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¢ P.is “ASnt5S=1-— A" for all m in Z7.
Proof: (By the principle of mathematical induction) E CTORS IN -2 AND 3 DIMENS
i I
(1 I n=1, Al = A%AS v ONS
= (1—A)
=1—A I -1 is true
(2) If Py is true, then ABFTS —1—A
AB(eH1)+8 — ABE+E+5
_ ABR+5AB
=(1—-A)
=1-A
er P, istrue and Pp is true.
+  {Principle of mathematical induction}

Thus Pky1 is true whenev
P, is true for all nel

2 1 2a+b a+b a+d
1 11=1|2¢+20 2a+0 atb
2 il 2+2b 294+2b 240

if a+b=0 and 2+2b=0
b=-1 and a=1

0
1
0
1 -1 0
The inverse is —1 (] 1

b Writing the system of equations in

1
1
2
0
0
1

matrix form

scale: 1cm=10ms™!

scale: 1ecm=10N
i Scale: 1em=10km

ge

r=-5 y=4 z="T
Scale: 1 em=30kmh™!

RCISE 14A.2 o

'i If they are equal in magnitude, they have the same length. These are p, q, s and t
b Those parallel are p, g, r and t.
tI Those in the same direction are: pandr, ¢ and t.

To be equal they must have the same direction and be equal in length - =t

P and g are negatives (e ste directi
3 qual length, but f At ,
B =y g gth opposite direction). Likewise, p and t are negatives. We

R True, as they have the same length and are parallel.
True, as they are sides of an equilateral triangle.

i .F.alse, as they do not have the same direction.

_ Ealﬁﬂ, as they have opposite directions.

L leca as they have the same length and direction.

| False, ag they do not have the same direction.
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EXERCISE 14B.1

If

d
b _ €
e K
] pg
1/ +LL P 9/l | -
v/ I ﬂ
:
e f ] l
i} pitg
/ e
P4 I
E._“J_J_J i % 5
— — =
AB BC b E?H—Eﬁ € ﬁ+§?3+CD d A_C’+9_B}
—
LR =BD — AC+CD = AB +BD
=AC = AC -
— AD -
1] b yes
3 a i l o
REcs:
= |
—
h PS—PR+RS But P%=PQ+Q8
- =a+(b+¢)
=(a+b B
i (a+b)+e=a+(b+c) {as both are equal to PS}
d
° ‘e °H
' ITTTAT 5 BEE
AN = c l
A/ l "’s:ﬂ fp i\ pTa q
4 N ]
g ! | n 1
2 a b [ 8 € ] T
npAET RS B
q Pl
P , /y :
I 174« 8 AN
--...__(_____:__‘_\ W/I'/ i —f= ==
+q_l' J E l
& AB + ]
CB AD — BD ¢ AC+C d 4
3 a EC:+CB b AD ;g = g
=AD+ =
I AB =0 X0
— s = =
e BA—-CAtCB f AB-CB-DC
— BA +AC +CB = AB +BC+CD .
BC 4+ CB —AC4+CD
BB —AD
0

EXERCISE 14B.3 i
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a t=r+s b r=-s-—t € r=—p—q-—s d r=q-p+s
e p=t+s+r—g f p=-u+tfs—r—gq
a i OB=0OA+AB il CA=CB+BA lii OC = OA + AB + BC
=T+s =—B—C>7A_B> =r+s+t
=—t—s
b | AD=AB+BD ii BC=BD+DC il AC = A + BB + DC
=p+q =q+r =P+q+r

S e

e

a Using the cosine rule,
V2 =207 4 6% — 2 % 20 X 6 X cos135°

b Using the sine rule,

sin @ ., 5in135°

0° V = 24.6 6 24.6
0kmb | ) the equivalent speed in still water 0 ~ sin—! ( M)
is 24.6 kmh—1. 24.6
g ~ 9.93°
135° the boat should head
§ kmb 9.93° east of south.

o = tan~(22) v 14.04°
0~ 90° + 14.04° {exterior angle of A}
6~ 104.04°
In ¢ seconds, Stephanie can swim 1.8% metres,
and the current will move 0.3t metres.
|s| = 1.8 and |e| = 0.3t
Using the sine rule,
sin8  sing

a d? = 80? + 20° {Pythagoras}

0.3t 1.8t
d=/80%420%> {d>0} R sin ™! (0-3 X sin 104.040)
d = 82.5 B uE 1.8
the distance from X to Y is about §2.5 m, o+ B 23.3°
€  tan(a+ ) = m_“goﬂﬂ . Stephanie should head 23.3° west of north.

20 + 0.3t = 80 tan(23.3°)
__ 80tan(23.3%) — 20
- 0.3

t

t~ 48.4

Stephanie will take 48.4 seconds to cross
the river.

ISE 14B.4

wlw
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a —3p
EXERCISE 14€.1 !

1 a b —_—
2
A4
3

) < (—25)

I e s N Sy P R ah
SR

—6
0

7
3

a0 b

EXERCISE 14C.2 20050

2

| b b b+a € b+c d .
L =:3)+ (2) =1+ () =)+ (D) = (:z)+(f)
i = () = (d =) h=&Le
| e a+tc f  c+a g a+a N
| =P+ = () +() = {21+ %) = E)
| = () = (23 = (%) = (e

h . g a P—q b q—1 ¢ p+q—r
‘T T vl I =30 -() =) - (%) =)+ )
T YA ; OEEENR =(7) = (29 - ()
-t : T
2r Lr i \ 5 \\.-.u.a""‘ sl d p=q-r & q—r—p f r+q-p |
Py NN —4 - —1 3 - L 4 |
i . - n=s ak =G)-E-() —@H-G)-E =@+ |
2r+bs 7 - B o .
l»_ - . 1 .l C L—: = ( 9) = (—05) = (—9) Y
= 1] s ) {
J-—w-‘ : 3 a A—C) b E) € ﬁ)’
= KB + B¢ ~CA+AB — R +RO+ QB
——BA+BC =(3)+ () = RS +RG- P
= (%) +(5) - () ==+ 0 -
= (;5) = (—65)
cE-(nTn)  em-(pIn) eme(3ma)
-(1722)-0 -(5)-m -(0)-w
sm-(nn)  em-(hm) eme(ma)
-2 1 6 — 5 0——-1 |
ot G R R o) B G R S
""" BRCISE 14C.3 Al g

~Of eXpressions are equal, as each consists of 2ps and 3qs. Each expression is equal to 2p + 3q.

-3
—15

=-5() = (3

=& =20 .
- (=9 N - (3)+(2)
3 (—53) %) iy

=23 =a() bt (@)= ()4 ()
=(a)-(2 3 '
b W . I
; ¢ \
N e e S, b |

(%) (%)
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’ ( B ) =) - &- (g—lki) =(%) t DA= (_21__43) = (9)

1 a l;\=\/22+32 c r+s d r—s e 5= be= g 4 . CA=y 3Ry
o B i _ - s CA=/37 1 (-5)? § T T
e =Or@ Q- =(-0 — V55 it VB it e
1 _ (3 = (=5 _
b p=yooire =0 = (%) () . = B it

— /17 units |r+s] s r—sl

Chapter 14 — VECTORS IN 2 AND 3 DIMENSIONS
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EXERCISE 14D 1

=i = /(12 = /(=5)% + (<ap2 .
' = /50 unis = /10 units = /25 units - ,
b P(0,-1,2) Z

2
2 a |pj=+/12+32 b 2p = (%) c —2p=("5) . , 1
1 4 _ Y=

|
| = 4/10 units o |epl= \/2_2_*__5—2 o |=2pl = 4/ (—2)% + (—6) :
—/1+36 — /1136 : X °P(0,0,~3) X

v _ = /02 102 + (—3)2 = 3 unit
e = 2+/10 units +0%+ (=39 = 3 units OP = /02 + (—1)2 + 22 = /5 units

! = €
! _ (3 e (52 f lgl=+/(—22+2 d
d 3= (s) ¢ = (%) & 4{ ‘ . p(-1,-2,3) 1}z
=Vit116 ¥
| o [spl=y/32+ 97 |l = /(=82 (90 - V20 3
| =0 +8l =+0+81 2/ wi s
= units =1 ¥
| =+/90 = /90 : -2 = ‘
I = 3+/10 units — 3+/10 units " |
| | _ (-8 h _ag=1( B - \/__
| . 4a=(52) a= (%) Py it 4 A OP = /(C1 ¥ (<2 1 32 |
= /26 units
\ s Jde] = +/(—8)* + 167 o |—4g) = /82 +(-16)7 T ;.
| = /64 + 256 = /64 + 256 a i AB b s |
‘ =320 =/320 - O =
| = 8+/5 units — 8+/5 units (-1-22+(1-3)p = ¢(2~0)2+[—170)2+(3_0)2 ‘ ‘
' =v1+9+4
' | 14 (-1 - —lq=(2,) ) =v4+1+9 |
' i 9= (2) ! 29 2 = /14 units ||
L : = = /14 units |
| il A s no|rel = v+ (D) il Midpoint is at (ﬁ1+0 g 3+1) 0 Midpointis at (252 01 0+3 |
il 5 ? ! S a
| | = +/5 units = +/5 units -~ ) 2 2 2 ( 7 3 Ty ) |
whichis (-3, 3. 2). which is (1, —1, 2) :
2 T o ‘
| o [kal = y/(kan)® + (kaz)? | 4B d 1 AB A
| | ‘ == Ik2ali+k2a§ = \/(_1—3)2 +(0——1)2+(1_‘1)2 - ‘\/(0¥2)2+(1_0)2 +(0__3)2
| = /R +ad) :ﬁﬁ” =vi+1+9 |
. = ViEA @ + a2 =vl uoliy = /14 units |
e B e Il Midpoint is at (3*1 —1+0 —1+1 B Midoomt ie o (270 0F1 =340 '
| . = k| \/m = |k a| 2 ° 3 ' g ) i Midpoint is at ( s i ) ‘
‘ e
|I | , 3‘% Whlc}l 15 (1, _%, 0). Whlch iS (1’ %! _g)- |
| sy = — 2-3 Y\ _ (=1 = _ (=15 B
i) 5§ a AB= (5’ _1) =(;) b BA= (1_5) =() & Be= (4_& 04.4), Q2,6,5), R(1,4,3) |
| : = W 6 _ 42
Ly . AB=4/12 462 . BA=+/(-DZ+(-62 .. BC=1 *\/ZTH)TH P+ -2 PR=4/(1-0)2 +(4—4)2+ (3_4) |
=vI+0+1 |

— /37 units =17 -
= 94

| = +/37 units




6 a (0,y,0) foranyy

QR:\/@TQ)2+(4—5)Z+(3—5)2
TR

b The distance between (0, y, 0) and B(~1, —1, 2) is V(12 (m1—y)2 ¥ 22,

is isosceles. oA+ +4=v14
—3 . PQ=0QR andso APQR is isosceles fyr 1 =g
a A(Q, —1, 7), B(3, 1L, 4); C(5, 4, 5) ( ) y+; i ij +3
= JE 2+ =D+ (-7 Loy=-—
AB=+/(3—-22+(1—--1)2+{~- )? AC (5 = :_ 7 ( S.oy=—4 or 2 - the two points are (0, —4, 0) and (0, 2, 0).
_ TFITT v

=+/38
=14

* EXERCISE 14E.1
BC=+/(65—-32+(4—-1)2+(5-4)?

