d -
1 a i —(z*) = 2z fi
dx
d (1 a9\ _
the antiderivative of @ is Zz?
fi i(:(:6) = 6z° iv
dx
d i 6 S o
the antiderivative of 2% is %mﬁ
d 5 4 5
v —(x™") = =3z vi
dm( )
d 1—8Y _ -4
4 () s
the antiderivative of 2= is —%x‘s
d, 1 S ¢
Wil —i2 = w2
dm( ) #
_1
2

L L
the antiderivative of of ™% is 22% = 2/z

,fj;n+1'
b the antiderivative of ™ is
n+1
d . .
2 a i — (e**) = 2&™" ii
dx
d 1Pk 2m
a (56 ) = e
the antiderivative of e2® is L7
d lx 3k 3
iii —(e? = 1e2® v
—d— (QE%S) = e]ﬁm
dx
foo 2 1
the antiderivative of e2® is 2ez”
d .
v —(e™®) = me™” vi
dx
d 1 Tz _ 7x
E (;e ) = e

the antiderivative of €™ is +e™®

I
b the antiderivative of e is Ee“

i V8

the antiderivative of #* is a°
d .

S =
dz

d _

()=
dx

the antiderivative of &~

_1 1
—x or ——

T
- (=)
.——E —
dx
(o)
i
3

1, .
the antiderivative of z% is 1@

2 is

e
=

@ i

T

Wk

4
3

d . sa 5

— (") = be’"

5 (e7%)

d

il (leﬁm) — e5:E 1
dx P

the antiderivative of e3® is e |

di{ea'mm) = 0.01>®
XL

di(lOOeO.Dlm) — 80>01E
X

: . X 5 .01
- the antiderivative of 0-01® is 100e”%*

& . Z
the antiderivative of e? is 3e3

------IIIIIIIIIIIIII‘
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EXERCISE2'B =~

d
a 5(33+$2):3m2+21 b

% (2:133 + 29;2) = 6z% + 4z

the antiderivative of 6z2 - 4z
is 2x3 + 2x2

8
b=
(=%

d
€ a((z\/g) = El%(:r%) e

d 2
% (Fove) = v

N oz
the antiderivative of /z is STy/T

S

(S0 SR 2]

a [*f(z)ds=F(a) — Fa) =0
f: f(z) da = area of the strip between
z=a and z=a.
This strip has 0 width, so its area = 0.

d_i(eBm+1) — e+l

i'l_ (le““) — gletl

dx 4

the antiderivative of e3@+1 ig 1edetl

d
5((2::: +1)*) =422 +1)® x 2
=8(2z +1)?
d
o (3@z+ 1Y) = (20 +1)°
the antiderivative of (2z + 1) is 12z +1)*

b The antiderivative of ¢ is caz.

ff cdx = F(b) — F(a)
=cb—ca
=c(b—a)

d
If = F(z) = f(z) then
d
= clF(z) =c f(z)
[ e fla) dv = c P(b) — ¢ F(a)
= c[F(b) — F(a)]
= cf: f(z) dz

< [ flz) de = F(a) — F(b) d
= —[F(b) - F(a)]
== [, f(a)do
e [1(f(@)+g(x)) dz = [F(b) + G(b)] - [F(a) + C(a)]

= [F(b) = F(a)] + [G(b) - G(a)]

= [ (@) de + [*g(x) da

4
f(z) =* has antiderivative F(z) = %

I
a:ea:fo =% dax

= F(1) — F(0)
-0

ES S )

= L units®
¢ f(x) =2 + 32 + 2 has antiderivative d

3 32

F o e
(z) 3+ 5 + 2z

area = [*(z® + 3z 4 2) dx
= F(3) - F(1)
=F+T+0-G+2+2

= 24% units?

4
b f(z) =2* has antiderivative F(z) = z
4

2
area = fl x® dx

= F(2) — F(1)

