Mathematics SL (2nd edn), Chapter 19
DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

fh'(m) — e:z
F(z) >0 forala
+

- - I

Ff(z) is concave up for all x

e Since a local minimum exists at (0, 1),
flz) =1 forall z
e*—x =1

5
=
e zax+1 forall o

f(z) = In(e” +3)

@) =2

ik

a f(z)=wx+Inz is defined when z >0

1 4+ 1

f(m)=1n{(i*;i3]
=In(z+2)* —Inz
=3In(z+2)—Inz
R T
P= ez
3z —(z+2)
T z(z+2)
_ 2z-—12
T z(z42)

b f'(z) =1+ — = —— which has sign diagram:
z %

f(z) is increasing for all = > 0.

1
f"(z) = ——; which has sign diagram:
@

f(z) is concave down for all z > 0.

47

d f()=1+In(1) =1
(1, 1) is the peint of contact.
1+1
fy ===
the tangent at = = 1 has gradient 2,

2

so the normal has gradient —2
y—1 _

A _1
z—1 4

the normal has equation

2y—2=—-z+1

z+2y=3

7 Let the coordinates of B be (z, 0), so the coordinates of A are (z, e—2%).

the area OBAC is A = ze 2°
dA

— = (1)e™?* + z(—2e"?*) {product rule}

dx
=e (1 — 2x)
. 1—2x
- e2a

So, the maximum area occurs when = = % and y=-e

the coordinates of A are (%, é)

and has sign diagram:

_2(%) — e,—l =

Chapter 20

DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

EXERCISE 20A Iumss

y = sin(2x)

% = cos(2x) di;(Qw)
= 2cos(2x)

= cos(3x) —sinz
= —sin(3z) x 3 —cosz

= —3sin{3z) — cosx

cos(3 — 2x)
—sin(3 — 2z) x -2

2sin(3 — 2z)

sin (%) —3dcosx

% cos (%) + 3sinz

= 4sinz — cos(2z)
= 4dcosx +sin(2x) x 2
x

= dcosz + 2sin(2z)

y =z +cosz
dy

—= =2z —sinz

dx
y=ec"cosx

d;
Y —emcosz+ e*(—sinz)
dx

—e®cosz —esinz
y = In(sinx)
dy cosx

dz sinx
y = sin(3x)
dy

g 3 cos(3xz)

y =sinz + cosz

Y :
— —cosz —sinz

dx

y = sin(x + 1)
% = cos(z + 1) %(m +1)
= lcos(z + 1)
= cos(z + 1)
y = tan(5z)
d
_'_y_ e ; %
dr  cos?(5z)
_ 5
 cos?(5x)

5

y = 3tan(wx)
d 1
o3 ——x
dx cos? (mz)
3

T Cos? (mz)

kis

y =tanzr — 3sinxs

d 1
o — 3cosz

dr cos?zm
y=—e "sinx
dy

—e ®sinz +e *cosz
dx

y=e¢*Ttanz

eZcL’