=VI+0o+1 ——
: AB = BC, AABC is isosceles.
= +/14 Since
A(Oe 0: 3) B(2’ 8’ 1) C(—Q, 6’ 18} 2 2
AR (2~0}2+(8—0)2+(1—3)2 AC= (_9—0)2+(6_0) +(18-3) € OT=\/(3—0)2-1—(—1—0)2—{-(4;(})2
—\/4+64+4 = VBIF36+228 - =v9+1+16
- 5 =+/34 = /26 units
= /T
BC (5 DTGRP G- 17
_ /T TIT 28 -
; 2 — AB? + AC%, AABC is right angled. 1—(—3) 4
= Vi Since BCT = ABTH+ 2 aaB=( o-1 |={ -1 b |AB| = /22 + (—1)? + (-3)
A(5,6,—2) B(6,12,9) C(2,4,2) 5 L=k —4 — /36 unifs
Y AC=+/(2—5)2+(4—6)2+(2— -2 31 4
AB=+/(6—5?2+(12=6)*+(9——2) ~\/9£Hﬁé BA=( 1-0 |=|[ 1 IBA| = /(—42 + 17 1 7
= VIF36+ 121 _ V% =40 3 = V26 units
= /158
—12)2 + (2 — 9)2 - 3 -1 . —1:=3 —4
BC=4/(2—- 62 +(1-12) +(2=9) 0A= (1 OB=| 1 AB=[ 1—1 |={ o
= /161 64+ 49 o 0 2 2-0 2
o Since AB? = AC? +BC?, AABC is right angled.
=1+/129 \
I a Th iti tor of M from N b Th iti tor of N from M
A(l’ {]! _3) B(Q, 2, 0) C(4, 6, 6) € position vector o om € position vector o om

= —_3p ' L. 4—(-1) 5 . —1-4 ~5
AB=,/(2—1)2+(2—0)?+(0——3) AC= /(4= 1) + (6 -0 + (6 =78 :NM_(J‘Q)_(J) - (2_(_2)):(4).
_Jeierro? =1~ —1 0—(-1) 1
ST - VIre s
4\/11 = /126 € |MN|= \/(=5)2 1 22 1 = VBT T6 7T = /43 units

= 2 = 3\,‘ 14 L
BC= \/(Z —2+ (627 +(6 - 0) - @ The position vector of A from O b The position vector of C from A
= /22 + 47 + 67

. -1 . -3 —(-1) —2

: =0A=1{ 2 | =AC = 1—2 = -11.

e (7) ()-(3)
=24/14 !

25 tformﬂ}‘
Since AB + BC — AC, the points A, B and C lie on a straight line, so they do no I0&] = \/(—1)2 + 22 4 52 o AC = /(22 ¥ (—1)7 + (-5

. e—2_ _, b+l_g ( =viti+25 —JETT T
T ks (s, by ) SR 2 72 1 . = 1/30 units = +/30 units
;i:s[(](,}, ;::)3’ e=® € The position vector of B from C and |€ﬁ|= V52 (—1)2 4 32
I = BRI =G~ () — TS
=+/1+1+1 i = /35 units

— +/3 units
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[] . a The distance from Q to the. V-axis is the distance from Q to
Y'(0, 1, 0) 2 R . B 3—-1 2 s
QYf:1/(3—0)2+(1-1)2+(;2f0)2 Ly j and [7;*:(_41 N
=944 b ABCDisa " 5~8 -1
parallelogram si i 5
— /13 units nce its opposite sides are parallel and oqual in length.

5 a OSuppose Sisat (z PQ = SR
(z, u, 2). PQ=S5R {opposite sides are parallel and equal in length}

(1—2(“1) 00—z
—2—12 — -
5-3 (—Lll—yz)

b The distance from Q to the origin is
Q0 = 1/(3f0)2—}-(1f0)2+(—2—0)2

=/94+1+4 P(—1,2,3) Q1,-2,5)
= /14 units
¢ The distance from Q to the ZOY plane is the distance from Q to (0, 1, —2), which is 3 units, \ ( 2 ) ( e
. 1 —4 = 4 —
v
‘ TR S S(x,3,2) g —l-2z
EXERCISE 14E.2 55 R 2 RO,4-1) BB P
= —1—z=2
= y=8 z=-3

S is at (—2, 8, —3).

b The midpoint of [PR] is (‘1+0 244 3+4(-1) .
2 g : ) whichis (-1, 3, 1).

(i2)-(3

1 a b—3 | = 3

c+2 —4
a—4=1 a—5=3—a
{b—3=3 {b-2=2—b
c+2=—4 c+3=5—¢

' c m=h b=B e=-8 2a=8, 2b=4, 2c=2

a=4, b=2 G=1

The midpoint of [QS] is ( 1+(=2) —2+8 5+(-3)
2 ’ 2 7 2

) which is 1 3.1
So, [PR] and [QS] have the same midpoint. v g 310

b 2 b
c—1 b a | = a? 1 =9 b L
- leog) =1 sx=n c gy —
2 3 a+b 2 24 e =p
_ 1 o (EX) =2n S 3x = —p
b b=2 o’ =u, at+b=3 =34 X=2n 1y 1
; a=1 b=2 B =3P
d 2x = x= 1
q+2; s € 4s—5x=t P 4 5 sP
=r— ’ m— iy —
x=1 ! S —Bx=t—4s =
kE(r-q) bx =48 — t 4“‘—“:%): |
X:%s_lt Xx=12m — 3n |
3 |
2y b L = 3(4m —n) :
= ly—s
—b+ec=3 . Soy=1ir 2 ¢ r+2y=3x d  3s—4dy=r
2 ‘. y:2s 2y:s#r 3¢ ,
.. il = y

| Iy (1) —(2) gives: 2b—c= —4 )]
' ‘ Adding (3) and (4) gives b= —1
using (3), c=2
and using (2), a=1
a=1, b=-1, c=2

(_1) _ @ ) (1) - (—) ) ( ) ) ()
O

Ao R or M el
o SR

3 A(-1,34), B@5 -1, C(-12-2) D(r, s, t)

—1—(-1) r—2

— =
a If AC =BD then 2—3 =| s—5
—2—4 t+1

' . p—2=0, s—5=-—1 ad t+1=-6 r=2,

' s 2—(—1) —1-r
‘ b If AB =DC then 5—3 = 2—3
- e —2-t

‘ . _1-r=3 2-s=2 ad —2-t=-5

s—4 and t=0

s
T1 = a4 and kmg = as
\

Ty = 1
= T4
91 and ngla’

r=—4, s=0 and *
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2—-—1 3
— 1-3 ) _(—2 . Bis(1—24+6) or (-1, 10), ' 9 A—ﬁ—(3—5 )=(—2) S Cis (2+48,3-2,-3-5), or (51, —8),
" a AC=|, _o]=\| ¢ —3-2 =5 Dis (543,12 -8—-5), or (8 —1, —13),
Eis (8+3, —1—2, —13—5), 11, —3, —18).
¥ —_(-1-0\_ (-1} . Bis(-1-1,-2-T7) or (=2 -qg) & (B )sor ( )
o AT\ T — 4-3 3
A — ; 4 7, 4). 10 B a 2__1) (3)
¢ AC= (3_ i) = (i) :, Bis(3+40+4 or (7.4 A . sides [AB] end [DC] are equal in
Bl . e (—1—-—2\_ /(1 length and parallel.
] L iC _4, - 4—1 i3 This is sufficient to deduce that ABCD is
311 6+2 b i 36_ 14) = (;) c §C 3C C a parallelogram.
5 a M is ( 5 * 2 -

S——

Il
(S0
TN
on =1
\..__./
MII—*
/—"\
\___,/

\w)
-
I

Mis (1, 4) C,>=(1_44):(5

—1—-5 —6 oy
2—-0 = 2 So AB=DC
4-3 1 . sides [AB] and [DC| are cqual in

4—10 -6 length and parallel,
DC = ( —3——5 ) = ( 2 ) This is sufficient to deduce that ABCD is

a parallelogram.