flzy=+z= z% has antiderivative
3
xr2

area = fuz Vz dx
= F(2) — F(0)
=2x 242 -0
= 433/—5 units®
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1 1 o iii v o 2 2
e f(z)=c" has antiderivative F(z) = e* fflx)= _\/—_m_ — ¢~ 2 has antiderivative f,z 3z dz f_z 3z dzx d fu (ﬁ1 V- :r_2) da = fn VI d
area = [° e® da " Now f(z) =3z has antiderivative ~ Now f(z) = vI—a? is the top half of a 1
N xr 5 . . .
= F(1.5) — F(0) Fla)=1= 2/ F(z) = 252 circle with radius 2 units and centre (0, 0).
2 0
“oet i J2, 30 de =~ (F(0) - F(-2) b
- area = |, v - S T
72 3.48 unit52 e F(4) _ F(l) - 5 2
o =2v4 - 2v1
' N = 2 4 222 + Tz 4+ 4 has antiderivative i
g fiz) 334+ T 3+ $7+2 ) ol T
T 2 x
- 4 —— 4 —+ 4z |
F(x) 1 + 3 = 5 ) . -
: - 5
area = fl1.25 (w3 + 2$2 + Tx -+ 4) d$ ‘
= F(1.25) — F(1)
=[12.38118 — 8.416 67 f; (_ — mZ) e J:)Z T
~ 3 4 v/
e T8 = —(shaded area)
{ Y =3z
’ 3 3  Using technology: | _ ﬁi —
4 i a2
| ' a area = L)L5 e*” dz 2 4.06 units® b area = f2 (Inz)* dar ~= 2.41 units The shaded region has area 6 units2. =-m
‘.: d € area:fl2 9 — 22 dx = 2.58 units?
| Tl EXERCISE 21C.1
d :
’ 5 a f E({ F(z) = f(xz) then = (—F(z)) = —f(z) Ny )
| i 1 If y=27 then —£ =7g8 2 If y=a®+a? then ¥ _ 342
= el AR +2
[ —f@) do=—F(b) = (-F(a)) [ k= X z
i ¢ T — -
| = —(F(b) — F(a)) T=a' +c j‘(sz 4 00l gl 2 S g
J | ; 6 T
i 8 '?'fa: dr=z" 4+ e
1 = — (" f(z) da
\‘. - a . _ f:csda::%mTJrc
Q b Since y = —f(z) is areflection of y = f(z) in ‘\1 ¥ )
‘ j the z-axis, o y=—F(z) 3 If y=eetl phen d_y — ge2atl % If y= (204 1)
' shaded area = area between the z-axis and y = —f(x) E : - f B = 2;;-%1 Py
from z=a to z=b ——e 0 —z N ¢ e Y e then == =4(2z 1 1)° x 2 = §(2z + 1)°
= [} (=f(@) dx Y e c
1 S ] - y=f(z) s [erttdg = Ledatly g s f8Er41)%de = 20+ 1) 4
= — a
fa f(m) T {uSing /‘L 8f(2$+1)3 doe = (2$+1)4+C1
5 i (2$.+1)3 dx:l{2m+1 Tl |
t ¢ 1 [l(-2?)do=—[] 2 do i [Ha?—2)do=— [ (z—a*) dz F 1 ) |
Now f(z)=a" has antiderivative {#* —2 <0 forall @€ [0, 1]} 5 If y=gvE=a3 & By s
= g2 tiderivative | Vz
| Flz) = %;{;3 Now f(z) ==z —a® has antiderivativ l then .d_y = Bk 3 ™ s . ¥ |
| 1 F(z) = 12 — La° de ? 2 then ¥ _ _1,-2_
: o fy (—e?) de = —(F(1) - F(0)) 2 3 , do 2 22T :
| =-(5-0) o [N@? - w) de = — (F(1) = F(0)) s fRVEd=aEta o ¥ 1 I
‘ | -2 v =-(3-1-0-9) s VEd=avite c ) TR \eE) B st |

3
The shaded region
has area % units?.

=3 o [VEde=2ava e

The shaded region

L ymits®. 1
has area £ un /_ d$=_1+c
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7 If y=cos2z
dy .
then — = —2sin2z
dz

f —2sin2zdr = cos2x + oy
-2 f sin 2z dxr = cos 2z + ¢
f sin 2z dr = —-%COS.‘ZZR +c

9 Suppose F(x) is the antiderivative of f(z)

] If y=sin(l—5xz)
then dv _ —5cos(1l — ba)
dx
f,5 cos(l — dz) de = sin(l — 5x) + ¢y
—5 fcos(l —ba)de = sin(l — 5z) + ¢
fcos(l —bx)dr = —é sin(1 — bz) + ¢

10 y=+vI—dz = (1 —4z)2

and G(z) is the antiderivative of g(z). % _1a- 4m)7%(ﬁ4)
d T
&5 Fle) + Glm)) = flz) + a(x) =2
; T V1 iz
[[f(@) +g(=)] d= _9
= F(z)+G(z) +¢c ]ﬁd$=v1—4m+cl
= (F(z) +c1) + (G(z) + ¢2) 1
—2 ——dz=+1—-4
:ff(:r)d:c—l—fg(m)d;r f\/ﬁf} =/ &=
1
— dr—-14/T—12
d 2 28 —3 /Vl_‘lw ’ 2 whe
—(1 — e P
11 dm(n{f) 3z +17%)) 532120
Now 5 — 3z +z? >0 forall z,
as a>0 and A=—-11<0.
20— 3 5
‘ /de:ln(s*?)ﬂ!}%*m)Jrcl
4
. /%dw-?]n@ 3z +2%) + ¢
EXERCISE 21C€.2 s iar i iin il ey TR s an i e A s i s S S
1
1 a f(a:4—a:2—:r+2')d:r b f{ﬁ-{-e“")dm € /(38""’#;) da
1 .
i =3’ — 32 — e+ 2+ = [ (&% + e*) do =3e"—Inr+e x>0
a:i -
=5 + e 4¢
| 2
=235 +e"+ec

¢ [EEDe
[

g /(m2+%) dx

= %-$3+3111m+c, z >0

f( )dm i [(Re®—at 4 od)da
4 5 4
4 A EY_E e
e
o =dgt +3z3 +¢
= — +4lnz+¢, >0
)
. +4lnx 4+ >0
=—— ne+c ¢
VE
h /(2w+ﬂf fe)dw
:%111:5—}— —e*+¢ z>0

