJHAS o JA=T-A"
22 = 10 3p =15 =T-A soOAT =1-4A

| ox=5H =5 «