1—-2 —1
a 2at+x=b . 3x=a+2b § db= 4__3)_(7) ity AHZDC
. x=b—2a o (a + 2b) —1-2 —3 .. ABCD cannot be a parallelogram.
. - S, x=3(a |
AN RIEAWNE - (o)
= =g )= .y = - = =
b 3 =§\:(§ ol 3 —ai

! -2

\ _ (_22) _ ( 4 ) . [(;1) . (_44)] 1 a LetDbe (a,b). b LetR be (a, b, c). € Let X be {a, b, ).
| I 1 6 = 5 |

|

4 8 2 Now CD = BA Now SR = PG Now W3 — 7%
i = -6 3 12 . [ a—8 3—2 a—4 —2--1 a—-—1
| =5 :% el Rl clb——2) " lo——1) | b=0]|= 54 b—5
5- % c—7 23 c—

. a—8 _(1) a—4, -1 a+1 !
o9h — 2% = —a b+2 1 b =(1 S| b=5 \
‘ a-+2b=2x a=9 b=-1 &—7% -1 c—8
| . l 3 {using b} SO, Dis (9! -1) S a=3 b= 1, ¢=86 L a=2b= —l,e=0
‘I :%(a+2b):§ _52 SD, R is {3, ]., 6) SO, X ig (2 — 0)
| 3
i 3 s 55 - 10% b AB= 0+ 08 ¢ BR- A
7E =§a =—a-+b =—(b—a)
3 =b—a =—b+a or a—bh
I 1 : .
—2\ (1 z AT 0B - 58 + BB e AD— A0+ 0D ¢ BA- 4D |
— = == P —ﬁ—_ -1 |+ 3 == 1 + -2 1 1
7 AB=AO+OB=-0A+0B=—{~ 4 iy = : =b+1a =—a+b+1la e |
: =_1
_ /3 units =-—-3a+b
. |AB|=/E+ 2+ (27 =V0+16+1=
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2 : 1 EXERCISE 4R B e e R
9 1 3 _ 1) = 2 =] -3
14 a a+tb=|-1|+ 2)=(1) © 3*]’—(1) (—3 4 — — —  — —
) 1 -3 —2 1 a AB:BC=1:1 b BC:CF=1:3 ¢ FC:CB=3:1
. 5 1 0 1 B divides [AC] in the C divides [BF] in the C divides [FB] in the
bt o ) +2(1>: 2 |+ 2 |= 49 ratio 1: 1. ratio 1:3. ratio 3: 1.
€ == _ —6 = —
3 -3 3 d BD:DA=1:3 e AC:CB=-2:1 f DF:FA=—2:5
5 0 2 0 24 D divides [EA] in the C divides [AB] in the F divides [DA] in the
d m— = (_1) _3 ( 1 1=f-11]- 39 = ;D ratio 1:3. ratio —2:1. ratio —2: 5,
— 3¢ = B ) _
1 3
LA
0 3 2 C c
9 a 5 1l Q b 4 3
2
= = 1 =
f c—%a=(1)_% 11 3 1 4%
-5 3
21 BG:QC=1:2 CR:RA=-3:4
0
)-(2)-(3)- (2 - -t \
: ’ 2 0 2 /4% 0Q = OB +BQ 3¢ 1 and }
f — — =
1 0 2 U1 Yel =2 )=( 28 = OB + 1BC ¥ |
- T lal=t]=1 2 { 5 N 1 1-3 |
—¢c+a= = o _9 ~a _ I
| h 2b s _3 1 8 = ¢ f =1 =f 1 |45[ =1=i |
\ b = /T + (<8P + 22 0 4—0 ‘
| al= P+ 1 8 . 1 —2
‘ 15 a a—\/__ - — +/14 units -1 2 =] -1 ]|4+3[ -2 :
| =il g ) 1 ~2 / =] E +3 2 4 3
| 1 -2 = _ _ 2 = -
b li -3 14+ 2 = -1 d Ia-cl - ( ; 4 g 1 —&
| ¢ |btef= 5 4 6 =3 = -7 Ris (=5, —7, 13).
= H 4
: o _ /T (D =] = Qis (3,1, 4). 13 |
| = /(12 + (- , 4
| | \/1(+_'1)+ﬁ — +/3 units g !
. — ! ¢ . d |
‘ = /38 uniis 3 3 \
VI - - . |
1 1 1 = !
f —a= 11
e [a|b=+11 —3): ~3v11 |al Jﬁ(3) 7:
2 211 VLl L.
.
S:SA=3:1 C—'}T:'I_'ﬁ:-—2:5
BS — 28R Ct = 2B¢
08 — OB + B% 0T =0C +CT
------ — —
= 0B+ 2B —~ 0¢ + 2BC |
r42=2 e =1 . 3—{(-1) 1 1-(-1) |
...... dp—9s—=—14 {-ZREN =2 |+2| 1-2 = =1 || =a—g .
=pte=—27 T+25=2 0 1-0 4 4-0 I
adding 7s= —35 ; _ _12 -1 4 1 9
Wi . e——5 adding —3r s = 2 + % -1 = -1 ]+ % -3 |
e .'. — “. 0 1
_ S gy 8 , < 4 4
R 1"Jrnr(_13);-a In(l), 2(4)+s=T7 2 7
- Checking i (2), Lo - . 3
o’ 5 —3r4+17s= —3(4) +7(_—1) 3 1 1 § B G %’ %)' =] =4 Tis (%: % % 2 “
80, r=2y 8= r=4, s=-1 satisfies all € 2 =
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v a Let the vector parallel to a be ka. b Let the vector parallel to b be kb,
” (3)-(3) (3)-()
ka=k| -1 | =| -k cokb=k| -1 | =| —k
—2 —2k 2 2k
Now ka has length = 1, Now kb has length = 2,
0 \/(2k)% + (k)2 + (—2k)2 =1 0 1/(—2K)2 + (—k)2 + (2k)% = 2
o ARP +RP 4Rt =1 AR kT 4R =4
o9k =1 s kP =4
k= :I:% o k=42

2]

2
2 ]
Choosing k = %, the vectoris | — Choosing k = 2, the vectoris | —

Lo 0o ik

[~ ER

s
3

Il

iy a AB = 3CD means that AB is parallel to CD b RS = ~%K—I_), means that RS is parallel to
and 3 times its length.

K_>L, half its length, and in the opposite
direction.

J(3) (2)
)+ (1)(2)
(2) -

A B © A B C

Xis (3, %, 2).

—% — — T,
AB = 2BC means that A, B and C are BC = %AC means that A, B and C are
collinear and the length of AB is twice the

collinear and the length of BC is one third ‘ |
length of BC.

the length of AC.

1 -1 —2 —
BW=00+05=—( 4 )+(2)—(—6)=2(-3)=2P‘f£ and so [QS] || [PR].
-3 3 6 3

b Since 6§ = ZP—R: |QS| = 2|I_’ﬁ|, and so [QS] is twice as long as [PR].

AB is parallel to BC, and since B is a common
point, A, B and C are collinear.

15 3 2% 5%
5 =5 1 A B &
—10 —2 .

A divides [CB] in the ratio 7:2 externally.

=3
! RP:( 1 =7 )_ (6) —3(—2) fﬁisparalleltofé,andsincePisacommon

EXERCISE 14G

1 Since a and b are parallel, then b = ka. r

‘ ) a 3 a 3
i | 92 If 2 | and | —1 are parallel, then 2 =k -1 }.
b 2 b 2

9=—k, a=3k b=2k . k=-2 a=-—6 and b=—4

peint, P, Q and R are collinear.

5—2 3 1 3x 3x
—5—-1]=| 6|=3( -2 R P Q
—-2—-1 -3 :

Q divides [PR] in the ratio 1:2 externally.
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|a| + [b] = |a+b|

b

or

—

a+b

jal + [b] > [a 4]

Clearly, |a|+ |b| > |a+Db]

e If a=0, b#0, then at+b=b . |a| + [b| = 0 + |b| = [b] = [a+b|

| i = bh=a b
| l imilarly if a#0, b=0, then a-+
e |a| +[b| = |a| + 0 = |a] = |a + b]

1l o =t a
If a=0 and b=0, then a+4+b=
| “ a4+ o] =la+ b |

< b
Combining all possibilities, |a| +[b| = Ja+b|, or [a+b|< |a| + |b|

EXERCISE 14H

3
‘ 1

Bi—j+k=1| -1
o 1 ; i_J+k:(_11) ° J (1)

A

B j+K =vEFisT =1l uits
| . Ji—j+k| = +/3 units & [B-THE =0+ 1
. | N 0
| 1 1 1
=(1i k) = =
€ i—5k= ( 0 ) d 20+H 1
. 2
; . 1y2
li— 5kl =+I+25 l%(ﬁ_kﬂ =4/(3)2+(3)
= +/26 units

¢
fength =1
, _ b length = 1 ¢
2 a length =1 2 rl=1
: +1
Rff . oA/024+EKE2=1 Vk2+2=1 “.\Cz_:;zl
. k2:1 2=0
A g k
| » =

b
7 a .
C(—13,a,b) A(2,-3,4) B(11,-9,7) L(4,-3,7) K(1,—1,0) (a,2,8)
. Ilinear, LK is paralle]
i i M are collinear, is paralle
Since A, B and C are collinear, CAis parallel Smi> K,Land
AB to KM.
= -3 a—1
15 9 3\ (% ,
P B W Zr b |
4 —
=9k k(a—1)=-3 :
o 6k 3k =2 .
—3—a=-—
kb=-T7
4—-b=3k | =2 .
£ % - ’ 3 9 d
a=-3+6k=—-3+10="7 a—1=uf_ 3 .
b=4—3k=4—5=-1 a=-1 "
p=-—L1=-21 ‘
=% 2 |
i Ilel to b:
8 e Consider a not parallel to b: e Consider a paral

a (_21) has length 22+ (—1)2 = /5 units

b (:i) has length 4 /(—1)2 4 (—4)2 = /17 units
—1 I
] 4 ) has length 4 /(—1)2 442 + 12 = /18 = 3v/2 units |

=1
(-g) has length  /(—1)2 + (—2)2 + (—2)2 = +/§ = 3 units

length = 1 e length = 1

(3)+k2+ L =1 VL RS B |
LR =1 SRR+ g =1

i . - 2_4 . =42
K= o k=2dE SokR =3 o k=22
length b length € length
=1/32 +42 =4/22 4+ (=1)2 +12 =4/1% + 22 4 (—2)2
=+v9+16 =vVi+1+1 =vVi+4+4
= V325 = /6 units =9
= 5 units = 3 units ‘

length = /(—2.36)2 + (5.65)2 = 6.12 units

i+ 2j haslength /1% T 2% = /5 units unit vector = -\}—g(i + 2

2i — 3k has length /22 + 02 + (—3)2 = /I 9 = /T3 units 1

unit vector is  —=(2i — 3k)

—2 — 5] —2k haslength /(—2)2+ (—5)2 1 (—2)2 = /AT 35 T4 = /33 units
unit vector is ——\/13=3(—2i — 5j — 2Kk)

. . . i 2 |
1
the unit vector in the same direction is v/ ( " )

5]
the vector of length 3 units in the same direction is % ( 31 ) = ( VB )

the unit vector in the opposite direction is ——= ( :i) === (i)

the vector of length 2 units in the opposite direction is —2 ( 1) = ( )

1

=1
the unit vector in the same direction is —L ( 4 )