S .
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N (e
x

d f(a:z\/i-l()sinm) i e f(fqucosw) dx f f(—sinm+2\/5) dx

d /(14) w e

; at
:5@3+%I—4]nm+c, >0

=be"+ 2o —dlnz+e z>0

[(3sine — 2) da b

= —3cosx — 2z ¢

f(4m —2cosz) dz ]

=222 —2sinz +e

f(sinm —2cosw + %) dx

= —cosx —2sinz+e® +¢

3

5 .
7f(m72 — 10sinz) dz f(mz . N . :f(—sinm+2x%)dm
o I — — — — +cosxz | dr
=z2? +10cosz + ¢ 3 3 :cosa:+§m%+c
_ 2.3 . a 2
=2z \/E+10cosm+c :%-—FJrsin:r—{-c :Cgstr%m\_/;EJrc

f(a:2+3z_2)d:c € ](26”-;%) dax

3 32
= [(2e* —22) dz

=—=+—=284+¢ _ %
3 2 :/(wéfm*%) dx ’
-1

. B

a 1 — 2% _

i i — +c
:———g __1 +C 1

2 2

% =2+ - 4c

2 2 L. T

=3x2 — 277 ¢

f(2z+ 1) dz
= f(4a:2+4z_+ 1) de

1 4
= e —— | 3 2
/(m\/‘% \/E> =%+4—;—+z+c

:§w3+2$2+w+c

. _
f /_—:c +$_3d$
£
f(a:+1;a) A
€T

22
:?+$—3]nz+c, z >0

h 2 _dx+ 10
z2/x

f( 4z 10 P |
PVE i ) ©

a 1
_ 2x3 T2 i 5
=g Tt f(_ﬁféla: 2410z E)dw.
4 2 X L =2
:5:1:2-2;132 + ¢ _xzz 4dr™ 2 102~ 2
=g = —z t¢
2 2
|
f(erl)s da = 233 +827F — 2?03:_% +ec

= [(z®+322 + 32+ 1) du
=tet 4o’ + 322 pate
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1
5 a f(ﬁ-}-%cos:r)dm b f(2e*—4sint)dt < f(?;cost—;) dt
= [(a? + L cosz) da =2¢’ +dcost +c =3sint—Int+e >0
zgm%-ﬁ-%sinm-o-c
d: d d
5 a _y=6 b —y=4:c2 € —y:5\/5—:n2:5$%—m2
dx dx dx
y= [6dx y= [42* dz y= [(52% —2?) dx
y=6x+c y:§m3—i—c y:ls—og,;%—%ms—}—c
d 1 d d
d -—E:-——_-::m_2 e —y:26375 f —2=43+3$2
de 2 dz dx
y=fa:*2d:[: y:f(Qeme'))dm y:f(4m3+3:n2)dm
21 y=2e® -5zt 4z% 33
y= ) +6 =72 4z 3 +e
y=71+c y=az*+x¥ ¢
T
6 a Z=(1-2 b E=vE-=
dx ( ) dx v VT
y:f(1—2m)2 dx =ﬂ;:% —25*%
_ _ 2
_f(l 4z +42%) dz y=f($%—2$ 2)de
. 4x? 4$3+
= = = — [ T2 2x2
23 =gt
—w72w2+%m3+c 2 2
3 B o
:3502—4:0-2 +c
¢ dy x2 4+ 22— 5
dr z2
=142z 1 —5z~2 .
y=[(1+2z"t - 5z~2) dx
-1
:3:+2]na:751:1 +i w2 >0
5
=z+2lnz+—+¢ >0
T
7 a fliiz)=2*—-52+3 b F{z) = 2/x(1 — 3z)

=z — 5:1:%" +3
@)= [(® —5a? +3) de

3
:imd‘—%mz +3z+c¢

¢ F@)=%-2
T

flz) = l/(SeI - 3) dz

=3e" —4dlnz+c >0

= 2g3% — 6&3%
2&'2% 6:1:%
=~

2

FTe
2

e
et

+ec

ol

12
rz — ?:.U

e
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a fllz) =22 —1
flz) = f(2m —1)dz
2272
:—2—7:13+c
=z _z+4e¢
But f(0)=3, so0 0—04c=
o=
flzg)=2>—-z+3
; f’(:c):em+\%:em+$7%
f(x):f(e‘"‘—}-zk%) dx
:em+2w%+c
But f(1)=1, so e'4+2+4c=1
c=—-1—¢

fle)=e"+2/2-1—¢

a f(z) =2 —4dcosz
flz) = f(2:2 —4cosz) dx
= %3 —dsinz +¢
But f(0)=3
0—4sin(0)+c=3
€ =3

8 :
flx) = Y —4dsinxz + 3

b

d

b

a Given: f"(z)=20+1, f(1)=3, f(2)=7

oo fliz) = f(2x + 1) da

_2m2+
=3 T+ c

=z +z+c
But f{1)=3 so 1+14+¢=3
e=1

flle) =2 +z2+1

Then f(z) = f(m2 +a+1)de

3
—?Jr?-l-ﬂ:Jrk
But f(2)=7 so f+2424k=7
k=7-4-2
k=~;;