dy 5
— =2e*"t =+
dx e cos?x

y = cos(%)
4y
dx

= —% sin(£)
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= 3tan(2 i Y = LCOST } d ) 2 |
I‘ i y an(2z) ! dJ 5 a If y=sin(2z +3), then d—z = 2cos(2z 4 3) and :?:Z = —4sin(2z + 3)
E:sz —gzlx.cosm—i—x(—sinx) &y
dz  cos?(2z) dx ——5 T4y = —4sin(2z + 3) + 4sin(2z 4+ 3) = 0
) 8 =cosz —xsinx dx ' |
: :_—cosz(2$) b If y=2sinz+ 3cosx, then ¥ =2cosz — 3sinz and Y'=—2sinz — 3cosz
i sinz y”+y:*QSinﬂ:ﬁSCosm+2sinm—|—3cosa::D
‘ k == 1 y=xtanz = ST . dy  (—sinz)(1 +sinz) — cosz(cos )
dy 1+sinaz ode (1+sina)?
s — =1xtanz+ =z X
— 1
| dy _ (cosz)(a) —sinz x dx cos? —sinz —sin?z — cos? ¢
‘ dz x? = =
il : = tanz + (1+sinz)
_ mcosz —sing cos? x —1 —sinz
= CL'_Z ‘:m {S'lex-f—COSz.'E:l}
3 a y = sin(z?) b y = cos (vaz) = cos(x?) __(+sinz)
P d 3 i (1 + sinx)?
;% = 2z cos(x?) ﬁ = —sin(xé) % %a: : |
1 e——
- sin(+/2) . 1+sing
vz Since m never equals 0, there are no horizontal tangents.
_ ®
» ¢ y = v/cosa = (cosz)? d y=sin®z = (sinz)?
|
dy 4 =% ; @_ : =sinx iq: b = : @— L
a*E(COS"B) 7 x (—sinz) F7 = 2sinzcosz Y FE i = Vodz T costx
. dy
sinw = d 1 '
_ When z2=0, = =cosO0=1 Wh = L (9 = ‘
f: 2. /cos dz 8 o z=0, dz  cos20 } |
; . . i ¥y— —
v e y = cos® & = (cosz)® f y = cos z sin (2z) the tangent has equation =0 1 <. the tangent has equation ~ ([)] = |
= \
d: ) =
|‘ Ey— = 3cos® z x (—sinz) % = (- sinz)sin (2z) 4 cos (2 cos (2z)) o y=z o y==z |
2 ™ :
. . ; d
J = —3sinzcos® = —sinzsin (2z) 4 2 cos z cos (2z) Yy =cosz d_y = —sinz d Y= ———— = (sin (2z)) ! \
b i 5 T sin(2z)
| g y = cos(cos ) h y = cos™(4x) = (cos (4z)) . 3 y |
[ dy dy . . When 2 =3, y=¢ — = —1(sin (22)) 2 x 2 cos (2z)
N — = —sin{cosz) X (—sinz) —— = 3(cos(4z))* x (—4sin (4z)) dy 4z |
din : dx o and T =—sinf =-4 2cos (2z) | |I
e : = —12sin(4x) cos” (4x o I
! sin z sin(cos z) . (dax) (4z) So, the normal has gradient 2, (sin (2a))2 | i
. -1
i y=—— = (sinz) i y= = (cos (27)) . When z=2, y=1 '
) Sing cos(2z) and its equation is £ 2 =2 * djl 2cos |
. W leng—2 . dy S s =3 0, SRR
= (sinz) ™ x cosz = —1(cos (2z)) 2 x (—2sin (2z)) I S dx (sin %)2 !
_ c.OS2 x 9 sin(22) 2 i the gradient of the normal is undefined, ‘ ,
sin? x =M 2$—y:§—§ s0 the normal is r=I
\
2 _ i 8 -3 '
k Yy = —— = 2(sin (2)) 2 I y=——" =8[tan ()] d = 9.3+ 6.8 cos(0.507¢) m a When t=8 % ~a73150
sin?(2z) tan? (5) dd =
d e : . the tide is rising. ‘
oy _ —4(sin(22)) =% x 2 cos(2z) dy _ g [tan (ﬁ)] =t iy s o 6.8 sin(0.507¢) x 0.507 g o
T dz 2 2% ndd (.;-.) = AT LB b When ¢ =8, the tide is rising at the ('
8 cos(2z) e sin(0. ) rate of 2.73 m per hour, |
T sin®(22) - 12 |
" cos? (2) tant (2) . 8 a V(t) = 340sin(100xt) b When V(t) is a maximum, J
_ V'(t) = 340 cos{100mt) % 1007 _ V'(t) must be 0 units per second. ‘ ;
% a f(z) = 2sin® % — 3sinx b f"(z) = —3(—sinz % cos 2z | = 340007 cos(1007¢) \
' = 2(sinz)® — 3sinz oo L-AEnag When #=0.01

"(z) = 2 % 3(si A —3cosz = 3sinz cos 2z + 6 cos zsin 2z
‘ “ L =-3 C?;(:;fzfl QSSEE) V7(0.01) = 340007 x cos