2
=3 -2
the vector of length 6 units in the same direction is ﬁ“ﬁ ( 4 ) =] 42
1

w

-1 1
the unit vector in the opposite direction is —g (—2 ) =2 (2) |
-2 2 |

|
the vector of length 5 units in the opposite direction is 2
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I J’—',‘.:«""- .‘.::1'- Pl B ‘ 1 1 1 0
ﬁﬁﬁﬁﬁﬁ : : s a (i+j—k e (2+k b ioi_(O)o(U) € iej=]0|e| 1
d 1 6 0 0 0 0

e JS P

_ —2+20 _ (1Y, 1)
: 3+10 o ‘(5) (69 5 ae(b+c) fopeEtsd=pociped
f i01+ = 2; ® g; ;3 2: Ifwelet p=a+b,
d 3req e 2p e 2p p 5 5 5 then (a+b) e (c+d)
2 —1 3 2 3 = (1) ® (3) a1 b1+ =pe (C+d) ‘
;3(4)l(5> =2 2 L] 9 0 2 = azx |®| ba+cp =pec+ped |
1 6 6 =3+0 as bs +es =(a+b)ect+(at+h)ed ‘
—6 — - Py
(@) 00 =

EXERCISE 141 &5

o

:a,l(b]_+C1)+t12(bg+62)+a,3(b3+(33) :c.(a+b)+d.(a+b) ‘
=36+ 16 =52 =aih +ai1e1r + azbs + azes + ashs + azes =cteatcebideatdeb .
=660 =66 =3 - = (a1b1 + a2by + asbs) + (a1e1 + azce + ages) =aectaed+tbectbed |
. e h jei —aebtaec |
1
1 (0) :(l)o()
| _ . 0 0 3 -2\ t 3 t 2 -3¢
1 = =
. B0 -0 ) () () ()
—=0+5 = |
| _5+ _ s —6+t=0 S Bt—4{t+2)=0 o2 —3t 4t 2t =0
| - t= S Bt—4t—8=0 s =244t =0 ‘Ih
| —1 2 —t=28 4 2
, - ! = S =2t=0
| b bea= 1 . S .
e () ()3 N
3 ot S =0 o 2
| = (—13(2) + 1)+ 1(3)
= 9(—1) + 1(1) +3(1) ( er(l)+ " ( d | -1]e| =3 )=0 .. 3@+ (-1)(-3)+t-4)=0
| | = -
| BT 48 . f . % B 2R
' =2 - 2A+3=0 s t=_3
lh! 2 2 ’
2
| - d =|l1]e| 1 3 -
| ] ta|2=(\/m) aea 5 3 a If p| q then (t)=k(12) where k£0 . 3=-2k and +t=k%
| o —2(2) +1(1) +309) coR=on md t=og
| =14 t
| b If r||s then (t+2)=k(_4) where k#0 . t=3k and t+2 = —dk
| | e ae(btc) b 0 )
2 3 =
B ; DV (%) el 3L+ 6=—dt
) AT 3% o : - Tt = —6
| 1 . g

t=-—-%2

i 2

] 1

| . —242(0) + 1(-1)+3(1) e
| : o 5 € Ifajb th toy_,.f2-3t

. :(1).(0) =4 \ a| en fiE -k X

3

' Lo t=k(2-3t) and t+2 =kt
t o t+2

ST ke {equating ks}

b If the angle between p and q is f, then — t

‘ peq 3 t2:(t+2)(2‘33)
3 -2 o= = ——

| ={-1]*{ 1 T lellal /B D2V g 2 =2t—3t2 41 46t

| =—6—146 = ii/1a t* +t—1=0 which has A=1?—4(1)(-1) =5

| =4 s B= arccos(—ﬁ-) ~ 94.1° S

1=

2
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—

3 2t
d If a| b then -1 |=Fk| =3 where k#0
. t —4

3=20okt, —1=—3k and t=—4k
3=2¢ t=-4%

Il

k= 1 nd = =
3 & 3 3
% and 7—; simultaneously which is impossible_

the vectors can never be parallel.

T

8 aeb bec aec

= (-1)(1) +1(5) + 1(-4)

= 3(—1) + 1(1) +2(1)
=0 =0

=0
a, b and ¢ are mutually perpendicular.

' 1 2
9 a (1)-( 3 ):1(2)+1(3)+5(—1) b
] -1
=0
| 1 2
I (1) and 3 ) are perpendicular.

‘ 10 We have three points: A(5, 1, 2), B(6, —1,0), C(3,2,0)

| | — 1 =T % —2 =y -3
Then AB=| —2 |, AC= 1 and BC = 3
| —2 =2 0
| 1 k2
—s —
(| Now AB.AC-(—Z)!(l):(2)+(_2)+4=0
I 9 2

— —
AB is perpendicular to AC and so AABC is right angled at A.

B(—1,2,3) E = -2 Bl= 1
il 3

1 T D(0,5,5) C(~3,3,6) C_( 5 3

. b |AB|= I units and [BC| = /T4 units

il -5 1
. c E’:-faﬁ:(—1).(3):(—5)><1+(—1)><3+4(2)=o
| 2

11 a A(2,4,2)

ABCD is a thombus.

4

O (1) -0

— B)(L) + 1(5) +2(~4)

3(1—t) +t(—3)+(—2)4=0
3—-3t—-3t—8=0
—6t=5

t ==

iy
DC and
parallel

e — arpel
AC is perpendicular to BD which illustrates that the diagonals of a thombus are PEIEE

12 @ z—y=3 hasgradient +1 and so has direction vector (i)
3z +2y =11 has gradient —2 and so has direction vector ( 2 )
() () = VIFTVAT et i
2—3=1+/2v/13cos8

J_zis = cosf
6 ~ 101.3°

the angle is 101.3° or 78.7°

b y= = irecti
y=xz+2 hasslope 1=1 direction vector is G)

y=1—3x has slope -3:—T3

G) . (—13) =+1+1v1+9cosb
1—3=+2v10cos8
—2

direction vector is ( 1 )
_3 =

= cos
6 ~ 116.6° the angle is 116.6° or 63.4°

< +xz=7 h i | " .
Yy asslope —1= =2 direction vector is (_11)

z—3y+2=0 hasslope % direction vector is (i)

(_11)°(f):\/1+1\/9+1cose .
3—1= ﬁ‘\/ﬁcos&

% = cosf
0 7 63.4° the angle is 63.4° or 116.6° | |
d y=2- =
y=2—=x hasslope —1= Tl .. has direction vector ( ! )
i ‘

2 _
©—2y=7 hasslope 1 has direciion vector (f)

(jl) . (f) = MMCOSH I
2—1=+v2V5cos0

1 |

cosf = D
0~ 71.6 the angle is 71.6° or 108.4° |

8 peq=|p||q|cosd
=2 X 5 X cos60°
=5

b peq=p||g|cost
=6 x 3 X cos120° |
=-9

a (2) ° (_52) =-104+10=0, so (_52) is one such vector.

required vectors have form k( “;), k £ 0.

I (_1) - Note: k(_zs), k #0 is also acceptable,

). ( 1 ) =2—-2=0, so (‘12) is one such vector, l

required vectors have form k(’f), k0, |

()@ =2-3-0. 0 ()
| required vectors have form & (;) , k#£0,

-(_;) ) (2) =-124+12=0, so (2) is one such vector,
" required vectors have form & (i), k#0

(A,) ° (2) =04+0=0, so (2) is one such vector,

required vectors have form k& ((1]), k # 0.

is one such vector.
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1 6
— —
BC=: 0 and BA=| —1
-3 —

B(-3,1,2)
o

15 Given A(3,0,1), B(—3,1,2) and C(-2,1, 1), o

16

Q(0,0,2)  Rr(0,2,2)

1t BA and CB are uscd we would find the exterior angle of the triangle at B, which is 117.5°.

a Suppose the origin is at B.

2 . &
Now BA ( ) and BS = (2)
2

0
0
2 2

—s =

BAeB (0) (2)=4+0+o=4_
0 2

' b Consider vectors away from B.

| 0 2

| — —
! BR=1| 2 and BP=| 0
2 3 2

BR e BP g ?J 04+0+a=4
| [ = @ = =
: 5 —44+04+4=8
' 2y 4 : COSP§S=-—-—8—-—'
cos RBP o A A A At

4

ABS =
cos JAT010/A14+4

T a2x2v/3

)

T VBx B

Suppose the origin is at N.

il h T /0T at4/it0+4
4

= £ and s0 RBP = 60°

I
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C = — d o~ .
(3,0,1) (—2,1,-1) = Ao 0 ~ 62.5°

— 0 g 5
3 0 |
|

o 0 5 o, cosYNP = _.L__
NYeNP=| 8 | e (4) \/6§2+ 94/25 - 16 |
3 0 N ...
A/ T3v/41
=0+32+0 - |
— 19 YNP =2 54.2° ‘

a M is the midpoint of [BC].

: 241 243 2
M +1
s at ( : ; ) which is (£, 2, 2).

2 2 2 2
3
b N — 21 — %
ow MD = == and MA — _%
3
-2 ‘%
3 1
2 2
1
;,2_ ® ‘"%
MD-MA _3 |
cosf = 2 3
IMD|}M4| '\/4+ +5 \/4+ + 2
24 8 9
cosf = i t3 a1

_ 2 9
19 = = and so 0 & o
VEVE EE V9 515
\

1 ( ) () S 2Bt —2) =0 |
S Bttt —2t =0 r

P 4+3t=0
t(t+3)=0 andso t=0 or t=—3

2 L]
i and ¢ = (;S ) are mutually perpendicular,
® ¢ =
2 o 24+4+3r=0
F —
: =0 S 3r=-—6
Sor=-=2 |

2 s
_22 ° f =0 S 2s4+2t—2-=0
1 s
and 2)el ¢t ]| =0 .
(3) (1 S s+2t43=0 |
S+2A=—3 .. (2 .
B () gives T— —2 end o 5B ¢ o o 2)
\ == d — .
and 80 s =5 Sooor=-2 s5=5 and t= —4 |

'\‘ C . .
hoose any vector in the direction of the X-axis, such as i— ((1))

o GG

( ) ( ) :\/I e —-\/ﬁ and so @ a2 74.5°,

SCorloo~
(LI N B (L B Ny
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0
b A line parallel to the ¥'-axis has direction vector j = (1 )
0

0 —1
1 ]e 1
0 3 1
= and so 8 = 72.5°.