Fl(z) = 32 + 22
f(z) = [(32% + 22) dx
_3¢3+2m2
5 g Tt
=242 +¢
But f(2)=5, so 8+4}e=5
c=—-7

fl@)=a2+2> -7

Flg) =2~ % =z — 272
Flz) :f(mflr*%) dz
z? 22
=3 I te

2
:%I2—4\/E+C
But f(1)=2, so f-4+4+c=2
1

flz) = 32" — 4w+ 2

f'(z) =2cosz — 3sinz
flz) = f(2cosx — 3sing) dz
= 2sinz + 3cosx + ¢
But f(3) =L

2sin£ +3cos%+c:%
2075) +3(Z5) +e= %
B |
T |
6= —2v2 ' '

f(z) = 2sinz + 3cosz — 24/2 ‘ |

HORS S L
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3
iven:  f"(x) = S ) =12, f(0)=5
b Given: f"(z) 15\/5+ﬁ (1) f(0)
Now f"(z) = 1527 + 3z~ 3 Y= 1023 + 622 — 4
3 1 a 1
15z2  3z? flz) = [(1022 + 622 —4)dx
i fi(z)= i e . f 5 3
: 2 10z2 6
3 i = -—Ogi Z32 ——4m+k
=10z=z + 622 +c 2 2
But f’(l)_:lQ so 104+6+4+c=12 :4m%+4ﬂ:%74m+k
Toe=—4 But f(0)=5 so k=5
f(z) =425 + 423 — 4z +5
l ¢ Given: f"(z)=cosz, f(£)=0 and f(0)=3
! Now f'(z) =fcosa:dm:sinm+c So, f(z):f(sinm_l)dm
1o e = = — — k
But f(£)=0 so sin(Z)+e=0 cos — @ +
L ec=-—1 But f(0)=3 so —cos0—0+4+k=3
! f'(z) =sinz — 1 14 k=13
£ k=4
k So, f(z) = —cosz—z+4
1
d d Given: f”(z) =2z andthat (1,0) and (0, 5) lie on the curve
c | , 222 5
| Now f(m):medz:T—i-c:w +ec
i ms
K] f(m):f(:cz—i—c)dm:?-l—cm—#k
_ But f(0)=5 so 0+0+%k=5 andso k=5
L and f(1)=0 so 2+c+5=0 andso c=-53
',. Fla) = %wa—%m—{—f)
\
g EXERCISE 21D S B e eie o i R o v g el e P N o 1
I
E 1 2 5)%d b L d (4 1 dx
= 5
8 [@etE) da (3 — 222 2z - 1)
L, (2z+5)* i
=g Xt = [(3—22)% du =[4@z-1)"" do
— -1 -3
‘ =32z +5)" +c :}zx@——i—c :4(%)><—(2m_31) +ec
1
| B S -
‘ . 2(3 — 2z) 3@ _1p +e
‘ d [(4x —3)7 da e JVBz =4 dx f - dz
, V1 -5z
—3)8 = [(3z—4)2 d
| IR fiar - s B Sl
‘ . 83 N L ' L sah
e =i =S TS — 2
‘ = glm-af e 42 = 10(2) x S22 e

2

=—4v1—-5x+¢

—2(3z—4)% 4o
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*

g f3(1—a:)4d:c
—Sf(l—cc)‘idm
1 (1—=)?°
3(=5) x = +ec
=-2(1 -2)°+¢

a f sin (3z) dx

= —21cos(3z) + ¢

€ fScos (%) dx
= 6sin (%) +ec
e f25in(2a:+§) dx

:—%cos(2m+%)+c
=—cos(2zr+ L) 4e¢
g fcos (2z) + sin (22) da

= %sin (2x) — -;w cos (2z) + ¢

f (% cos (8z) — 3sin$) dz
= 3(3)sin(8z) + 3cosz + ¢

= = sin (82) + 3cosz + ¢

a —dz :\/Qm—7:(2a:77)%
3
(22 —-T)2
y:%X‘(mT)z—*f-C

2

=1@2z-ni+¢

b f(x) has gradient function fi(x) =

Fle) ey L=

=-8v1—z+

1
2
C

Now f(—8)=5—8,/1—(—8)=5-— 8(3) = —19, so the point is (—8, —19).

a f cos® z dx

=[(:+ 3 cos (2z)) dx

:%m-!—isin(fza:)—f-c

4
h —dz
/\/3—4m ’
= f4(3—4$)—% dx

(3 —dz)3
1

2
=-2vV3—-dz+e¢

= 4(L) x

b [ 2cos (—4z) + 1 dz
=2x (L)sin(—4z) +z + ¢
=—sin(—4dz) +z+c
d J(3sin (22) — e=®) dz
=—-2cos(2m)+e " +¢
f J —3cos(Z —z) dr .
=-3x (~1)sin(Z — ) +c
=3sin (2 —z) +e
h J 2sin (3z) + 5 cos (4z) dz
= —2 cos(3z) + Zsin (4z) + ¢

But gy =11 when z =8 Uil
116 -7)% tc=11
127 +e=11
94+c=11 andso ec=2
y=1(22-7)% 12

