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hapter 22

APPLICATIONS OF INTEGRATION

EXERCISE 22A.1 Esid s s o SR P R s e e
1 a i i Area—5x6 ii Arca:ffGde
= 30 units®
_ 5 Bl = [53:](]—6
1 y=5 = 5(0) - 5(-6)
= 30 units®
- 6 £ ;
‘L 445 5
LI i A.rea:( 5 )xl il Area= [’z dz
y
_— )
5. = 2 units® = [%$2]4
g = = 1(25) — 1(16)
i R
! , == units
- 45 v
¥ ;
¢ I Area=2x3x9 i Area=f#3739:d:c
ju ]
y=—3z lg =2 units? _ [7%:52] 0_3
= —20) - (-9®)
272
=5 units
hE =3 5
J " . 2
d i Area= 3 x2x2 i mca=4f0—mdm
My N = 2 um't52 . L AL 2
_ 2 _ - [ 235‘ ]O )
| f . =—(-1@ - (-DO)

Area = for sinx dz
= [—cosz]]
= —cosm — (—cos0)

= 2 units?
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d e The graph cuts the z-axis
at y=0. y=6+z —z°
6+z—a2=0
(B—2)2+2) =0 -
r=3o0r —2 52” 3;
The z-intercepts are 3 and —2. l Ve
X Area:ff2(6+m—ﬂs2) dx
Area = f e® dx
0 2 23]°
= [»%]1 = |6+ — — —
(€] [ 2 3}
=e—1 9 -2
72 1.72 units? =Ua+ g =B)={-B 4ot
— 905 uni
=202 units®
f g
4
Area:f ld:Js
L 0B
=[nz]] {z>o0}
=ln4d—-In1l
=Ind4—-20
= —%(O —27) 7 1.39 units?
= 18 units?
h

3
1
| B S PR
1 T

! =[lnz]? {z >0}
=In3—1Inl 4
=In3-0
22 1.10 units?

o= [2a:ﬁ2\/§]‘;
=E—dy—fL~1)

= 42 units?
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§ y=e"4e*

Ay

(1]

AN

Area = f_ll(em +e *)dx
e,

=(e— e_l) = (e_l —e)

=2e—=—
e
~~ 4.70 units®
Fuur
5 ke e
y = cos 3z has zeros at {_1 —&—ZT”, k an integer

[}

a
G
area = cos 3z dx

.
1. s
[5 smSm] Z

@y

=2 (sin(%) — sin(—%))
Yy = cosdz | _ %( B (71))
— B
= 2 units
&
o
; - ig2
Area A2 2.55 units® Area =2 0.699 units? Area 72 1.06 units |.
U
EXERCISE 22A.2 = = _ T i TS Bl et ‘
1 a The curve cuts the z-axis when y = 0. b The curve cuts the z-axis at (0, 0).
22 42-2=0 Ay L ]
p—
(x+2)(z—-1)=0 ¥ 2 ) |
x=—-2orl !

the x-intercepts are —2 and 1

Area = fiz{O —(x®*+2—2) dx

= fiQ(—:cz —x+2)dx

1
3 2
= 7Z——E:—+2w-

3 2 L

={-3=3+H-{F-2-9
=41

Sad
3 units

==l

Y

Area — f;[ﬂ —(e7® = 1)] da
= fuz(l —e ") de
= [ere*m]E
= (2+e7%) — (0+¢°)

=1+ e~ 2 units?

¢ The curve cuts the z-axis when y = 0.
327 —8z+4=0
(Bz—2)(z—2)=0
r=2o0r %

the z-intercepts are 2 and 2

( y=3z%— 8u 4

lx_/zﬁ

Area = f;[() — (3¢® — 8z + 4)] dx
3

altw|

= f;(kt"mz + 8z —4) dx
3

2
2

3
:(-8+16—8)—(7%+-1§—§}

= § 1B i
¥127 units

= [kma + 4z? — 4@]

e The curve cuts the z-axis when y=0.
2 —dp =0
z(z® —4) =0
2z +2)(z—2)=0
the z-intercepts are 0 and +2

Area = [7[0 - (2® — 42)] d
= [ (~2® + 4a) da

rrig 5 4
o]
=(A4+8=(-3+2
= 22 units?
g The curve cuts the z-axis when y=0.
sinz =0
sing =0
@ =0+kr, FEaninteger
So, the first two non-negative g-intercepts are 0, 7.
Area = f; [sin®z — 0] da

= j: (% — %COSZ.’IJ) dzn

= [%:}: = %sinQa:];
= (-é(’rr) — isin(Zw)) — {%(0) = isin(O))

= I units?

d

3
Arca = f,,2 [0 — cosz] dx
Z

3w
i 2
—f% cos® dr

3z
= [—sinz] 2

= —sin(&r) — (—sin(%))
— (1)~ (1)

= 2 units?

f y=sinz—1 isthe graph of
sinz translated vertically by —1.