\ ‘ 3cos xcos 2z = —34 0007 units per second |
| =—
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9 a The distance from A(—x, 0) to P(cost, sint) is fixed at 2 m.
0]
cost = TQ =00Q
(cost +x)® +sin® t = 2% {Pythagoras in triangle APQ}
(cost +x)* =4 —sin®t
4 cost = +4/4 —sin?t
since ¢ >0, ==+4—sin?t— cost
b Now % = 2(4 — sin® t)fﬁ (—2sintcost) +sint
—sintcost B
= —————— +8int
4 —sin?t
i When t =0, ii When t=2Z, fii When t = 27,
Mif=10 dnd cogf =1 sint =1 and cost =0 sint = ~2 and cost =1
dx
L/, V3
dt_0+0 ) f;—()Jr&m— . ﬁ:_TS(_% [{3_
= =i o 3
=0 ms — 1 ms? dt = 2
a2 1.11 ms™*
10 a If f(r)=sinz then f'(z)=cosz Yy
Stationary points occur when f/(x) =0, m‘z;’;_rl Hll‘;x
which is when z = I, & A

Sign dlagram for f* (:r) is:

Tz
| | l \ 1 /+ | T
o 7 o | Jir
0 2 ? 9 (&, -1)
There is a local maximum at (Z tocal i
and a local minimum at (2%, _1).
b If f(z)=cos(2z) then f/(z)= —2sin(22)
f'(z) =0 when —2sin(2z)=0 v
sin (2z) =0 01 (ml) (21
. 14 max. max. max.
2z = kr for any integer k \ /\ /'
ke +— - >
= ? 7-25 T 32—77 2 z
On the domain 0 < =< 2m, f'(z) =0 = -1 (o - y = cos(2z)
when z =0, 7, , §2— and 2. 2min, i

. = + = + v
Sign diagram for f'(x) is

27

0

There are local maxima at (0, 1), (7, 1), (2x, 1) and local minima at (%, —1), (&£, —1).

¢ If f(z)=sin?z then f'(z)= 2sinzcosz = sin (2z) Ly
F{x) =0 when sin(2z)=0 ) (1)
Using b, we know that on the domain 0 < = < 2% \?nax lzn;x ..
=55In"T
f'(x) =0 when =0, Z,m, 3% and 2m ! b
' = —
Sign diagram for f'(z) is: L - - 0.0 (=0) (2m 0) T
AN A Yo o omn  min

FEN/Eave

1), (5, 1)

There are local mimima at (0, 0), (m, 0), (2, 0) and local maxima at (%,

-

e
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d If f(z)=e*"" then J'(w) =e""® x cosz
f'(®) =0 when cosze®®= =
cosz =0 {e"* >0 forall z}
T =T +km, kan integer
On the domain 0 < = < 27, f'(z)=0
when z = Z, 2 ;
Sign diagram for f/(z) is: s ¥ ! toeal thax, (&
i - 9 (2: e)
2
0 2 local min.
! =)
There is a local maximum at (Z;e) - — 7

and a local minimum at (3—275, 3.
=

e If f(z)=sin(2z) + 2cosz then f'(x) = 2cos(2x) — 2sinw

f’(-ﬁ) =0 when 2cos(2z) — 2sinz = 0
2(1 - 2sin®z) — 2sine = 0
—2(2sin* z +sinz — 1) = 0

—2(2sinz — 1)(sinz + 1) =0
when sinz=1 or

On the domain 0 € = < 27, when z — =, 5 3

Sign diagram of f/(z): St

sinz = —1

f(§) =sin(7E) + 2cos(Z)
_ 3
=5 2x gt = 2

F(%F) = sin(X2) + 2 cos(2x)

= f - aa ,
3« ) Vi local max. (2m,2)
f(5) = sin(3m) 4 2 cos(2x) 2 /\ (%’ %ﬁ) ,
e D08 s ! ﬁ:sm(leJrQCOSm
. . e T/ o ®
there is a local maximum at (Z, 39, 3 (5.0)
a local minimum at ( 25 k—ﬁ) (S?Ws *3425) ?;?{;T:SE
and a stationary point of inflection at (&, 0). " local min
x(t) =1 —2cost em a When #=10, b When t=2Z,
1) = 2/ (1) = i
v(t) = 2/(#) = 2sint 2(0) =1—2cos0 z(f)=1—

aft) =v'(t) = 2cost =

= —1cm
v(0) = 2sin0 :1-\/§cm
=0cms? “f)=2%=v2cms?
U =12 N 1 s -
O,() COSO_2 a(z]—ﬁk\@cms =
=2cms