Thy 8= =
en cos JAVITITe s

21 We want vectors a, b and ¢ such that a#£0, aeb=aec and b#c¢

1 0 0
For example, a= | 0 |, b=1{1], e=10
0 0 L

In this case, aesb=aec=10

22 a |a+bL2+{abe2=(a+b)¢(a+b)+(afb)o(a4b)
:aoa+a-b+boa+b0h+aoa—aoh—boa+b-b
—=2aea+2beb
=2lal> +2[b[* as required

b |a+b{2—|a—b[2:(a+b)o(a+b)—(a—h)-(a—b)

:aoa+aob—|—bna+bob—a.a—|—aob+b|a—
=2aeb+2bea
—4aeb astequired {since aeb=Dbea}

beb

23 Wearc giventhat a#b, a#0 and b#0 A
a Now if |a +b|=|a—b] a
2 2
— la — B
then |a+b|* =|a—bl o -

(a+b)o(a+b):(a—b)o(aﬁb)
a-a+a-b+b-a+b-b=aoa—a-b—boa+bob
2aeb+2bea=0
4aeb=0 {as aeb=Dbea}
aeb =0, and since neither a nor b=0
a is perpendicular to b.

b Consider the following diagram representing a, b, a + b and a — b:

‘We define C so that AC=b
— =  —
OC=0A+AC=a+Dh

] whb and BA—BO+0A=-bta=a—Db

A ab ¢

0 b B

a+b and a — b represent the diagonals of the parallelogram OACB
But if |a + b| = |a—b], then the diagonals must be equal in length.
This is only possible if OACB is a square or rectangle, which means that a is perpendicular

{a-&—b)o(afb)=aoa—aOb+b¢a—b-b
—aea—beb {since aeb=Dbea}
= [al* = Ibl*
=9-—16
=7

25 The scalar product is only defined between two vectors.

Hence (aeb)ec or ae (bec) ismeaningless.
R Py

4

gcalar vector vector scalar

e —

EXERCISE 14J.1 1

——————

M s p -
t C8 l(! dl] C apter l4 V ” I) 3D ‘J [ ‘JS 401

2 1 i *
J k
a(—IS)x(4)=2ﬁ3 1 || 3 1i 2 1|, 2 -3
-2 1 4 9 4 =2 1 —2 I+ 1 4 k
=(6—9i —(~4-1)] + (8~ (-3))k
= 2i + 5j + 11k
. *01 3 ij ok
2><—1:u1022021i—12.—1o
-2 3 -1 —2 -1 -2 3 21t 3 4|k
=0-(-2))i-(2-6)j+(1-0)k
=2i+4j+k
L . iJ k
¢ (i+i—2Wx(i-K=|1 1 —2|=|+ —2 R L I
10 —1| |9 -1 1 -1d* | o|®
= (=1+0)i— (-1 - (-2))j + (0 - Dk
. . i j k
d 2Gi-Kx(j+3k=|2 0 —1|=|9 —1|;_[2 -1
; i |20
0 1 3 3 o 3o 1|k
=0—-(-1))i —(6-0)j +(2—0)k '
=i—6j+2k
1 -1
ia—| 2 and b = 3
3 -1
| P
then axb=|1 2 3 |=|[2 3 |;_[1 3|, |1 2
= —11i — 2j + 5k
i a.(a b) . -1 1
B X = 2} ® — - —11
- : b-(axb)=(31).(ﬁ2)
= 5
‘ . =—11—4+4+15=0 =11 —§ '
8 X b is perpendicular to both a and b, w0 |
] i j k .
8 ixi=|1 0 0 11k i ]
h =0, jxj=|0 1 1k
H 0 :0; k x =
Lo g Y- =L & Y
3 i j k N
Xi=|1 0 ofl=k ool = 1 j k
01 0 FRE= é g:*k
i j k
‘Xk: 0 1 0|=i o b 1 j k
) 0
L 1 j k
k- . i
& = /1 0 0l =—; ‘ 1 1 k
| 0 o 1 i kxi= ;) g 1|=j
1 0
"8 and b are vectorg then axa=0 and axb (b )
= —(b x a).
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a

a. a1
3 i—

i oA J + oL %2 k 23] by C1
v "o " =| a2 | X ba |+ | c2 =
az b3 c3
=0xi+0xj+0xk

X (b+¢)

i i
(45} as
bi+c1 by +eo

k
as
bs +c3

=0

(23]
a2 as|. a; as|.

+
ag | =g by YTy Bs VT |B1
b3

j — agzb1 )k
— (a.zbg — 0.352)1 — (ﬂ.lba — ﬂgbl)] —|'. (Glbz asz 1)6 )k]
— —[{asbs — azbs)i— (a3b1 — a1bz)j + (azb1 —a1b2

i i k
== bl bz b3
ajq az as

=—-bxa

1

i—
—2

— i 4j+ 2k

i
=\ 4
2
: ] 4=17
b a-(bxc):(g)-(g =1+12+4=

1 2 -1
—a|t2l0 1

= 1(1) - 3(—4) +2(2)
=141244
=17

T T
0 2
0 -1 1

= 0i+ 5j + 0k
= Bj

€ (axh)-ir(axc):zi)j—k—ksj {using a and b}
—2i4+4j—k

d ax(b+e=ax(@-])

—2i+4j—k

8 We suspect that ax(b+ec)=axb+axc

221 as
ba + c2 b3 + c3

a1

. as ar
bit+e bstes

Ly _ o
f by + c1 ba+ Ca

i+

= (GZ(bB + Cs) - aa{bz 4= Cz))i = (ﬂ-l(ba + Cg) — aS(bl + Cl))j + (,al(bz + Cz) —a (b1 & 61))k
= (azbs — a3b2)i — (a1bs — asby)j + (a1b2 — azby )k
+ (ages — azcz)i — (a1c3 — azcr)j + (s — azer )k

i j k i j ok
=|@1 @2 asz|+ a1 as as
bl bz 63 c1 Ca cs

=axb+axc asrequired

0 New px(etd)=pxetpxa
ifwelet p=(a+h),
then (a+b)X(C+d)=px(c+d)

=pXc+pxd
=(a+b)xe+(a+b)xd
=—tx(a+tb)—-dx(ath) {since xxy=—yxx}
=—txXxa—cxb—dxa—dxh
=axct+axd+bxe+bxd {since xxy=—yxx} !
ax(at+bh) b (a+b) x (a+b)
=axataxh =axat+axb+bxat+bxb
=0-+axh =0+axb+bxa+0
=axb =aXb+bxa
=axb—axb
=0
(a+b)x (a—h) d  ais perpendicular to (a x b),
=axa—axb+bxa—bxb 2a is perpendicular to (a x b).
=0+bxa+bxa—10 S 2ae(axb)=0
=2(b x a)
i i k
d axb=|2 31 gl= |7t Bfi_ |2 3j-|- 2 1 k= —4i+j+ 3k
1 1 1 1 1 1 1 1 1
the vectors are E(—4i+j+3k), k#£0, kER
i i k
baxb-|_1 3 4|_|3 4f_| S+t 2 k=6i+ 22 — 15k
5 0 2 0 2 5 2 5 0
.. the vectors are k(6i + 22j — 15k), k+£0, keR. ‘
0ok
axb= 110 - > Oli- i+ b k= —ii-
-1 -1
< the vectors are n{—i+j—-2k), n#£0, neR .
i k
Axp= ; ;1 :; 2 ;1 k§i¥ ; :;j+ ; ;1k:ﬂi+j+4k

=
%

© Bevectors are n(si 4 j+4k), nA0, neR.
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b Using the RH rule these two results check.
¢ ixk= il [k|sin90° x (=) {RH rule}
=1x1x1x (=]
=i

k xi=|K|li|sin90° xj {RHT
—1x1x1xj
=]
aeh
b cosf= 1 o] 1

2 a aebh=2x14(—1)x0+3x{-1)=-1

i j ok _
axb=[2 -1 3 i+ 1+ 9V
10 -1 ik

1 3|, |2 3|, —1 = T2
=!5a =il |1 =27 |2 © o

=i+5+k

404 405
0 2,4
i i % 3 -1l |2 |2 3 lk=di-5j-Tk mnéjmsffl d  |axb|=la||b|sing
13 axb= i 32 '21 =g 2" 11 2 1 -2 sin® 6+ L =1 2 x b
- - 2 _ 27 =
the vectors k(41 — 5§ — ), k#0 are all perpendicular to both a and b. sin® @ o [a] |b]
However, we require the vector to have length 5. ginll = 4 3_; ~ TrETT
o A/(ak)? + (—BR)? + (=Tk)? =5 But ogesw,msme:V@E s
16K2 + 25Kk2 + 49k% = 25 . .,
| 90k* = 25 28
L kR=R=5 al® 3 axb=0 |a] [b|sind x u = 0
bty =+ . the possible vectom wre 5, N laj [blsin® =0 {since |a| £0 and |b] £ 0, wu exists and 0}
sinf =0 {since |a| #0 and |b] 0}
-1 5 2 =0 or 7
AB 1] and AC=| -2 is parallel to b
_ oo |t = 5 a is
14 a Given A(L 3, 2), B(0,2, —5) and C(3, 1, —4), . 3 parallel to
i i k —1 = -1 =7. -1 -1 k 2 —A>_ 2 — —1
ae| =1 —1 —rl="4 _g I~ 5 & I+l 59 9 4 a OA=| 3 and OB=| 1
2 -2 —6 —1 2
—(g—14) — (6 — —14)j +(2——2)k i k
_w}w.w o+ ( ) . siven_| b g_1:3_1i Ll .
= —8i — 20j + 4k 11 o 1 2 1 9 4t 11 k
= —4(21+5j — k) G e
2i + Bj — k is one vector perpendicular to the plane. | =Ti— 3j + 5k
. ~ r o
), PQ 12 and PR = —1) [0A X O] = /72 +(=9)° + 5% = /83 units A(2,3,-1)
. o d R(1,—-1,1), = o I S
i b Given P(2,0,—1), Q01 3} o ( 4 2 0 ¢ Area AAOB = %I(Tlléfa\ sin @
— 104
L T I T Y O = I PO e B Y — 1|0 x OB| |
n=|—-2 1 g = oli—| 1 2 J -1 -1 = %\/83 units® B(—1,1,2)
| =64 3k i the plane a axe=bx
— 3(2i dso 2i+k isone vector perpendicular to the planc. = ¢
=3(2i+k) an axe—bxe=0
SE 14).2 (a—b) xe—0
EXERCI . BAxe=0
- s —
i k 0o 0, |1 i k=0i—j-+0k=—j OC must be parallel to AB,
1 a ixk=|1 0 g =g 1" 7 lo 1 1 0
1o 0 .
R Since a-+b+ec=0, € bxe=cxa where c¢+£0
i 5 g] L o= B a0y 9 2 it 00 k=0i+j+0k=]j bx{a+b4+c¢)=bx0 bxe=-axc
L 2 0 0 |00 L Lo bxatbxb+bxe=0 aXxec+bxe=0

bxa+bxe=0
axb=bxc
:{51-.15136 axh:—bXa}

(a+b)xe=0 |
a+ b is parallel to ¢
a-+b=ke forsome scalar k. |

- , ;
Given A(2, 1, 1), B(4,3,0) and C(1,3,-2), AB=| 2 wi @z
e i j k
ABxAC=|2 2 —1|=|2 “1fj_|2 -1, 2 of
-1 2 -3 |* 73 ~t ~3 -1 2
= —di 4+ 7j + 6k
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N . 1 -1 -2
area = £ |—4i+ 7j -+ 6K| {mea:%IABXACI} 4 a Now E=(2)’ E=(2) and A-ﬁ:(z
m | ! - ?
» the volume of the tetrahedron