Ty

Area = fo% [0 — (sinz — 1)) de
= fogw {1 —sinz) do
= [z + cos m]D%

=(F +cosZ) — (0+ cos0)

— a2
= 7 — 1 units

e

Mathematics SL (2nd edn), Chapter 22 — APPLICATIONS OF INTEGRATION

467




468  Mathematics SL (2nd edn), Chapter 22 — APPLICATIONS OF INTEGRATION

‘l 2 y==z% 2z meets y =3 I

when 22— 2 =3 e X

55.2*21—3:0
(z—3)(z+1)=0

z=3 or —1 -1

y=x° - 3z

(3.0) y=z—3

2y

/(L =2)
1

b y=+/z meets y=1z? where /z =2z°

z =t

. zt—xz=0

z(z® —1) =0

o — 1) x> +z+1) =0
z=0orl

5 8 y=e" —1 hasno vertical asymptotes.
As z— 00, e —1—o00
As ¢ = —oo, e —0

so e® —1 — —1 (above)

y = —1 is a horizontal asymptote.
y=0 when e*—1=0
‘ I &y B =1
z=10

I o z-intercept is (0, 0).
This is also the y-intercept.

y=3

A= [°[3- (2% —20)) do
= f_sl(S + 2z — z%) dx

3
= 3$+$2_m_3
3 =1

=(9+9-9)-(-3+1+1)

=102 units?

The graphs meet where 2 — 3 = 2% — 32

2?2 —3z—c+3=0
2 — 4 +3=0
(z—1)(z—3)=0

z=1or3

the graphs meet at (1, —2) and (3, 0)

Area = [7[(x — 3) — (2® — 3z)] da

= [*(-3+4z —2?) dz

|

—3z+ 2% — —

1:3:|3
3 1

(-94+18-9)—(-3+2-1)

3
1§ units

The factor (m2 -+ 2+ 1) has no real root since A = —3 which is < 0.

Area = fol (\/57 mz) dz

= fol(m% —z?) dx

23"
3
0

1y =2 —2e”" has no vertical asymptotes.

As x — oo,

== ()

50 2 —2e* — 2 (below)
4 = 2 is a horizontal asymptote.
y=0 when 2—2e%=0

e =1

z=0

z-intercept is (0, 0).

This is also the y-intercept.
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1y y=e*—1
....................................................................... y=2
< : ‘
R i (LY I -1

b y=e—1 meets Yy=2-—2e"
where e® —1 =9 _ 9¢—=
Soe® e _9e7 g { % e*}
e —3e" 1220
(" —1)(e* —2)=0
e*=1or2
z=00r In2
the graphs meet at (0, 0) and (In 2, 1),

€6 y=2e" meets y=— 2=
2e* :82:c
e2® — 2 =0
e’ e —2)=0
e =12
z=1In2

Area = fomz(Qe” — e*®) dr

where

{e* >0 forall xz}

= [28,3 _ legm In2
2 0

=(-2)-(2-1)

=4 12
—zll]'_'l_lt

€ A= [""(2-2e7%) — (= — 1)] 4o
=[P B - —2e") an

= [39: —e”

=H 28_:,:] IUn 2

=@Bn2-2+1)-(0-1+2)

=3n2 -2

72 0.0794 units?

In the upper half of the circle all y-values are =

=

¥ =+vI—a2 s the required equation,
b The shaded i =[3 2
area is A where A — fo V9 —z2? de

This is a quarter of the area of a circle with radius 3 units.

A= (7 x 3%) = 27 = 7.07 units?

7 y=2z meets y=4r® where o
2z = 4z? r
dz* — 22 = — 4z 4
22(2c —1) = 0 N
r=0ori \/
J 2
y="2z
8 a Now z?44%—9 y? =9 z?
Y=24/9— 22

Area
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9 a f(z)=z*>-9z
=x(z? - 9)
=xz{z+3)(x —3)
y = f(z) cuts the z-axisat 0, +3

‘ Area = f_os(a:3 — 9z) dx + f;'[() — (z® — 92)] dx

T 927
== %[ =
1 2|, PR

¢ Area= fui (sin (22) — sinz) dz 4 J= (sinz — sin (2z)) dx
3

= [k% cos (2z) + COS%‘]O% == [* cosx + % Eos (21)]1
— (‘% cos 2% 4 cos %) - (_% cos0 + COSU) + (— Shsm+3 COSZW)

— (—cos%-#%cosgsﬂ)
SEHD -3+ D - (2- 1)

4

0 =21 units®
—0— (%= )+ (-2 +$)-0
— A0L unite? 11 : 7 )
=403 units ‘H a fl f(z) dz  only gives us the correct area provided
b flz) =—z(z—2)(z—4) that f(z) is positive on the interval 1< < 7.
= —z 4+ 6% — 8z But f(z) is not positive for 3 < z < 5,
\ y = f(z) cuts the z-axis at 0, 2 and 4 . . A ‘o Lr{f(-’ﬁ) &8 —hy — dg § s
‘ which is not the shaded area,
= [?[0 - (—2® + 62° — 8z)] dx
Area .]o [0—(—2°+ 6z w)] dw b shaded area
4
+ [0 (~z® + 62 — 8x) do n .
2 f2 4 3 2 ) gfl f(w) dm_f_fs [U—f(‘z)] d-T‘f‘f;f(fL‘) dx
= [7(2® — 622 + 8z) dz + [ (—x° + 62° —8zx) dx s
fﬂ ( 2 f2 4 v = f1 f{z) do — f: flz) de + f;f(m) dz
4 4
- [x— 243 4 4:32] 3 [—m— +22% — 4z2] _
4 5 4 5 12 a4 y=cos(2x) isthecurve Cy; and y=cos?z is the curve C,.
= ([4 — 16 + 16] — 0) + ([~64 + 128 — 64] — [-4 + 16 — 16]) b Point A lies on y = cos(2z). When @ =0, y = cos0 — 1. Aisar (0,1)
| s X : g 7
‘ — 8 unite? ) Eo?m B lies on y =cos(2z). When x — T Yy=cosZ =0 Bisat (Z,0).
; i — cos? =
: ¢ flz)=a*—5x2 44 oint C lies on y = cos®x. When z = 2, y=cos? T =, s Cisat (Z,0).
= (=~ - 4) Point D lies on y = cos(2z). When v= %2, y—cosZ —0. . Disar (42,0)
= (¢ 4+ 1)z — Dz +2)(z - 2) Ay ‘ Point E lies where the curves meet. Now cos(2n) = cos? 7 = 1. Bisat (m, 1).