The particle is (v/2Z — 1) cm
of the origin, moving right at

V2ems! with increasing speed.

left
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¢ We need to look for the points where the d The particle’s speed is increasing when
velocity equals zero v(t) = 2sint and a(t) = 2cost have
If w(t)=2sint=20 the same sign.
then sinf=20 If a(t)=2cost =0
t=m (0<t<2m) then cost=0
. N ~ _ t=%2 (0<t<2n)
o0 f—t———4 " 5, — L ag
0 o a(t) { s ng [
s g 5
The particle reverses direction when # = . 0 o . ™
At t=m, z(m) =3 cm. the particle’s speed is increasing when
, 0<t< % and m << 2T,
12 y =4de” "sinx
d_'y = —4de “ginz +4de “cosz
dx .
stationary points occur when —4e” ®sinz +4e” " cosz =0
4e”"(cosx —sinz) =0
cost —sinz =0 {e™® >0 forall z}
sinx = cosx
tanz =1
@ =% +km, kan integer
3 i dy e —— _\ | f 1 7\ I f”*' v
Sign diagram of = is: %f/ / x \ %
y =4e Tsinxz  has a maximum when == %.
EXERCISE 20B =
1 Using the cosine rule in ABCO, |
B C BC? = 10% + 107 — 2 x 10 x 10cos @
.\.\'-,. ( BC = 4/200 — 200 cos ¢!
I r"\’ XY = /200 — 200cos @ also
| 10 am, ki 10 o0 Now BY? = BX? + XY? {Pythagoras}
: 400 = BX? + (200 — 200 cos #)
e =y - BX® =200+ 200 cosf
T -~ BX = /200 + 200cos 8
The shaded area is equal to the arca of the sector plus % of the area of BCYX. |
2 3
A= 1(10)*6 + 2[BX x BC]
= 500 + 21/200 + 200 cos /200 — 200 cos § .
=500 + 2 x 2004/1 + cosfy/1 — cos 6
= 506 + 1501/1— cos?
= 500 + 150 sin @ ‘
=50(6 4+ 3sinf) as required
% =50+ 150 cos = 50(1 + 3 cos @),
d =
1 : : dA . | - L Jl 4
which is zero when cosé = i The sign diagram of ] is: ([JO / 109_50\ B

6 =~ 109.5°

Since 0° < @ < 180°, A is maximised when @ a2 109.5°
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a The triangles have height 10 cos 6 and width 10sind.

area A
= area of As -} area of rectangle
=2x 2 x10cos@ % 10sind + 10 x 10cosd
= 100sin # cos @ + 100 cos @
= 100 cos (1 + sin @)

dA i
b = 100(—sin 6(1 +sinf) 4 cosf x cosd)

= 100(— sin # — sin® § + cos? d)

= 100(—sin ¢ —sin* 6 + 1 — sin? g)
= —100(2sin®  + sin @ — 1)

= —100(2sinH — 1)(sin® + 1)

dA

Eﬁ—':O when 2sind —1 =0 or sinf+1=0

sinf = or sinf = —1

K=

dA
7 = T 5 3
¢ Using b, i 0 when 6= =L or b

; ] A -
But 0 <6< %, so the sign diagram for ‘ji_ﬂ is: + - ]
4 T

So, the maximum area occurs when 0 — % = 30° ! 2

PX

?:(:039 PQ = 2PX = 4cos0

. 4
the time taken to row from P to Qs Fos@ hours

Now ¢ =260 {angle at the centre }
But, arc length QR,, = 24

and the time taken to walk from QtoRis %

the total time from P to R, T'= %cos 6+ 45—9

daT
prie 75 sin g + %
dT - P
E7 =0 when —3sinfd = -
. . . T
sing = 3 and the sign diagram of (cii_ﬂ is:
~2 0.6435 radians
6 ~ 36.87° L =
i 36.87°
So the maximum time occurs when 6 & 36.9° 0° °
and the maximum time is £ cos0.6435 + 4 x 0.6435
= 1.581 hours
22 1 hour 34 min 53 s
Y
2
a tanf = — and sincfv':i
'S s n T
cos 2
AX = = d BX =
tand sin @ . sin @ / .
.. L A %
From the similar As, = = X+2 =1+ —2— X A 2m Z