101 units®

A—é.(xaxm)

i
~
B
o
>
al
Il
N
o b
S
Il
=31

-
b Given A(0,0,0), B(-1,23) and C(1,2,6), AB= (g

1 2 -1
=il 2 _al|=2h|? B, -3 |1 2
- . 6 - B
. 11%13‘ 2 3 -1 sl |2y -2 2 2 22 2 2 = A
ABx AC=|— = 1 2
- 2 6 1 6 = 210 — 2(—8) — 1(2)|
= Llogl — w8
— 640 — 4k = ¢ [24] = 4 units
area = L |6i + 9j — 4k| {area = jA—ﬁ X A—>C|} b The total surface area of the tetrahedron is the sum of the four triangular faces forming it. |
=1 L
i j k
:_;_ 62 + 92 + (—4)2 Facel AB x AC = 1 2 -1 2 _; i— 1 lj+ 12 k |
- _ - —1 -1 2
133 units” e
g d = —4i 44 + 4k
AB = | —4 and AC= (7). 1128 « A0 /
¢ Given A(13,2), B(%-10) md C(1,10,6), AB=] 4 = 3[ABXAC| = 3v/# 442 + 2 = § (4V5) = 2v/3 wnits® :
| s g
. —_ — X J k 2 ‘
i i k b 1 -2 1 —4 Face2Z ABXxAD=]|1 2 —-1|= =1 i1 1 12 |
. . . Kk + k
EXAC:l“‘If::' a0 a Mo 7 —2 2 2 4 * 2 2 1T |2 o .
0 7
e 6i + 6k
1 1
| Ag = =|AB x =214/624+62=1 = its?
! aren = & |~2i — 4] + 7k| = §1/(~2)2 + (—4)? + 72 = 369 units® 2‘. 0] = 460+ = f0vT =i
i j k ‘
3 1 Face 3 AC x AD = 2 —3|=|2 ‘3i -1 =3, -1 2
| | M| 3] ama AC=| -1 22 2| |2 2] 7|2 2T g
9 Given A(-1,2,2), B( —1,4) and C(0,1,0, AB=| -3 ) and AC=] " ).
| 2 = 10i + 8] + 2k
|
i ik -3 2|, |3 2|, |3 -3 As = L|AC X AD| = 1/102 4 82 + 22 — L/T68 — /75 unire?
| | A—ﬁ K" 3 -3 22 =l_1 _o2 =l -2 1+ 1 -1 k 2'_ ) L 2 +8% 42 = 3V 168 = +/42 units
-1 - o
) . Face 4 ]_?'_('Exﬁf)z ~3 0 <9|=12 -2 i— -2 -2 i+ -2 0 k
= 8i+8j -3 0 3 L = -3 3|8 o
. =2
area of parallelogram = |8i 4 8j| = \/82+82=8\/§‘m]tS =12
| — =
| . . 5 SupposeDiS at (&., b, C). A4=%iBCXBD|:%X]2:6mtsz |
A(=1,3,2) _ B(2,0,4) Since AB = DC, total surface area = (v/42 + 2v/3 + 3v/2 + 6) units? '
—1—a . [
| _33 - 4 Given A(3,0,0), B(0,1,0), C(1,23), 0O(,0,0), f
| 5 5 we label the other vertices as shown.
—Cc=4 0 1
. . © -1-a=3 —-2—-b=-3 and 5-€=¢ ﬁ*@+@*( )+(2)=
-1,-2,5 : = = =
D(a,b,c) C(-1-2%) - a=-4, b=1 and c=3 50 X is at (1, 3, 3).

D is at (—4, 1, 3).

0Y = OA +0¢C =

$0Y is at (4, 2, 3).

oW — OA + OB (
=
=i—9j— 15k (
area = |i — 9j — 15k| = 4/12 + (—9) + (=15)* = v 307 units?

1

02:0 + C

)+(:
)
)
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R
9 a b;a:A_ﬁz(g) . — 2 3
—a=AC= 0 d a =
=} ~a=AD= [ —
. . -1 3

(bfa)o(c‘a)x(d_a)

409

cos ABC = — = 1 3 =2
IBA|[BC| /37 + (-2 +02V1? +17 +3° V110 =2 0 —1|=1|0 -1f_gl2 -1 i B
3 00 1 | = (=1 =301) — (-2
B R NEE 0 o 0 B R _
¢ Volume 2 ‘1? g =13 2 3 -0 1 3 +0 i 2 = |3 % 3| = 9 units 0 andsoA,B,CandDarecoplanar_

Clk,2,~1) —p=00 .- 4
b q PPQ=(—1) I‘—P=1_’ﬁ=(l) s—p:?-(zl)
— _5 -
| —4

(@—p)e(r—p)x (s—p)

-2 -1 -1
e P A(-1,1,2) - 1 -5
Area of AABC = 7|AC % AB| B(2,0,1) Dl i —2 ==2 Z i) 01 =B _ | B i
. . o = B -1 -4 -1
i i k 1
=1 Y R R e I LA _
88 = 5 k+1 1 =3l = 3l —1 =1 1 3 | 9 ! k 2(1) + 1{—5) - 1(1)
3 —-1-1 =8
#0 and so P, Q, R and S are not coplanar.

VI = |(—1—3)i — (~(k+1)— -9 + (~(k+1) 3K
V352 = |—4i+ (k — 8)j + (—k — 4)K|
' s /382 =4/16+ (k—8)2 + (—k —4)?

I . 352 =16+ k% — 16k + 64 + k* + 8k + 16

L _ 2 . -2
0 b—a=AB=| —1 c—a=AC=| k-1 d—a=AD Py
| —2 -1 N B —14

(b—a)e(c—a)x(d—a)

2k? — 8k — 256 =0
s k*—4k—128=0 2 -1 3 .
=2 p—1 =1|= -1 -1 -
| 44 /16 +4(1)(128 =2 S 2 -1 = _
' | k= ax }zzj:«/132:2:t2\/33 -1 1 -4 O ) A _f k11

2
=2(—4k+4+1)+1(8—1)—2(g2+kw1)

=—8k+10+7— 2k+6

Total surface area S of the tefrahedron is the sum
=10k 4 23

the areas of the 4 triangular faces.
— —_— =

Now AB=AO+OB=-—-a+b=b-1a
— —

and AC=A0+0C=-a+tc=c—12

. A B, Cand D are coplanar when %k = 28
10°

S:%Laxb|+-;-{axcl+%|bxc}+-§-|(b—a)x(°"“ IEW SET 144

Scale: 1cm=10m

(b —a) x (¢ —b)|

Now if A, B and C are collinear, then area AABC=0
(b—a)x (c—b)=0
3 a P‘]i_l_ E
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|
246° . ) i cos 96° = =
& Dino’s first displacement vecioris 9 (:10’: 2460) . His second displacement vector is 6 (sin 55 ES = £ A — jp B 6 BEl 5 L |
. . /9 cos 246° (6 cos 96") _ (44.288) C=A0+OB+BC =ptd Y,
‘ Dino’s resultant displacement vector 1s (9 o 2460) + 6 sin 96° 9955 = —p+q+2p gl ‘
=p+q 2
hich has len| —4.288)2 4 (—2.255)% = 4.845. _3 1 |
which s lenglh /(- ) . —0.8851)<——c059 2P+ 324
the resultant displacement vector ~2 4.845 (—0.4654  sinf o8 p- — " dax s
If cosf = —0.8850 and sinf = —0.4654, @ is in Quadrant 3 | I 1p = 3x 2q—r=x
§ = 180° + cos™*(0.8850) = 207.7° , S ZP=X ,
Dino is 4.84 km from the start at a bearing of 208°. i . (_1) o ox=29 (4) _ (2)
i = 3
=% — E-
s a AB.CB b AB+BC-DC 6 a If AB=3CD then L Fy
_AB+BC — AC+CD [AB] || [CD] and AB = 3(CD) ~10
— =t I
= AC = AD b If A‘ﬁ:zﬁa‘ then 15 v W: 3—-3Y) _ (86
[AB] || [AC] and AB = 2(AC) W i——1) =15

[WY] is parallel to [XZ] and they
are equal in length. This is sufficient to
deduce that WYZX is a parallelogram.

- A, B and C are collinear and
' AB = 2(AC).
So, C is the midpoint of [AB].