y = f(x) cuts the w-axis at +1, +2 ”W’l T IWZ > | ¢ A= [(cos®x — cos (21)) da
° .. U l

| = foﬂ (% + 5 cos (2z) — cos (21)) dz
= f; (% — % cos (25{;)) dz

—4 14 2
A= f [0— (z* — 5z% +4)] dx Ag = fﬁl(m —b5z? +4) dz [:c .
9 J = -__l'Siﬂ(Q:L':' — 1_070_O:£ o
= [T} (—2* + 522 — 4) du z®  Bxd L 2 ¢ ) 0 (-0 —( )= % units
e =g~ %
B 5l ! —1 1 a2
} | - [—% T % B 4&] =(:-324+4)— (-L+ % —4) 3 a The graphs meet when e =z2 1 b The graphs meet when 2% — 4z — %:ﬂ‘*
5 3 5 . _
—2 _ % unitsZ I Lo L= :|:11307 {tEC]:IIlU]Ogy} ooz~ 0.1832 or 2.2696 {tCChI’]O]Ogy}
- G-3+9-@-$+9 -
! = 2 units® 1 Ay i
‘ By symmetry, Az = A; o, area= 22 4 T6 4 22 — 120 _ g ynits? ‘ 1
| 5 | pidp ﬁ$4
[
; 10 a y=sin(2x) isthecurve C; and y =sinz is the curve Cq.
= ; -~ —
b The curves meet when sin(2x) = sinz soz=04kr or z= {;’L" + 2k, k an integer J’, \
' . 2sinzcosz —sinz =0 3
‘ sinz(2cose — 1) =0 . the z-coordinate of A = % area — [1.1307 [e_xz (@2 —_
; - — & =1)] de c.ooarea= [ PR [ TR
: | sinz =0 or cosz =3 {smallest positive solution} ; 1'130.7 , J .[0.1832 4z — f£a* —2®) dr
| Alsat (%, Ag_g) 2 2.88 units”®  {technology} 72 4.97 units®  {technology}
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ke
1 b
14 Area= dr = 0.2 units® 15 Area = T dx
rea /1 T T units fo JE
ke fb @3 do =1
[3ln(1+22)] =02 1+22>0 Jo
b
3
[In(1 4 2z)]% = 0.4 [%:ML =1
In(l +2k) —In3 =04 %bﬁ*(}:l
{since k=1, 1+ 2z > 0 forall = in the shaded region} . e B
142k #
ln( : ):0.4 b3 = 1.5
1426 o, b= (15)% ~1.3104
3
1+ 2k = 34
3 0.4 _ 1
k=" 17377
2
16 By symmetry, the area bounded by # =0 and = =a is 2(6a) units”.
f:(.nz +2) do = 3a
i T +2z| =3a
¢ 0
i aa
1 I @ il 0=
}l ‘1 . +2a—0=3a
. ; a® +6a = 9a
i a® —3a=10
‘ soale®=3)=0
R a=0 or £v3 a=+3 {as a>0}
- EXERCISE 22B.1 . R TIEE e |
| 1 velocity (ms—1) - Total distance travelled
1(8] — area A + area B 4 arca C 4+ arca D
! B 6+8
B \ :%6x6%%67TJ5+5x8+%®x&
2 /A, 5T D\ . =154 35 440+ 20
7 5 w0 15 20 ime®)  _110m
2 a i The graph above the {-axis indicates that the
veloeity (kmh?h) e o . 3
80 velocity is positive and the car is travelling
60 forwards.
i ;lg 7 i ifi The graph below the t-axis indicates that the
| _ i .t (H) velocity is negative and the car is travelling
_ i baclwards.
| 20“ 01 02 03 04 05 06 0.7

b Total distance travelled = area above the t-axis + area below the t-axis
= (% +01+%2)60+ (% +014+%2)20
| =124+4
= 16 km

|
‘ ¢ Final displacement = area above the f-axis — area below the {-axis
=12—-4
II = 8 km from the starting point in the positive direction

I ———
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3 a
i
b Total distance travelled o

= area A + area B + area CH+arcaD+ area B

_ 1 40 + 30

=4 {%(3><40)+(40><4)+( ; )1+(10x3o)+§(zx3o)J

{the factor s_lo“ aceounts for the fact that the times are in minutes while the speeds are in kmh=!}

= 55160+ 160 + 35 + 300 + 30]

= 9.75 km
EXERCISE 22B.2 ' ST TAR ke LIS k! i g
T a v(t)=s'(t)=1-2t ems !, t>0
which has sign diagram: }‘ = b
a direction reversal oceurs at ¢ — % J :

2
Now s(t):f(l—Zt) dt:tﬁ%+c:t*t2+c

5(0) = ¢ motion diagram is:

and S(%J:i"_c ':

and s(1) = ¢ € ety

total distance travelled = (c + i S (R g
. r

=icm
b Displacement = s(1) — s(0)