AX AX
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2
L—BX—I—QBX— 2 +2(sin9)
N AX  sinf (2c059)
sin @
. 2 +2( 2 )(sin@)
~ siné sin # 2cos
2 % 2 ired
= as require
cosfl  sinf q
2 2 i ) "1
b Now L= —— = 2(cos8)"' + 2(sind)
cosf  sinf
% = —2(cos8)? x (—sinf) — 2(sin#) > x cosf
__ 2sind _ 2cosf
"~ cos?f  sin?@
_ 2sin?0 — 2cos® @
T sin?fcos2 @
dL ol 5
¢ Now B =0 when 2sin"# —2cos’G =0
2sin® 8 = 2cos® 8
tan®8 =1
tanf =1
since 0 <0 <90° @=45°
. . dL . _ i .
Sign diagram of — is: 8 .. the ladder is shortest when 6 = 45°
, de 7R 1 1
0 90 il mnd e O
cos B sin #
Liin = 2\/§+ 2\/§ = 4\/5 m
. 4
5 cosa = — and sina = —
a b
) 4
4 Loa= 2 and b= —
: cos o sin o
o m
9 Now L=a+b
a 0O
cosa  sina

= 3(cos oz)_l + 4(511101)71

%
do

dL
==

when 3sin®a —4cos®a =0
3sin® o = dcos®

= —3(cosa)? % (—sine) — 4(sina) "% X cosa 0

3sinae  4dcoso

cos?  sina

= .3 - i ks §
:351n o —4dcos” o tansa:%
cos? asin? o
4
tano = i/;
oA 47.74°

-+

v
e NS

L is minimised when o = 47.74 and L =

o dL |
Sign diagram of — is:
dey

3

CO8 ¥ sin

~ 9.87Tm

*
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REVIEW SET 20 it s o s s o o e i

d d
;oA A s B
a = (sin(5z) Inz) = T (sin(5z)) Inz + sin(5x) o (Inx) {product rule}
= bcos(bz) Inz 4 s
&
d d
b - (si = 2 (s in -2
= (sinz cos(2x)) = = (sin ) cos(2z) + sin z - (cos(2z)) {product rule}

= cosz cos(2z) + sinz(—2sin(2z))
= cos cos(2x) — 2sin x sin(2z)

d d
—23 ’ —2x = 2% d
4 T (e tan m) e (e )tdnm—}— e ? = (tanz) {product rule}

eﬁ2a:

=—2¢e tang +

cos? ¢

d .
d T (102 — sin(102)) = 10 — 10.cos(10x)

C 2 () A () e

cos @

d
_ e -1
CORE X ((cesa:) )
=coszT X (7(cosa:')*2 X (— sina:))
cos zsin x

=—— = tanx
cos? x i

d ., d
= (sin{5z) In(2z)) = = {(sin{5z)) In(22) + siu(5x)£ﬂ; (In(2z))  {product rule}

= 5cos(52) In(2z) + sin(5z) x 21
T

= 5cos(bz) In(2z) + sin(6a)
T
(
] dy 1 &
2 y=rxtanz ——:lxtan:r+wx( )
S =t
I dx cos? ¢ an + cos? @
| Now cos%:% and tan I =1 ’ '

dy =
at r=Z, py=2= d == L — z
4 y gz A da 1 (L)2ﬁ1+2

+

V2
. y=4
the equation of the tangent is L-142
T~z %
y—z=0+3)(z-1I)

2
—p_ Ty mg @2
4 T g® g

y:(lJr%)m—i;i
2y:(2+ﬂ)ay.ﬁ%2

24+mz—2y= "Tz as required

3 a f(z) = 3sine — 4cos(2z) | |
F'{(x) = 3cosz + 8sin(2x)
f"(z) = —3sinz + 16 cos(2z) "
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b F(z) =2 cos(4x)
filz) = %m_% cos(4r) + z3 (—4sin{4x))  {product rule}
= %:r_% cos(4z) — 4x3 sin(4x)

and f"(z) = —imfg cos(4dx) + %m_%(fflsin(llm)) - {meé sin(4z) +4zE x 4 cos(4x)
= f%;w_% cos(4dx) — dz7% sin{4x) — 1623 cos(4dx)
z(0) = 3 cm

v(0) =2 cms™*
a(0) = 0 cms~?