4 L l
—4(1—z)"3
Ji—s  Hl-eE
+ec But y=-11 when == -3 |
—8y/1 —(—3)+e=—11
=8Vt e=-11
—16+¢c=—11 andso c=5

flz)y=5-8V1—z

b fsinz T dx
= f(% — 1 cos (2z)) da

=T — Tsin(2z) +e
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c f(l+cosz{_2m)) dz d I(S—Sim2 (3x)) dx
— S N d
= [(1+ £+ 3 cos(42)) dz = [(3—(3 — % cos(62))) dz
) 5= 541 da
= [(2 + L cos(42)) dz = [(5 + $ cos (6x)) du
=24 Lsin(6z) +ec
= %m+%sin(4m)+c 2 =
e ficos2 (4z) d= f f(l +cosz)? dx
: 2
:f%(—;—+%cos(8:ﬂ)) da :f(lJchos:r—i—cos z) dz
1.1 d
:f(lqticos(Sx))da: :f(1+2(:osx+2+2cos(2z)) T
‘ a 1
= [{2+2 + = cos(2x)) dx
=1iz4+ Zsin(8z) +c f(z+ C(’”lzi ( )
=32z 4 2sine+ ;sin(2z) +¢
5 a  [3(2c-1)%dx b @ —a)fde ¢ [(1-3z)Pda
—_32)%
=13 [0 — 17 do = [ (a* — 22° 4+ 27) dz — () (1 455) L
3 z®  2z* =B
=3(3) ———(ngl) +e =% 4L tg e =—L1(1-3z)*+c
3
YRR =1t dat 4 1o e
d f(l—mz)2 dr e f4«/5—mdm f [(@*+1)% da
= [(1 -2+ 2*) das =4f(5—a:)%dm = [(2° 4 32* + 32% + 1) da
3 rogx® 82
—_ 2.8 | 1.5 5_ o o 3%
*$—3$+5CE+C :4(%)( ;C) P _7+5+3+:L+C
: ="+ 2+ttt
:72(5—$)5 +c
6 a f(26°c + 5e%%) dx b f{3e5“°'2) dx € J(e™3) dz
@ — _ 1 7-3=
=2 +5(3)e* + ¢ =3(1)e™ 2 +¢ =2e +e

1 _7—3x
2; [— +c
= 2% + 2e* ¢ =—ge

r—2
:%em +e 3

’ ; 5
1 d.
d meuld»E _/173w *

e
=ilm@2z—1)+¢ 22—-1>0 :5/113 .
— oI
=im@z 1) tec z>2
T ) : =5(X)In(1-3z)+¢ 1-3x>0

= SIn(l-3z)+c 2 <}

; 4
—z d g
f /(e 23:+1) *

=—e " —2In(2c+1)+¢, z>—1

[(e® +e")? da
= [(e*+2+e%) do
=14 2e4 (Lo P te

—2
=2e®® 42— e " +o

| f($_1im)dm

2
:%75(_%)111(1—@“, 1-z>0

h fle= +2)? dz
= [(e7?" +4e " + 4)dx
s %2842m+4(?1f)e—$ + 4z +c

=12 +5m(1-2z)+c <1
=-je ™ —de " Hdate
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3
T+ 2

d

b f:l—Zer
i

=1— 2e® 4 2= 2

2z
y:m-T+31n(m+2)+c, z+2>0

:m—a:2+31n($+2)+c, z > -2

dy " 4
€ — =g
z +2a:71
y="5e * +4(H) (2 — 1) +¢ 2z —1>0

g~ 2w +2In{(2z — 1) +e¢, 2> %

8 Differentiating Tracy’s answer gives Differentiating Nadine’s answer gives

d 1 d 1
E(im(%)ﬂ):i(ﬂ)xuo, 2>0 E(%ln(w)—&—c):é(;)#»o, 2> 0
L ss0 L 20
= —, ———
4z’ 1z

Both answers give the correct derivative and both are correct. This result oceurs because
In(4z) =In4 + lnz. Their answers differ by a constant which is accounted for by c.

9 Given: f'(z) = psin(zz), f(0)=1 and f@my =0 .
flx) = —2pcos(3z) + ¢
But f{0)=1, so —2pcos(0)+ec=1 |
—2pte=1 |
e=14+2p .. (1) '
Also, f(2m) =0, s0 —2pcos(m)+c=0 ' \ |
P+e=0 |

2p+1+2p=0 {using (1)} ’

|
. p:—%

c=21 {from (1)} il |

f(z) = 3 cos(32) + &

il
10 ¢'(x) = —sin2z
Integrating both sides with respect to @, we get g'(x) = Lcos2z + ¢

5 C S0me constant, ! |
So, g'(m) = fcos(2n)+c and ¢'(—n)

2 cos(—27) + ¢ [

o ‘ '
— 1 _1
= Zale =z te I
=g'(m)
the gradients of the tangents to y = g(z) at x=m and z=—7 are equal.

|

1 — 2 ’ 2 1P ]

1M1 a f(z) =2e b f(sc):Qm—l— .