=c—c

=0cm

2 a v)=s{)=t*—t—2cems, >0

= (t—2)(t+1)
. which has sign diagram: }— - b t
a direction reversal oceurs at £ — 2, 0 8
. 3 2
Now S(t):j(tht—Zjdt:t—_t—f2t+c |
: 52 |
s(0)=¢c l
5(2) =c— 12 motion diagram is: < — 1 - |
S(3):c—% 6_% a3 ¢
total distance travelled = (c: —[e— Ld‘l]) + (c -2 e— E])
2 3
— 10 _ 3
R
31 _ g
=g = 5% cm

b Displacement = 5(3) — s(0)

e i@
c—5—c

— 3

2 e which is 13 em left of its starting point.
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3 2(t) =16t — 43 wnits s™', t=0

= 4t(4 —1?)
= 44(2+#)(2—1t)  which has sign diagram; | | 2 L
a direction reversal occurs at £ = 2. 0
Now z(t) = [(16t—413) dt = 8t2 —1* + ¢
a z(0)=c . motion diagram for 0 <t < 3 is:

2(2) =32 16+c=c+16 ) i e

z2(3)=T2—-8l+c=c—9 c—9 c c+ 16
total distance travelled = (¢ + 16 — ¢) + (¢ + 16 — [c — 9])

= 41 units

b z(l)=T4+c=c+7 motion diagram for 1< ¢ < 3 is:

ol |

total distance travelled = (¢ + 16 — [c 4+ 7)) + (¢ + 16 — [c — 9])

= 34 units

& a w(t)=costms™', £=0

—
c—9 c+7 c¢+16

o) has sien di . |+| _ 1 + I 1 +.., "
v(t) has sign diagram: = o = - ==
2 2 2 2
a direction reversal occurs at ¢ = I, %"’5,_ =, 77“,
s(t) = [costdt =sint+c
s(0)=c The motion diagram is:
s(Z)=c+1
s (%") = |
5 gy 1 1 |
S(Tw):CTLl ,e—1 e e+1
3 (77'”) =gl .'. the particle oscillates between the points
: (c—1) and (e+1).
b distance = (¢ + 1) — (¢ — 1)
= 2 units
5 o(t)=50—10e "% ms=' ¢=0
10 10
a v(0)=5—-— =50—10=40 ms~! b v(3)=50— — ~47.8ms~!
el el
: —i 10
¢ The velocity reaches 45 ms d o(t)=50—-—F
when 45 = 50 — 10e ¢ i(2]
100~ % =5 As Lt — o0, — — 0 (from above)
ez
t
Bt v(t) — 50 ms™!  (below)
t
—=In2
2
t=2In2 e~ 1.39 seconds
e alt) =v'(t)
= —10e" 9% (—0.5)
S oEe 0Bt -2
5 a(t) >0 forall ¢+ {e® >0 forall x}

— —2
0.5t

the acceleration is always positive
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|

do(t) (ms—1) g total distance travelled
g = /.7 (50 — 10e-0-5t) g
40 v(t) = B0 — 10e~05¢ =[50t + 2005 #
0
=150+ 20e~%% _ 99
o ~ 134 m
| t(s)
6 a(t) = — — 3 ms?

Sign diagram of w(t):

v(i):/l(fﬁ—S)dt II i = h 1

2 0
= 0 3t+e The total distance travelled in the first minute
But v(0) =45 - =45 %0 7 (t — 30)2
) =f —30)7 dt {as (t—30)2 >0}
¢ o 20
Now v(t) = i 3t 445
=& [t - 30)% dt
2 — 60t + 900 =
_(t—30)2 Wl @,
20 = 5 (30)* - (—30)%)
= 55(30° + 30%)
=900 m
7 a(t) = de"Foms—2
UEy= fdle_;_o dt

Now 2(0) =20 ms™!
*
=4d—re" 30 +¢ . S e=100
v(t) = 100 — 80e 25

a Ast—o00, €730 —0 (above) u(t) — 100 (below)

the object approaches a limiting velocity of 100 ms—*

b The total distance travelled = [ (100 — 80e %) dt  {o(t) >0 for 0< ¢ < 10}

= [100¢ + 1600~ 25|20

_ (1000 + 160‘0.3—%) — (04 1600)
A~ 370 m

EXERCISE 22C€ = = g [Ty

T The marginal costis C'(z) = 3.15 4 0.004z € per gadget
C(z) = [(3.15 + 0.004z) da
= 3.152 + 0.002z% + ¢
But C(0) =450 so =450
Clz) = 3.152 + 0.0022% + 450 curos

C(800) = 3.15(800) + 0.002(800)2 + 450
= €4250

So, the total cost is €4250.
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2 a The marginal profitis P’(z) = 15 — 0.03z dollars per plate EXERCISE 22D.1 "o
| o P(z)= [(15 - 0.03z) dz
. = 156z — 0.0152% + ¢
1 a ) b
But P(0) = —650 so c= —650 @

P(x) = 15z — 0.0152° — 650 dollars |
b The maximum profit occurs when F/(z) =0, which is when 15— 0.03z =0 _ ||
0.03z =15 - |
15
T =—
0.03 J
T = 500
o . 3
Now P"(z) =-0.03<0 .. the profit is at a maximum when = = 500. Volume = Wfo (2z)? dx Volume = ﬂ—j;)‘i (v7)? dz Volirie = J;g (%) din
. . _ 2 5
The maximum profit = P(500) = 15(500) — 0.015(500)% — 650 = Ay ﬁ: 7 — f: — _ 7Tf2 29 da
= $3100 . 1
=4 [%"ES] = [13:2]4 =g [L57]2
€ In order for a profit to be made, P(x) must be greater than 0 ol 1 0 2% o -7 ['rI ]1
15z — 0.0152% — 650 > 0 = - i =m(8-0) = (1)
Using technology, the z-intercepts of P(z) are @1 = 45.39 and =z, — 954.6 = 367 units = 87 units® 127 3
Since we cannot produce part plates, a profit is made for 46 < o < 954. d