a z(t)=3+sin(2t) cm, t=0s
v(t) = z'(¢) = 0+ 2 cos(2t) cms™*
a(t) =v'(t) = —4sin(2t) cms ™2

initially the particle is 3 cm right of O, moving right at a speed of 2 ems—?',

b 2/(t) =0 when Z2cos(2t)=0

0,1
cos(2t) =0 04
=% +kn
For the interval 0 < £ <, tz% or 3—4’5
+ - + il
g . L
0 & ¢ T
the particle reverses direction at ¢ = %, &x
¢ «(0)=3 @(%)=3+sin () =4
e(&) =3+sin () =3-1=2 - e -
A 2 ’ N 0 234
z(m) =3 +sin(27) = 3
the total distance travelled = 1+ 2+ 1 =4 cm.
a f(r)=+/cosz, 0< < 2r b f(s:):('cosm)‘]?

f(a:) %s meaningful when Tcos:r; =0, 5 ) = %(cos m)f% {sisifrzn]
which is when 0 < 2 < =
and AF <2 2

—sinx
2\/cos®
f'(x)=0 when —sinz=20
For 0 < = < 2, this is when = =0, 7, 27.

4 Yy Sign diagram for f/(z) is:
! f(w)vcosm/ = P+
; T sm i
i ; :c e 2 2 2
- l T T am 2 )
2 8 flx) is increasing for & <@ < 27
and decreasing for 0 < o < %
a s(t) = 30 4 cos(nt) cm, t =0
v(t) = §'(t) = —wsin(wt)
8o, »(0)=0cms™", v(3)=—mems™", Sign diagram of »(¢) is:
"U(l):GCIT'l 5717 U(%):ﬂ-cm Sil, I S R O S T SR
0(2) =0cms! 0 1 2 3

b The cork is falling when w(t)

0, whichisfor 0<t<1, 2<¢<3, ...
the cork is falling for 2n }

=
<t<2m+1, ne{0,1,23, ..
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7 a sinfl = Efi = l
T o
1
2 o2
P sin” @
V8 cosf
atA, = —C;—S = +/8cosfsin? g
z
dl C e ;
b o V/8(—sinf) sin? 0 + /8 cos 9(2sinf cosb)
= V8sinf[2cos? A — sin? 8]
= V8sinf[2(1 — sin® §) — sin? f]
= V8sinf[2 — 3sin? 4]
dr
-5 =0 when sinB:\/g,0<9<g L _
}7%’ 8
and the sign diagram of ﬂ is: 0 I
0 ;
the maximum illumination at A is obtained when sinf = % Sjnkl(\/é—)
PECIL \/E
sinf %
=S NAZ2 — . /3 _ 4 _ 1
the bulb is % m above the floor.
8 a y=—— = (sinz)~! When ¢ = = = L B
] sinx 50 Y sin(%) 3
9y _ e =
7 (sine) *(cosx) il dy _ cos( %) _ 2 _ 3
_ _ cosz da sin®(Z) (¥2)2 3
sin? z ’
i
( : V3 9 ERT =
the tangent has equation P =—% whichis 3y —2v3=—20+ 33—
or 2m+3y=2\/§+2§l
b y = cos(%) When z=Z, 3= cos( ) = %
dy 1
SY 1w d;
= sin(Z v o_ in(=
de 3 sin(§) and E:ﬁ%sln(z):—ﬁ
S
the normal has gradient 2+/2, and its cquation is v = =2v2
s
2
Yy — 12 = 2v2z — /3
e —e i /
y— 22 = = ™/2
or ﬁyu!—lm: 1—2m
9 a flz) = —10sin2zcos2e, 0<z<

J(z) = —5sindz  {2sin Acos A = sin 24}

b F(z) = —20 cos 4z

If f'(z)=0, —20cosdz =0
cosdx = 0
dr = nmw, nany inleger

1=
53

ki I

& 1
So, for the domain 0 < & <7, m= §=

8T8 ®