—&
HR gl b f(x) L In(l-a)+¢ 1—2>0 .
r)= —— — —_ 5 —x
:—e—szrc 2 —l " “ @

But f(0)=3 so ~e’+c=3

=2’ +2In(l—z)+c =<1

c=4 But f(-1)=3 so 1+2In(2)+c=3 |
c=2—-2In2 l

Jl@)=2"+2n{l —2)+2-2h2 z<1 \

Ha)=—e?* 4 4
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< Fllz)=va+ie ™
:m% +ég_4m But f(]):
c 2 2 _letyce=
T2 o 3 8
fl@)= 5 +L(L)e " +e s peadgd_ 3
& - 8 3
— 258 _leo%m 4, L flz) =2 2 1,4 _1,-4_ 2
3 8 o z) = ge2 —ge "+ ge 3
12 (sina + cosz)* = sinz + 2sinwcost + cos® x
=1+ sin2x
I(sinw+cosm)2 dr = [(1+sin2z) dx
:m—%cost-%c
13 (cosz +1)% = cos®z + 2cosz + 1
- 1 .
= (2 + 3 cos2z) 4+ 2cosz + 1
:%cos2m+2cos:1:+%
o [eosz+1)?dz = [(Lcos2z+2cosz+ 2) da
:%sinZw-{—QSinm-«—%x—}—c
EXERCISE 21E.1 (s s e s i ey (T = I S e Ve e S R e T i
24’ o 1 -
1 a fnlscf*dm—[?} b _Uz(mz—a:)d:c=[?—?j| < fo e dz = [e*]}
0 0 N
L 8
*Z—‘ﬂ :(572)7(070) =eg—1
— 2 ~
:i =% ~ 1.72
4 9
o 3 r—3
d ¢ cosm dz e / (:c—) d f / dx
fﬁ o5 1 ﬁ 4 \/E
= [sinz]$ 1 -4
| Is =f {x— 3z %}dw :ff(mﬂ—Sm 2) dw
=sin % —sin0 t
14 2 199
A 72 33 _ |:T'—’ 31‘2]
T2 = |— = = TR
2 -% N z 2 Ja
4 5 3 L 8
2 — |:§1;2 —ﬁm'z}
— -—2—' *6'\/5 4
: = [227) - 6(3)] — [2(8) — 6(2)]
_ [1e 1
= [ ~ 18] —{3~6) — (16— 18) — A — 12
=1z =62
34 .
g f = dr = [In(z)]? h ff sinz dz
& 3
! =In3-Inl =
2
—In3-0 = =mangg
=In3 =—cosg +eos g
~ 1.10
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! ff(eim +1)? de i ]6 ——__l dx
= ff(e*“ +2e ¥+ 1) da i

= fzﬁ(QJ:—?))*% dx

= [(E_Q)fii?m +2(:1—)e “tz :
. 1 , ]1 [1 (23:-3)5:‘6
g 9= = 1
,: 2 ° JHB] : i

By 1 - V=)
= —e——- —Zeﬁz +2 —_ egz —1 :
5 S - B =vo-v1
=2

I fojﬁl sin (3z) dz = [—% cos (35‘3)]0%

0
0
_(e_l)_(_ei) :—%[cosg-c(}sﬂ}
= =1
=—2[0—1]
=—-1+4¢
~ 1.72

W=

T cns? = I £l )
m f04 cos? z de = fa4 (3 + 2 cos (22)) da n f02 sin? z do = ff(% — £ cos (22)) do

& kS
[— - isin(?r):’ :
2 0

[3 — +sin7] —0

&
4

Il

= {g + i sin (2w)JD

=[5+3sinZ]-0

=z 3 1
‘8+4 y
4

2 Using technology:

T

(R | ©
b f_1 e " dx ~1.49 € f sin(v/z) dz =z —0.189

T
4

a flslnx dz 22 1.30

L T —

1 a f;i\/g—:dm:.]‘l‘lm% da ff(—ﬁ) d:c=f14—$% &

- [s=4]: =[],
=2(8) - 2(1) =—3(8) — (—-%(1))

2
3
= 14 1

rajes

—

£

1

N
= i

=gl = =-3-0=-1

Property: f; [—f(z)] de = 712’ flz) dz

|

3
o Jier oo [3];

—_

2 a fol x? dzx = [gl-ma]; b j;z z? dr = [%ma]j
=i e
g 0 =38 -3
3 -
3
¢ fyotde=[1a%] d [ 322 dz = [+°]
=1(8)-0 =1-0
=& =1
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Properties: f:f(;c) dz + f; flz) dz = f: f(z) dz
f:cf(m) dr = cf; f(z) dz, ca constant

foz(wa —4z) dz = [i*:LA = 2$2]§

= [3(16) —2(4)] —[0— 0]

=—4
b f;(ms —dz) dy = [%?34 — 29:2]2
= [2(81) = 2(9)] — [3(16) — 2(4)]
_ 2
< f;(ma —4g) dz = [ém‘l - 2z2]2
= [2(81) - 2(9)] —[0—0]
_e
a fol % dx = [%ms]i b 01 VT de = f; 2% dz < f; (z? ++/z) d=
=30 - [%w"] = [ (2 +2}) da
1 0 X
o = 2m-0 = [t 443