- Z X—Z>=(4——2):(6
10-5 5

1 -2 3 13
" Wl = 1
| 7 a ptrr—q=0 8§ a OO=OR+RQ=r+gq 1 1‘(1 >+5(_4) (_24) 2 58— 55408
_ — — —_— — ___> =
p+r=4 b PQ=PO+OR+RQ=-p+r+4q o (—arrss) [ 13 —Bks
b l+m—n+j-k=0 ON=OR+RN=r+1q 1 rods J o\ 24 Catr
o l4+mtj=n+k : 2 ] b T8
' & A= L —2r43s=13 Al AUF 00
r—ds=-24 . ) =0B+0C
= —2r+3s =13 =r+gq
|| =i(-p+r+a)+3(-9 2r—8s=—48  {2x ()}
| 1 1 1 1 i
=-—lp+ir+ig—1q adding —5s5 = —35
| —.L:—lpz ’ ’ s=17 We see that DB = AC
2 2 1 s
andin (1) r— 4(7) = —24 [DB] is parallel to [AC] and equal in length.
T=—24+28

r=4 and s=7

a PO=|7-—5 | =
_ : (79—55)_(132) b PQ=/(-3)? +122 + 32 |

€ = /162 units |

(2-5,6) ‘ distance
. =\/(2—2)2+(0——5)2+(0—5)2
T 12 a [=VETE b sl =92 240 ' i |
A§§.+R¥(5+Q—P> — /17 units = +/13 units d o ]
-3\ _ (4) 2 =
| _ B4R cris=(+() 4 m-r=2()-0 m-nip- ) )33 |
2 —1y _ [(—4 =% =(-1D) 1 —4 6 11
=-(2)+(G) - G) .

=(3) s e sl =412 432 |2s — 1| =

= +/10 units =5
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|m+p|=v25+0+149

== ‘\/7—4 units
3 CB=CA+AB=-AC+AB=| —1 |+ -7 ]=1 -8
3 4 7
—12 3
§ The vectors are parallel, so —20 | =k| m 3k =—12, km=—20, kn=2
2 L k=—4 m=5 n==%

3
) o [PQ] || [QR] with Q common to both.

5
both I’_(j and (jﬁ are parallel to (—1 )

P, Q, and R are collinear.

) —_— —F 5 5
Now PQ: QR=2| —1 |:3| -1 |=2:3
3 3

Q divides [PR] internally in the ratio 2 : 3.

o
g
Sl
Il
0~
OOO'!'P‘
1|
oo L
~—
I
—
1 c:t!::g
S—
Il
%]
TN/ - -
G o | o
e
WU o

& As the vectors are perpendicular,

—4 i
(t+2) e (1+t) =0
t —3 " 44 4/16 —4(1)(2)

44 (L 2)(A+1)—3t=0 2
At rt+t2+24+26—3t=0 3
T +z+ t:““/_:z:t\/i
t*—4t+2=0 2
2 -1
7 If @ is the angle then _4le| 1 |=vEA+16+9vT+1+9cosd
3 3
2 4+9=129v11cosf
3

—cos® andso 8 r80.3°

429 x 11

8 IfD is the origin, (DA) the X-axis, (DC) the Y -axis and (DE) the Z-axis, then A is (4,0, 0),
Cis (0,8 0) and Gis (4,8, 5).

_ 3 4—4 0 3 0—4 —4
AG=|8-0|=|38 AC=\|8-0]= 8
5-0 5 0-0 0

Q —4
If the required angle is @ then ( S) ® 8 ) =+/0+ 64+ 25416 +64+0 cost
5 0

t

0+ 64+ 0 = v/89+/80cos
64 o
g = ————— andso @~40.7
€osY =" /R0 % 80

—f -6 .
9 a }Té:(443)=(1 ) b PQ:}PQI:\/36+1+9=V@§"
-] 3 .

. 94 —4 344 —1+2
¢ The midpoint is at ( = s = S )

. - 7 1
5 5 whichis (—1, L, 3)-

L 6+0+0=+/14+0+1/36F0+ Dcos M

:lblsascalar,soin aebhec wew
‘ctor which is impossible.
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—1 6
b p+2q*r—(2)+ =2 |- } = :11

1 8 2 o4
-1 1
?)O(;)=\/1+4+1\/1+1+4c059

—1+2+2=16v6cosd

¢ per=|p||rlcosd

3 ==6cosh
cosf =1
2
0 = 60°

= (1) (¥)
e t=s bl

Y
MK e ML = |I\RH]\TLI cos M

(1))
-(37)-¢)

=
LK o LM = [TK||LM] cos L

304+04+0=1+/254+0+ 1436 - 0+ Ocos [,
30 =426 x 6cos I,

—

=

6=1/2Z X Gcos M

cos M = =
o \/i ﬁ =cos L
=4 L ~11.3°

and K ~ 180° — 45° — 11.3° = 123.7°

R _ 3 2
. If the angle is # then 1 Jel 5 | =0+ T+4/4125 f Tcosh
1

—2

6+5—2=1+/14v/30cos8
9

Jidxao  oosf

f = 64.0°

— 4——1 5
BA = = =
_21 ¥52 i e But E{-B—(fzo
] =3 20424 —3(c—2)=0
o 4 44=3(c—2)
=) PeE =) E e~ B
o o =
. s
!a C C:-Es—o

ould be trying to find the scalar product of a scalar and a

Lo h Xe dOeS not ne a a S f we !ly (0]
E need bracket b t th i P
\ oul e bxec as this must be erformed fi 5 |

ﬁISt © get a Sca]ar cross a vector which iS i.lnp()'SSiblc. ,

——————N




—==

- L =569
i o
| M ~ 180° — 56.89° — 64.44° ~ B8.T
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- ient 4 2 om — 5
% . ' o b k is a unit vector if 7 4z —5y =11 has gradient - .. it has direction vector ( 4).
| ‘ 15 a g 1s a unit vector k
i L * = Tz VEE+HER2=1 22+ 3y =7 has gradient —% .. it has direction vector _?2)
B +(F) =t L2k =1
1 s k=1 : 5 %1 24 42, /a2
211_3+E,5=1 k—:zt-l— If the angle is 8, (4)0(_2)g\/5 +4 \/3 +(—2)2 cos 6
1 T TVZ
33 15 — 8 = v/41v/13 cos 0
! cos 6§
———— = cos
V41 x 13
IEW SET 14C 0~ 72.3° - the angle is 72.3° {or 107.7°)
REV
- 6
-3 ¥ —r) = ]
1 a p.q:(az).(:_’l) b P_r:(f2)~(4) cooaelp ) (5) (_8)' .
e = —fH — —_—
= -3+ (-10) - ( 66) _ 25 g 2 o i oM
- 13 o ‘ —OA + AB =04 + AM
T . ok = LT
- = 3 = —
N RIE) B ORI EY | T @
| = _ 5 g
N = (B 1) — P 6] =p+i(-p+q
‘I =(—2).(3) = —16 —9 :p—%p+%q
=—9-16 =25 ;. LHS=RHS : 1.1
‘ =—25 = 2P+ 34
b We notice that OM — %(_)_ﬁ
— ) i w
: 4 AB= = [OM] || [OB] and OM = 1(OR) |
. dicular ( 4-—3 ) ( 2
3 Sincethey are perp:n ' So, O, M and B are collinear (as O is common) ‘
(| & o[ T TE) =0 — 3-2 _ 1 and hence M is the midpoint of [OB].
3— 2t =3 C=lr_3) k=3 |
| | 3(t'2 +2t)_2(372t) ig Now A_B)'E: 0 {as BAC= g[)a} — — — — —% ——¥ “
8t% 43t — 6 db= 3 1 a AC=A0+0¢ BC =BG + 0C
‘ oo 3P4 TE—6=0 (1 *{x-3)=0 ¢ =—p+r =—q+r '
s (Bt—2)E+3)=0 ' — =r— ﬁ
l ( ) . t=2or -3 . —3+k—3=0 r—p =r—gq |
| ' : 5 k=6 0 b [AP] L [BC] and [BQ] L [AC] I
| 2 \, 5 plr—gq Soql(r-p)
: —#) s (®) as the dot product = —20+ 20 =0 o, S pe(r—q)=0 . qe{r—p)=0
. | 18R 5 One vector perpendicular to (:) 18 (4) S peF—pegq=i 4 ARE—T $F—]
| . all vectors have form k(4), k0. q 5 per=peg .. ger=peq
= —
iy 3——2\ _ (5 ]_TIZ:KT—(?) € l'IAB=['.(~p-|-q)
& KL= 9_1 =\ 1 ; B =-rep+tregq
'3 =i 7 = [ —2 =—-peq+peq {from b}
> _ — on
FM_(l_ f)—(_4) -3-2 = =0 andso r LAB . [OC] L [AB]
| o T Now LK e LM = |LK||CM] cos L
— —_
KM = |KL||[KM]| cos K
| Now KLe [KL|| e . 2\ _ ST/ , . ) » .
| | (51’).(_34)—\/25+1\/9+16003K =2 —5 \/—. g a 21-3b—2(—3)—3(2):(—6)—(6):(—12)
| , - 29cos 1 3 2 9 -7 ‘
l s 15—4=1+26125cos K S 1045 \/5315 » .
\ 11 s ecosL= __2_6-;(_-2-5 |
cos K = 5——\/% | i

I 3
a3} soa—b=3x - x=—§-(aﬁb}=-;- -5 | =
S\ -2

|
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417
0——1 a——1
— =
1 Q0,1,4) Area of A = |PQ x PR| = 1 (1—2)x(1—2)
¢ 11 |a|=3, b|=+7 and axb= 23 4—1 ~g =1
. —=Llaxb| 1 a+1
- sin b Area AOAB= 3| =2 =1 | x| -3
a |a x b| = |a| |b] _ 1. /T units? . i 2 | ?
TF4+9=3x7xsinfd & T -
. VI _ V2 ¢ V=21ce(axh) i i k
sm@zs\ﬁ* 3 3] . 1 % 1 = 3 — "118
2 i _ e
But cos®f=1—sin" 0 Nowe € = (—1) and axb= ( 23 : -1.21) a+1 —3 -3
o cosf=+% 2 g ‘ -1 3], |1 3], A
k 3 -3 at+1 —3|d tlap1 _g|kf=2v118
[12i —(=3—8a—3)j + (=3+a+ 1)kl = 24113
i 0
Hence aeb = |a]|b|cos . B l|1*2—61 \/144+(3&+6)2+(a—2)2 — 2118
— 8
=3x VT x (&) - 144 4 90% + 360 + 36 + a® — 4 + 4 — 472
s 8 10a? + 32a — 288 = 0
5a° + 16a — 144 = 0
(5a+36)(a—4)=0
s . e 36
REVIEW SET 14D [ a=—2 or 4
. ol 3 1
a 3a—2b=3(3i —j+ 2k —2(i—2K) & Jal= ) 1-4 -3 —1
. — 4/ S
:9i*3j+6k—2l+4k ke = a—2 o e Ja—
= 7i — 3j + 10k M(-L34) NX=[b-0 |, |[NX|=+3, and NX || MN
c—1
ka, ! 2 1 (kaz)? + (kas)? Xilab a—2 1
Let a= 3; oo ka= kaz) 'ka‘=\ﬁkal) iinn 2 i) b—0 | =+ -1 {as this vector has length /3}
S ka = /K (ar® + as? + as?) - e—1 .
|

a:? + ag® + az? e Se—2=%1, b=F1, c—1=71

a=30rl, b=—lorl, c¢=0or?2
Xisat (3, —1,0) or (1,1, 2).