3 E'(¢) = 350(80 + 0.151)%# — 120(80 + 0.15¢) calories per day
Total energy needs over the first week = j: E'(t) dt

= [7[350(80 + 0.15¢)°% — 120(80 + 0.15¢)] d
7

1.8
- nir % w — 9600t — 9¢2
L 1‘8

22 14 400 calories

dT  —20 . B
&y E = :CDAGB = '—2033
T = [—2020%3 dg
| 204537 .
= C
| 0.37 g
| ‘ y
‘ | Now when z =23, T =100 1
720(30.37)
S ———— 4+ =100
| 0.37 ¢
20 30.37
. S =100+ (——)— =2 181.1639
ﬁQOZCO‘ST
T ——— 1+ 181.1639
0.37 3

So, when =z =6, T a —104.8925 + 181.1639 = 76.27
the outer surface temperature is about 76.3°C

3 P,
Vol 1 2 3 1y2
olume = 7 dr Volume = 7 (z + —) dzr.
5 NE—T1 : T

3 >y
:71"]:2($~1) 2 dx :ﬂf13($2+2+m—2) da

ﬂ[ﬁ 1 r 3 1 3
z—11, :W[?Jrgm——-:,

1 1
(=% +1)

== el
—2umts

Il
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3 28 2
2 a Volume=m dz b Volume=m f2 (esin=)? dg
Fi L BRI 0
. ~ 9.6137 {using technology}
T A~ 5.926% {using technology} e
=~ 30.2 units
03
~2 18.6 units
6 5 "
3 a V:wf (—2—+4) da b V:wfl(m2+3)2dm
0
= 2. 4 v
=n [ (32® + 42 +16) dz =wl; @ +88 9 &
5 3 2
p* | odg? ¢ = |:$_ £ L 49 ]
=7 | =+ =+ 16 =% i
" [12 Tt T] . 2 A :
= (18 + 72+ 96) — 0 =7 [(2 +16+18) — (: +2+9)]
_ o3
= 186 units i (%)
= 187 ypis?
c V= :rrf: (e*)? dx 5
- 4 o
ﬂ-fﬂ e du L a Vo]ume:'zrf: y? dz
-7 [18%]4 o
2 o :'.'Tfs (64 — z?) dx
=1 (%ea — %) 2418
= Z(e® — 1) units® =7 [64x o _3—:| .
e [(e12 - %2) — (320 - 129
= 63 units®
b 637 cm® & 198 cm?
h —r 2
5 a acone of base radius r and height h ¢ V= 'rrf (T:r + r) dz
i )
h 2
:m"z/ (—E-Q—I) dx
o h
B 2
- @ 2z
= — —— 41 dz
z3 22 & ¥
=mr®|— — —+=x
3h2 2h .
b [AB] has gradient = -0 — 7 —r?[(5—h+n) —0]
nt= — — ——
& 0_h h 3
. o T = Lar?h units®
its equation is y = i +r 3
& a asphere of radius r b V= Wfi,. 32 dx = 27 for (r? —z?) dz

a T
=27 r2m7$—
3

0
3
T
=2n(r® — — —0
:2’,’1’)(%7’3

= %’n’ra units®

|
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> ¥ = cos(2x)

Volume = wa2 (cosz)? da Volume = 'frf{;ZlL cos?(2z) du

_ o 5 =
™ [2 cos® & di =7 [4 (% + %cos(il:c)) dzr

= WJF (-é; + %cos(Za:)) da =7 [%m + 32 (i) sin'(4z)]0%

:W[%m-!—% (%) Sin(?,.l’:)]()% :Tr[%+%sin7r—0]
= [fqt%sinw—(]] = %2- units®
= ”; unitg®
8 a
iy 9
= \# %'r % -1 ‘—\‘ f—w
b Volume 4

b Volume
:wf04 (sinz + cosx)? da = ‘r‘TfU% (4sin(22))? dz

- T (ain? : I
= Wfo‘i (sin® x4 2sin 2 cos = + cos? x) dr = 167 j;)z sin®(2x) dx

| = 71'.[;)4 (1 +sin(22)) da = 167 jﬁ (% - -;-cos(4w}) dx

= [z~ L cos(22)] ¥ »
: =16m | = — 2 (1) sin(dz
=1 [(% - %cos (%r‘)) = (0— %COSU')] {2 2 (4) B )L}
==L [('g' _%Sinﬂ') - (0 = ésin[])]

= 277 units®

U
4

EXERCISE 22D.2 o

L

T @ The graphs meet where 4 — 22 — 3
22 =1
=+
Aldsat (—1,3) and B is at (1, 3).

b V=n[' ((4-22)2_3) 4y
=7 ' (16-82% +4* Q) dy

::rrfjl (a:4—8r2+7) dz

. z® 8z ” !
5 3 1
-1
— (1 -1 _ =
m(3-3+T-(R-2-7)
= 1257 it
2 & The graph t 5 = 3
graphs meet where ej =e b V:‘H'Jf (ezf(ef)z) dx
6‘5261
. =7 [° (e — e?) dz I
e :ﬁ[ezz—em]z
=2 ’

=7 [(262 —e®)—(0— l)]

=m{e® + 1) units?