30+ 3] - D+0
1

Il

Property: [ f(z) de+ [* g(x) de = [ [f(2) + g(z)] dx

a fog f(z) dx = area between f(x) and the z-axis from 2 =0 to z=3
=2+3+15=6.5

b f; f(z) dz = —(area between f(z) and the z-axis from 2 =3 to =z =7)
=—{§-+8+3 +8) =—0

€ f: f(z) dz = (area between f(«) and the z-axis from ¢ =2 to = =3)
—(area between f(x) and the x-axis from z =3 to « =4)
=15-15=0
d f; f(z) dz = (area between f(x) and the z-axis from ¢ =0 to = =3)
—(area between f(z) and the z-axis from £ =3 to z=17)
=65—-0=-25
a f: f(z) doz = area of semi-circle with radius 2
=-=m(2)% = Zar
b ff f(z) dz = —(area of 2 by 2 rectangle)
=—(2x2)=—4
4 f 68 f{z) dz = area of semi-circle with radius 1
= %'n(lf =z
4 .
d [ f@)ds= [} fz)de+ [} flx)de+ [7 flz)de

=2r+(-4)+LZ=2_4

*
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7 a f: flz) do + f: flz) dz b

fla glz) dx +f38 gl{z) dx + j: g(z) do
=[] f(z) do

= [ g(@) dz
8 afﬂ@@+§ﬂﬂm:ﬁﬂmﬁ
Js $@)do= [f £@) da— [° f(z) da
= -
=5
bﬁﬂ@@+ﬂﬂ@m+ﬁﬂmmzﬁﬂmw
[ fle) de = I3 flz) de — I fa)dz— > f(x) do

= (7= (=2} — (5)
=4

? a fl_] flz) dz = *fjl flz) dz
— (-4

b [1 2+ f(z)) dx = 2 dz+ [ f(z) dx

i = [2z], +(—4)
=(2—(-2))—4
=0
¢ jjlzf@)¢nzzjflf@adm d [ kf@)de=T7
= 2_(;4) sokf fla)de=7
N k(=) =7
10 Plo@-1) do=[>g'(@)de+ fZ-lde ' 1
= [g@)]3 + [ a2 1
= (9(3) —9(2)) + (-3 — (-2)) |
Gl ] I
—_— U i |
REVIEW SET 21A s BERLES 2OV T L Ot e R e S |
1 i e fm7% i 3 1
a /\/Ed 4 d b /1_2xd:c: f1_2$dm

)

z
:4T+C:8\/E+c :3(}2}1:1(1—2@-&—& 1-2x>0
2
=—3ln(l-22)+¢ a<i
¢ [sin(4z - 5) dz = — 2 cos(dx — 5) + ¢ d [et=3cgp— Lgi-se
=3

14—
:—ge 3E+C

b fng cos (£) dx = [2sin (%)]O%
= 2sin(%) — 2sin(0)

2 a f:ﬁl \/I—Smdﬂ/’:f:;(l—gw)% dx

} %J =2(Z5) - 2(0)
=-2|(1-32)3| =2
=2 (42 — 163
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3 y=+/z2 —4= (2> —4)7 ] fohcosmdm:%, D<b<w
dy 1(a?—4) "% x 22 [sinz]; =
de 2 < 1
B . SinbfsmOZE
(22 — 4)% oosinb= 3
i benE e
e
: 4dm—w/a:2*4+c
2 —

5 a [ 4sin? (%) dx b [(2—cosz)? du
:fli(%f%(:os:r) dx = [(4—4cosz + cos®z) dzx
= [(2—2cos ) da :f(4—4cosm+%+%cos2x) dx
=2x—2sinz +c¢ :%m—4sinm+isin2m+c
d -2 7} 2 2
6 — ((32” + 2)®) = 3(32® + ) x (6z + 1)
dw

[3(32% + z)2(6z + 1) dz = (322 +2)° + &
3]‘(3;,;2 +x)2(6x+ 1) de = (32 +2)® + 1
J(32% +2)2(6z + 1) dz = (32 + =) + ¢

7 a [(f@)+Vde=["f(z)dz+ [*1de

=3+ [z]?
=3+(4-1)=6
b [ fl@)de— [? f(z)de= [? (@) de+ [ f() do
= [} f(z) do
=3
a B _ ¢ 1—20¢ _ E
8 f(} el ~? dm—z € T2
a € &
[Lel_%”'] St 1—2a=1In —) =Ine—1n2
-2 0 4 2
€ 1—-2a=1—1In2
(_;el—m:.)_(_lel) = =
z ? 4 20 =1n2
1,1-2a , & _ € _
e _|_§_ ri a_%]nZ
1,1—2a £ a:inQ%
4 a=Ilnv2

9 Given: f"(z)=2sin(2z), f(Z)=0 and F(0)=3
Now f'(z) = [ 2sin(2z) dz flz) = [(—cos(2z) — 1) da

= —cos(2z) +¢ = —1sin2z) —z+k
But f'($)=0, so —cos(r)+c=0 But f(0)=3, so —isin(0)—0+k=3
o= (=1)+c=0 oo k=3
- g =—l so f(z)=—2sin(2z) —z+3
i = — 2z)—1 = : i3
(=) cos(2z) F(Z)=—Lsin(r)— Z +3
=3-z

o ———
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2  Using technology:

d . 1 .
3 = (Inz)* = 2(Inz)? (;) b Given: f"{x) = 18z + 10, J0)=-1, f(1)=13
21 '
o et (@) = [(18z +10) dz
p
Sz :9:c2+10$+c
dz = (Inz)*
f @ = (Inz)* + e Flz) =32" + 52° 4 co + d