= |kl [al

1
le is o | b L : s — i
—1), b If the ang 4 N b The unit vector in the direction of MN is - [ —1
. 3 a Given P(—1,2,3) and Q(4, 0, —1) 3 V3 =t
1 —s 2 |PQ|4/12 4 02 + 0% cosox = PQe
| PQ = | -2 i
—4

5 +4+ l6cosa=5
I | . cost = 7};‘
| J

)
o~ 41.8°

| B -1-2 -3 R 1—-—1 2
—9—-0 | = -9 and CA=| —3—--9 | =] 5
P(—1,2,3) 4—1 3 24 -2
3 1
= 3 .

2

1 V3

the required vector is % ( —1) or —%
5

skl =6 = llcaA] so B, C and A are collinear,

(e . 1 1
‘ﬂi‘“dﬁs[BA]weneed B—C}:a:gS(B):2(3)=—3:2
1 1

L divides [BA] externally in the ratio 3 : 2.
|
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7 Let X divide [AB] externally in the ratio 2 : 5, i
AX:XB=-2:5 Now | 0 | haslength T 0+4d=+/3
: 4 :

B
8
c
|
D
\' A =
i
| —-1-3 —4 =
‘ A—_ﬁ= et | = 1
| 1—2 —1
|| . el —5 =
(i AC= 0-1 - -
4-3 1 =
’ | E: 3—-1 =5 2
| —1-2 =3 =
I 9 _S}:#> CT:ﬁ:l 2

1 2
0 |rlel 2 |=0 24+2r—2=0
; 9 -1 2r =0
r=20

1
0

)-

So, we want a unit vector parallel to (
2

—
Now &:ﬁ+AX

i .
:ﬁ+§ﬁ the vectors are  +—= g), which are ﬁiJr %k or —

_‘1_._ 2
Wit 751(.
-2 —2-3
=| 3 |+3|3--1
5 5—1 11 [ux v| = |u] |v|sin6 Bt 650 Bt g
-2 —5 v14+9416=3 x5 x sinf cos26+§22£5:l
=| 3 21 4 _
5 +3 4 %:sm@ COS;;&:;TBg
)
== % kl?ﬁ cosf = j:sé:lls?g
=] 33 o i Bo, if 0'is aoute, coxf =400 gng uev=|a|[blcost =3 x 5 x YIE — ,/Tpg
5+ 3 % and if # is obtuse, cos@ = — ¥188

and uwev=—./199

15

Xis (%, & z),
18 3* 3° 3 12 3 vectors are coplanar if the volume of th i
1 ¢ of the tetrahedron defined by them is 0.
1 2 —3
5 9 3 —0 1 2 3 9 2 3 2 2
1 S Bl 2—t t+1 1 t41] 731 24| =0
S M2 +2-6430) - 22t +2-3) - 34— 2t —2) =0
1
olame S —4—4H+2—-6+6t=0
1 |AB o (AC x AD)| P
_ 8
-4 1 -1 o
tll-s -1 1 units®
: = 5 £ 7 Placing a set of axes with origin at A, as shown, gives
o L 3 Q4 0,7), M(0,57), D(o, 10, 0).
i — 1
g%l g —a|" Y1 -s 1 DO =g e
_ M(0,5,7) { DQ=|0—-10 | =] —10
Li—a(1) —1(14) — 1(-9)| L !
: 4,0,7)
19 Em— v - (151 0
A - i DM=|5-10 | =| —5
2 il D(0, 10,0) 7—0 7
0T = OC +CT B(4,0,0)

— s
DQ-D—M: IJF(-Q)HDMI cosf
1—*

0+50+49 = /16 + 100 + 49+/0 + 25 + 49 cos &

:c+%@§+ﬁ§) 99 = /16574 cos 8

|

1(C0 - OB) &+ L x SBA S .
= L(CO+O0B)+ 35 % cosf =

¢+ 2(CO+ )53 2 V165 x 74
—c+i(—ct+b)+E(BO+OA) 0 = 26.4°

:c—%c+%b+%(‘b+a)
:cf%c-i—%h—%b-i'%a

P P e
=ca—zb+3

3 AB =
62+ 12 4 (—4)2 AC = /0% + 22 4 (—7)2 BC=/(—6)2 +12 1 (—3)2
=53 units = /53 units = i |
- . = /46 units

50 ABC is an isosceles triangle.
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28 — 2 4s+7T
— 4 L

5 i _ 3:‘ n = 2T+2 = 37“1
2 2 ’i"': ; 5 2t r+s

25 —2=4s5+T r=—2s—2 ... (1)
- = e (2)
27 4 2=3r—1 sndisn r=3
.
2A=r+s t= 2

Substituting (2) into (1) gives 3 = —2s — 2

5=—3

2

Using (3),

3 Let Q(0,0, ) bea point on the Z-axis.

PQ = /42 + (—2)% + (2 —5)> =6
16+ 4+ (z — 5)* =36

(z—5)°* =16
z—b==24
z=1 or 9 Qis (0,0,1) or (0, 0, 9).

b b—2x=-—a
5 a a—x=2b o ax—a+b
x=a— x=L(a+h)

) 6 i a+4
K=|=8} L=|b-1
-3 —1

= -
If 7, K and L are collinear then JK || JL. L{a,b,2)

i 6 a+4 (4,13
: ):k(b—l) for some k # 0 ( )
. -1

k=3

K(2,-2,0)

b If @ is the angle between p and g then

I | —1 cos(?:—l:g—
i , =(_21).(_24) Ip! lal "
‘ 4 ]

= 2(~1) - 1~9) +4(2) IV RV e o

10
=10 =
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- ()6)

r = —5k
{4:1%

b [3i—2j+k=./321 (—2)2 +12 = /14
. & unit vector in the direction 3i — 2+ k
s —=(3i - 2j + k)

", avector 4 units long and parallel to
Bi—2f+k is £-(3i — 2 + k).

3
( 2 ) has length /32 4 22 4 (—1)2 = /14 units

—1

3
", a unit vector in the opposite direction is ——\/11—4 ( 2 )

3=ks
=5k .. (1)
-2
=5
3
=— e (2
8= (2
Substituting k= 2 into (1) and (2) gives
T‘=ﬁ5(§-) and s:%
5
r=—2 and s= %
4 \/k2 +(HP+ (k2 =1 b
P+ itk?=1
Lo2kP=1
k=1
k=41

. a vector of length 5 units in the opposite direction

3
: 5
18 =i 21 §

uey b If  is the angle between u and v then
—4 4 cosf = =
=2 )of 3 [ ¥]
1 —2 8
=—4(~1) +2(3) + 1(—2) Y/ e 12, /(~1)2 + 82 + (—2)2
~ VRlyid
# =2 62.2°
—2+2 145 —3-—1
( F ] * . ) or (0,3, —2).
2 2 2 D(1,—4,3)
1 3
o ﬁ‘l_ﬁ: (—7) IT/_[_C’= (—6) GA=3.2)
5 4
. . A(=2,1,-3)
. MDeMC = IWHMC[COSG M B(2,5,—1)
‘ 3+42+20:\/1+49+25\/9+'36+16cose b
65 = \/T_Ev/ﬁcosﬁ C
0~ 16.1°
8
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the vectors n(5i 4+ 4j + 3k), n#£0 are perpendicular to the plane.

However, we require the vector to have length 10.

/(Bn)? + (4n)? + (3n)% = 10
95n? + 16n2 4+ 9n? = 100

50n2 = 100
n? =2
n=+v2 the possible vectors are +4/2

b Arca of triangle ABC = £ [5i 4 4j + 3K

4/ 5% + 42 + 37

1

2
~ 1V
22

units?

— —2 — 1 — -1
¢ h—a=AB= 1 c—a=AC=| —2 d—a=AD= 2
2 1 k—1

(b—a)e(c—a)x (d—a)
-2 1 2
1 -2 1
-1 2 k-1

1
=1

1 1
-1 k-1

—2 1
2 k-1

' = =B =4 +2

=f2(—2k+2—2)f(k—1+1}+2(2—2)
=4k —k
=3k

A, B, C and D are coplanar when 3k =20

(@-tit+12+t(E+1)=0
ot — 12+ 12+t +t=0

| - 3t+12=0

\ L i——4

L on = 5
Now KM.LM:(—Q)O(_S)
o —4

=0
[KM] and [LM] are perpendicular
triangle KLM is right angled at M.

5

3

| il | 2—1 t - —2
— — —
| 12 a 3 ® 4 =0 b KL= 1 |, KM=| —2 |, LM
t t+41 3 -1

, 2 1
— —
11 a AB= 1 |, AC=1| —2
2 1
i ok . ~
e i o 6 Bl Mo 2 2 1 g 5i+ 4§+ 3K
A 1 4 1 -2

= —2(5) — 2(-3) —1(-4)

EXERCISE 15A.1

T 71
..‘_r Eod 3 l | ‘—]
—t— 22 T
ol —4 P 7w
L] ) £ L
|| ] s
24 |
3l 4 ]
i .
¥ j
22 —w

=2(1+2i) — (3—1)
=2+44i—3+4

—1+5¢

32+%z1
= (2430 + La— g
=24 34901,
2
et

w
S I 3\z—w
K N/
-
Z 4w 1
=(1+2)+ 31 L .
=444 avs
=(1+2i)— (3—4)
=243
d ] oA
Mg :{3‘i)—3(1+2i)
=3-i-3-6i
= :_71
w—3z
V1| ]
. .
B
2
z1 42t
=441
4
zp+ 4
"ﬁ 2
==
e, el
4
b
2
_A—i4d
B
=4-1;