S Adsat (2, €).
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e o ()

= f,-rff (#2 —x~?) dz

=55,
== [(+3) - (3 +1)]

= “T” units®

1
3 @ The graphs mect where = = p

soEt=1
o |
=1 {as:r>0}

A is at ('1, 1).

& The graphs meet where a2 —dz +6 =6 —a

z? -3z =10
oz —3)=0
z=0 or 3

‘T;

V=r[>[(6—2)° - (2* - 42+ 6)?] do

= 7rf3 (36 — 12z + 2) — (2* — 4a® + 622 — 42® 4 162% — 24z + 62* — 24z 4 36)] dx
—%Jo

= 5 f{f (—a* + 82® — 27« + 36x) dx
3

53
T [% + 2:[24 = 9$3 + 18$2]

= (—i +2(3%) — 9(27) + 18(9) — 0)

= %w units?

5 @ The curves meet where +x—4=1
z—4=1
=25
8
Ads at (5, 1). =a | (x—5)dz

=7 (32— 40) — (2 — 25)]

2%
2

units®

=1
6 The shaded arca — f — dz
L

t
1
= ]_unf — dzx
t— oo 1 €T

= lim [In(z)]}, >0
t— 00

A

= lim In¢, which is infinite.

4
t— oo

e |
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&T

o0 2
The volume of revolution = 7 / (l) dz
1

= lim flt e

t—toa
1 24
=7 lim [——J
t— o0 ZTdq

, 1
=m lim (ﬁ— + 1)
t—og t

= m, which is finite.

a f; f(x) dz = area of triangle + arca of 3 circle
=3(2x2) + 1n(2)
=24

1 .
7 circle

-2

In this case f{x) is negative for 1 < z < 3, $0 f_Sl Flz)

f_sl f(x) dz  gives us the correct area only if f(z) is non

6 N b jf f(z) de = —area of triangle below z-axis

P 4 z =—1(2x2)
=

< fos fla) dz = j: flz) dm—!—ff flz) dz
=247 +(-2)

=1

&

shaded area = ['[£(z) ~ o(a)] d + [ [g(a) — S(@)] de + [* [f(a)— o()] da

-negative on the interval —1 < <3

dr  does not provide the correct answer.

(The shaded area which is below the -axis is given by flS[O — flz)] dz = — ff flz) dz)

4 y—==FL

meets y =zx? where 22—k coor=4vk

By symmetry, fuﬁ(k—mz) dz =% x 51 = 1 x 2

vE S Z2kVE=8
3 i 3 3
km*?o =3 f kVE=4
3
\/— k‘\/E g k2:4
k== 8 k—4% = ¥T6

¥=¢" and y=Inz are inverse functions, so they are
symmetrical about y = g

area A = area A’
But area A’ + area B = area of rectangle

arca A+ arcaB=ex1=¢

Since area A = ff Inz dz

and area B = _fﬂl e’ dx,

‘f;fhla:'cia."jtfﬂleac dr—e
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&

7 —32+3
y=x+4x+1 meets y=—3xz+3 where 22 +4c+1 z +

. 224z —-2=0
(z+2)(z—1)=0
y=z+4z+1 = B

area = f_lz[(st +3)— (r®+ 4z + 1) dx

— fl (—z?—z+2)dx
dg
1
3 2
= —m——m—+2$
3 2 B

={-E={tg—{g - 24

8
~i-3+2-ft2+4

[l
b

a Yt)=t*—6t+8ms™?, t20

. —_— = g ® o
=(t—4)(t —2) which has sign diagram: _1%) : ; £
8 ”
s 8t+c
b Now s(t)= [(t?—6t+8)dt= 5 ~ 3t
s(0)=¢
5(2) = c+6% ' . - 1
s(4) = c+52 the motion diagram is: = . T o+ B
s(B)=c+ 6%

The particle moves in the positive direction initially. When ¢ :12, 6% m .from it.s start.intg 5\(;;2:;
it changes direction. It changes direction again when t = 4, 5z m from its starting point.
t=5 itis 62 m from its starting point.

¢ After 5 seconds, the particl_f: is 6% m to the right of its starting point. i "

d  The total distance travelled = (¢ + 2 —¢) + [(c + &%) — (c+ 22)] + [(e + ) — (c+ 2)]

—gl
fQSm

Consider y = 4e™ — 1.

The z-intercept occurs when y =0

4e® —1=0
o __ L
e =1
:c:ln%<0

= 4de* =% w v verti ion of —1.
1 is the graph of y = ¢® with a vertical stretch of factor 4 and a vertical translation
y = de* —

0
Area = (4e”™ — 1) d=
In
1
= a
= [de 'I‘Ln%
= (460 — O) — (461" i- 111%)

=4-0-4(3)+Ini

i
=3+Ini wmits® (=3 Ind units’)

3

Mathematics SL (2nd edn),

? y=2" and y=4 meet where é=

Hence V = TFJ"; (42 — (22)2) g4o

=t :77_[\02(16;;1:4) g

But x>0, so xr =2

REVIEW SET 22B Do mmmns

1 oft) =2t —32 = #(2 —3t) which has sign diagram: ] -
Now s(t) = [(2t — 3¢2) g o !
=% =8 1w e
and so  s(0) =¢
S Y S
s()=1-14ec=c
total distance travelled = (c = —c) +(ct =

with motion diagram:

M S

e c+24‘7

—€) = ma 20,6 cm

D ——

Chapter 22 — APPLICATIONS OF INTEGRATION 4

it 1. o), G 2 i o ey

o=z ey — L1+ 2?) — 2(21) .
2 a f(z)= ITa flz) = ————{1 pop {quotient rule}
_ 142?242
o (a2
S hich has sign diagram:
= (I_—i-mT)Z which has sign diagram:
_ (421 -a) - AN,
ia t T - B
(I 4 x2)2
there is a local minimum at (-1, —3%) and a local maximum at (L 1).
b As 2 — oo, flz)—o0 (above). €
As £ — —oo, f(z) —0 (below). #(z) rlocal -
2 fla)=—2E2 (1.3)
d Arca= [ N Jdm L+a® -
L g 1 42
i i il
0 _ y=10
= —t dx 1
1t a? (-1, -3) J
local min.
~ 0.805 units> S
: . . : + =
v(t) = sint  which has sign diagram: L t
0 4
Now s(t) = fsint dt
= —cost 4+ ¢ metres -—
5(0) =—1+c motion diagram; —— e Y
s(m)=1+4¢ c—1 ¢ ct+0654 o1

s(d) = —cosd+cm et (.654

total distance travelled — [le+1) - (e— 1]+
/~ 2.35m

(e+1) — (¢ +0.654)]
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100
v(t) = ——— = 100(t +2) " 2 ms~?
o(8) = 75 = 1000t +2)
. 100 100
a At 1=0, v(0)=—=25ms™'. At t=3, v(3)=—=4ms L
22 52
b As t— o0, v(t)—0ms~! (above)
4 d As v(t) is always positive, the boat is

always travelling forwards.
s(t) = fo(t) dt
= [100(t+2)"% dt
= 1000t +2)"" +e
&1 (3) —100
= ——++=c
t+2
s(0)=c—50m
when the boat has travelled 30 m,

e a(t)=1'(t)

= —200(t +2)*
— —200 mS—Z 20 S(t) = _10200
(t+2) ’ - (172U=t_+—2+
dt  (t+2)® S(t+2)° B g
3

. 100 \® t+2=5

s\ (t+2)2 t = 3 seconds

= —1yi

dv

e —k"u% where k=
dt

o=

5 a The graphs meet when cos 2z = e*®

Using technology, = =0 and x = —0.7292

b Shaded area ~ ﬁ) (cos2x — e*®) dz ~ 0.2009 units® {using technology}

0.7292

6 C'(z)=2+48e" 7 fom sinz de =
Clz) = QI(Q zgim) dz [—cosz|[F= 2
Amose Te 5 —cosm—&-cos():%
But C(0) =240, so 2(0) — 8¢® + ¢ = 240
c = 248 cosm = 3
So C(z) =2z — 8 = + 248 m=Z% {0<m<%}
C(80) = 2(80) — 8¢ + 248 =~ 408
the total cost is £408 per day.
0.8767

8 @ The graphs meet where b aream (sinw — z?) da

x? = sinx

x=0 or == 0.8767 {using technology}
a ~ 0.8767

(]
~ 0.1357 units? {using technology}

‘
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485
? @ y=cos(2z) meets the z-axis where 2z — ==
V= w] cos?(2z) dx = 'fr/4 (% + = cos(4m)) dx
is 18
=a [%x +4 sin(4:L)] z
1a
=~ [(+4snm) (& + bon (3))]
=m(f-&F-3(%)
= (g—; — 3_1—2) units?
b V= wjoz (e7® 4+ 4)2 do

= wfoz (7% + 8e~* + 16) du

- [:1—26“2“’ -+ %e*$ + 161:]3

~r (-3t st ) (1 -3))

_ (8 1 8\

B A

A2 124 units®

REVIEW SET 22€ = A

a(t) =6t — 30 cms™2
v(t) = [(6¢— 30) dt
=3t - 30t + ¢
But v(0) =27 so ec=27
v(t) = 3t> — 30t + 27 cm s~ 1

The particle comes to rest for the second time at
t = 9 seconds.

5(0) =0 cm

s(1) = 1% — 15(1) + 27(1) = 13 cm
s(9) = 9° — 15(9) + 27(9) = —243 em
Motion diagram:

8(t) = [(3t2 — 30t + 27) at L - J
=t* 15t + 27t 4 4 - 2'43 ’_: e
But E(O) =0 so d=0 L 13

the total distance travelled is
13+ (13 — (—243)) = 269 cm

coos(t) =t — 1562 4 27¢
Also, wv(t) = 3t% — 30t 4 27
=3(t> — 10 +9)

=3(t— 1)(t—9)

which has sign diagram: 'Ji | _ | .
: i >
z,--O

b Area= folgt (sinz — sin? z) dx
= ff (sine — (3 — L cos2z)) dx

= f(]% (sinz + 2 cos 2z — 3) dz

T =[—CUS$+%Sin2$—%m]O%
0+ 30 ~F)—(-14+0-0)

(
(1 — E) units?