/

5 Using technology:

é a

But f(0)=3 so d=3

Also, f(2)=3 so 442 42:+3=3

dy _ 2 dy z

= =(a"~1) b 2o = 200 20e~%
v=f(=?—1)%da Sy = [(400 — 206~ %) da
:f($4—2m2+l} dax . 5 20e~ %
=gz - 28t 4e - =5 e

=400z + 40e~ % + ¢

1
a [° de=" dn~ 3528 b f _3\/2% dz ~ 2.963
o T

&
hl_wdm:%(ln$)2+c But f(0)=—-1 so d=—1
T flz) =32% +52% L e — 1
And f(1)=13 so 34+5+c—1=13
c+T7=13
c=26
flz) =32 +52° + 62— 1

4
T
a ———dn 1.9 b a2ertl g a
fs ey Gr @ L23617 b [(a?e ! dg A 1.95249

F{x) = 32% 4+ 22 b Now f’(2):23+227%

) 3z% 2% — 10
Pla)="-+=2 4o ey
3 2 _ 26
=z* 422 +¢ 8

the normal has gradient -=

¥y—3 3

z—2 26

y-3=—-2(z—2)
Vo —dat &4

or 3z + 26y =84

$4 3
f@)=—F+% +eo+d
", equation is

xt g8
f{s:)_?+—3—+cm+3

20 _
3 = —2¢
10
3

C= —

fl@) = fa* + 32° — Lz 1 3
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7 a (e+2)° b [ (e*+2)%da
|' = (€)% +3(e")*(2) + 3(e”)(2)* + (2)° = [Le%® + 3% + 1267 + 81] |
_ 3z 2z z
| =€ +6e7 127 +8 = (3e* +3¢* +12e+8) — (3 +3+12)

i _ 1.3 2 1 -
=ioe + 3e +12e—7§ (= 54.1)

¢ Using technology, fol (e 4+ 2)% dx =~ 54.1

REVIEW SET 21€ |
i e 1 _y
J 1 a /(28 - +3) dz b /(\/_ \/E) dax
| =2 —lnz+3z+¢c x>0 f(’r—Q—}—l) .
f(B+e** 1) da L g ’

_ =2z —2r+Inz+e x>0
:f{9+662°°_1+e4”_2) dx

2
=9z +3e2=1 %64’”72 +c

p¢ il
I ‘
. 2 1 3 1
; 2 ! =a*-3 2 3 ———dr = 3z —4)" 2 dz
" o =at sy | s =R
| : (o e B
‘ I oo fl=) 5 > +2z+ec ~ £(3:r—4}% 3
But f(l):B 3 % .
| - 50 +—2424c=3 3
- - [
\Y, o= 1=+l L
-J | l. c=2l :E _E 2
| - ’ - =2(/5-v2
|
j I E 2 [z d. o —2a _: —2¢
I ‘ . & -[o cos (5) dx 5 E(e sinz) = —2e**sinz + e”*® cosz  {product rule}
h | = (%Jr%cosm) d = e *(cosz — 2sinz)
I s o T
| . . 5 .—2x . = —2m =
II ‘ = [%qu%smm]; & fuz e 2% (cosx — 2sinz) dr = [e .81113,‘]03
=g+ 5 {E)-0=0 = e (1) —e°(0) ="
|
; =I 3

_ 4 g 12wy _ (g3t
| 6 If n#£-—1, f(2:c+3) dm_fz 1 c= 2T D)

|
_ 1
' If n=-1, [(2x+3) 1dx:f2w+3dm:%1n(2m+3)+g 20+3>0

(2 + 3)m+!

‘ + if n# -1
‘ So, [(2x+3)"dx= n+1) 7

3

%ln(2m+3)+c if n=-1, z>—3

*ﬁ
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7

() = 2 0
F(z) \/E—i—ﬁ Also, f(1)=4 so 242042=4
=2m%+a_:r—% 2G:§
f(@) = 227 4 20z} ¢ & =g
) ‘ 1 6z 4 1
iz/7 Lo flE)=2v 4+ — =
:-3—+2a\/5+c i 3T 3V
Now F(0)=2 so c—2 Now f(z) is only defined for x>0,
S so f'(z) >0 forall  in the domain.
- )
Flz) = . + 4 2a/F 4+ 2 the function has no stationary points.
2a
] (m2+am+2)d$:%&-
% az? e m,
— e e — £
[3 Gt m} 2
8a% o A 3
__+_(4a2)+4a o CL_ .Ei; :@ ‘
( 3 3 3 + 2 + 2a 5 |
Saa 3 3 |
—t 2440 _E _,,_T3a

2 2
160° + 120° + 240 — 2a® — 30® — 124 = 2194
23a® — 207a = 0
23&(02 — 9) =0
23a{a+3){(a—3)=0
a=0 or g =43