4

Il
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‘ } 3 Thearea between =0 and z =a The area between z =a=1In3 and z =10
| . is 2 units?, is 2 units?. c
‘ i fua e do =2 flbaew dr =2
g I
1 e " =2
gl (| ot —e =2 L gb_gind o9
i e* =3 L eb_3=09
| i =g [
1
b=1Inb

™ .
Vz‘rrfO sin? ¢ dx

: : — e FTTE 3
Required area = area of A — area under sine curve ™ fo (5 =i cos(2.:n)) dz

v4 y=x 1 T, 1 1
p = E?TX‘TI’—IO sinz dx = [5&‘3— o (%) Sin(Z:ns)];r
| 2
i \ :%7[fcosm]g :W(%ﬂ’—isin&w—o)
— k. [— cos T + cos 0] = =2 units? .

2

= (% - 2) units?

.
\ - | B T
| fr\y

=ging

'l'j‘ 5 The graphs meet when 2z =sinx I
grap P =z V:ﬂ-fcz (1 - cosz)? dz

= : ; =7 [F(1- 2
area:fi)i(%mfsinz) dz + [ 7 (sinz — 2z) dz P y=sing oo (1 =2cosz +cos?2) do

‘r ! oo w=—%,0, % {using technology}
J
)
|
j

:"'ngf (1*2CGSIE+%+%CDS2m) dz

ay

I

‘ =
v 0 o
i x? 22|z
|‘ = |— +cosz + |—cosz — —
T - ™

3 ; . =
™ [EfE—QSIHm-Fistm 2
4% T 0 4 o
‘

T = 3rmy 7 ™ :
¢ =0+ - (F+0+(0-3)—(-1-0) [(35) 2sin(3) + g sinm) — (3(0) - 2sin0 + 5in0)]
N =i —%) units? :W(-?Tﬂ_g) S !
|
' |
i 6 The coordinates of B are (2, 4 + k) foz (22 +k)de=4+k 8 y=sinz and y=cosz Hence V = —n—fn% (cos® & —ain® #) dir
‘ I area rectangle OABC = 2 x (4 + k) B 2 meet where sinw = cosz -
. =842k ' [?MW] =ik . sinz = [, cos(22) do
| ; ; ; 0 T = x
] . since the two shaded regions are equal in area, cosx =g [L sin(2z)] 1
8 _
'\ I cach area is 4 + k units?. 3T2k=4+ k o tanz =1 [j ]D
:h' k=4-2% ‘ Low=x =7f(gsm(§)—§siuo)
_ 4
| B =g = (%(1) - 0)
| = Z units®
| 7 a V= 'ﬁfju '32 dx ”
ar k
5710 9 — = — =z ! T
l _ﬂ_[z dr =z =klnz+T) - klnr,
| o =
| ‘ 3 5 S T=klnz+e {m>0} :To—l—kln(i)
_ r
‘ ‘ e 10300 _ %) | When z =, T =175 So, when g s, 1
. klnrl +c =T
__ 836w 1] T
= A= Pl
L 3 Soe=Tp—klnr TOJrkln(rl)
| = 312x units®

the outer surface has temperature T, + kln ( T—z)

™
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10 a V:%’.’Tiﬁ"2h

= %ﬂ“ x 4% % 8
| I
| M = Zm X 128
i — 1287 ypjpgt
3 . 0—4 _ _ 1
b gradient = 3= = —3
. T,

' the line has equation y = —zw+4

venfy [ty d

&8 ZEZ
:wf (I4m+16 da
0

m‘?' 4$2 .
=7 |— — — 4+ 16z
12 2

0

=7 (128 — 128+ 128 —0)

3
= % units® v

C

v

EXERCISE 23A

hapter 23

TATIS

‘—

TICAL DISTRIBUTIONS OF DISCRETE RANDOM VARIABLES

1 @ The quantity of fat in a sausage is a continuous random variable,
b The mark out of 50 for a geography test is a discrete random variable.
€ The weight of a seventeen year old student is a continuous random variable.
d  The volume of water in » cup of coffee is a continuous random variable.
e The number of trout in a lake is a discrete random variable,
f The number of hairs on a cat 1s a discrete random variablc,
8 The length of hairs on a horse is a continuous random variable.
h  The height of a sky-scraper is a continuous random variable,
2 a i The random variable X is the height of water in the rain gauge.
i 0< X <200mm iii The variable is a continuous random variable.
b i The random variable X is the stopping distance.
i 0<X<50m iii The variable is a continuous random variable,
€ i The random variable X is the number of times that the switch is turned on or off before it fails.
ii X any integer > 1 fii The variable is a discrete random variable.
3 a Since X is the number of weighing devices that are accurate, X =0, 1, 2, 3 or 4.
b YYNN
YNYN
YYYN YNNY NNNY
YYNY NYYN  NNYN
YNYY NYNY NYNN
YYYY NYYY NNYY YNNN  * NNNN
X=4 (X=3 (X=2) (X=1) (x=0
€ i If two are accurate then X — 2,
i If at least two are accurate then 2, 3 or 4 are accurate S X =2 3o0r4.
] @ If 3 coins are tossed then the number of heads X can be 0,1, 2or3.
b Suppose H represents heads, T represents tails, ¢ P(X=0)= -é- PX =1)= %
HHT  TTH PX=2)=2 px=3)=1
HTH THT 8
HHH THH HTT TTT d PCX = 1)
=T
(X=3) (X=2) (X=1) (x—0) \
3
g {_—’ ﬂ
8
|
Yo 1 2 3
EXERCISE 238 o e R TG, R I [ TR
2 3
1 a Y P(z)=1 b Y P(X=x)=1
x=0 =0
k+2k4+3k+k=1

03+k+05=1 i
. k=02 o ThE=T

—k
k=3




