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STATISTICAL DISTRIBUTIONS OF CONTINUOUS RANDOM

From the graph, we see that f{w) 2 0 for 0 < = € 2.

Area=1x2x1=1 v
2 1
or f02 (1— %:c) dr = [.’r = i:f]o = ( = 2(4))
=1
f(z) is a probability density function.

b flz)=-2x(z—4), 0<z<4

F(z)

d p:f;-iﬂf(m)dm
= [t —Zat(x—4) da

=—3 [*(2® —4a2?) da

32 Q
4
= 4fé$3]
= =5 4$ 3 a

=2 (Lt - 2P
:_1(43_%><43)

b E(X)= [ zf(z)de

= [} s 0)ds

— 3% {using technology}

¢ PB<X<h)= [ —sha’(z—6)ds

= 0.64 {using technology}
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So. flo) =g, O<agy

43 ks 4
S di =1
[1 5]‘%_ 1 fo 32
Loz - 1
5 0 243 1 51k
1 235 1 A2 0
Fax (2)=_L
5 3 243 |
32
2qx 22— 1 5
5 243 243 k° =32
_ 5
a= = o =

5 a S k/E de =1
kf04m% de=1

=1l 572 dy
2 2% ; 574
JESIEE =% [3f]
3 :
%k(45~0):1 =% 4%-0%)
Fh(8) =1 = 3% = 2.4 hours or 2 hours 24 minutes
k=2
€ Pl<Xg25)= fﬁ&_ﬁdm d P(UQXQGA):P(OLQXSLL)
A= 0.369 Since PO X g4)=1,

{using technology}

P(Onga)JrP(ag_ngl):l
P(ngxga):g

=Pla< X g4

EXERCISE 24B.1 " o

2 a,b The mean volume (or diameter)
; is likely to occur most often
2 with variations around the mean
occurring symmetrically as a

- . SN P result of random variations in the
e | production process.
ﬁ“-.—c}m - e - :\N l _—‘T"_ o 7"":
. ' L3
0 0 0 40 5P
3 a P(value between y — o and Ha)
34.13% 34.13% /2 34.13% + 34.13%

i ~2 (0.683
13.59% d N, 13.59%

b P(value between u and 1 +20)
. R 34.13% + 13.50%
~ 0477

=20 p-o p tto 20
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L Without fertiliser

2.15% 0.13%

With fertiliser

0.13% 2.15% /" 3418%

< 13.50% LN N
0 2 s 40 s 60 70 o0 60 100 140 180 220 260
a P(without and < 50) P(with and < 60)
=~ 50% + 34.13% ~0.13% + 2.15%
: 84.1% = 2.28%
¢ i  P(withand 20 < X < 60) i P(without and 20 < X < 60)
2.15% o 2(34.13% + 13.59%)
~ Z. (4]
= 95.4%
d i P(with and X = 60) il P{without and X = 60)
m2 13.59% + 34.13% + 50% =~ 2.15% + 0.13%
~ 97.7% 2 2.28%
: P(value is within 2 standard deviations
34.13% a
’ i ' of the mean)
59% 13.50% - <y
2.15% . 2.15% =P(28< X <32

3.l[) 31 32 33

(34.18% | 34.13%)

0.13%  2.15%

T 13.59%

2.15%

| 13.59%

a3 13.59% + 34.13% + 34.13% + 13.59%
~ 0.954

b The value 1.7 standard deviations below the
meanis X =3 —1.7x0.1 =283

0.13%

= I

- p—3c p—2c p—0o 1 o
84% of the crop weigh more than 152 g
16% of the crop weigh more than 200 g

Adding:

p+20

3o

p—a =152
o p+o =200 ..(1)

=352, andso p=176¢g

Substituting = 176 into (1) gives o = 200 — pu = 24 g,

b For p=176¢g and ¢ =24 g,

between 152 g and 224 g, the percentage is

{34.13% | 34.13% )
0.13% 2.15% | i !

13.59% |

2.15%

| 13.50%)

152 g=p—0o, and 224 g= p+ 20.
34.13% + 34.13% + 13.59% =~ 81.9%

0.13%

146 154 162 170 178
a i P(162 < X < 170) = 34.1%

= T

186 194

i P(170 < X < 186) ~ 34.13% + 13.59%
~ 47.7%

EXERCISE 24B.2

- = N
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b i P(178 < X < 186) i P(X <162) i P(X < 154)
72 13.59% A 1—(0.540.3413) ~ 0.0215 + 0.0013
~0.136 ~ 0.159 A2 0.0228

v P(X > 162)
71 —0.159 {using bii}

R7 0.841
€ 16% of students are taller than 178 cm {13.59% + 2.15% + 0.13% == 16%}
k=178
8
t 34.13% 34.13% !
0.13%  2.15% : ; 2.15%  0.13%
13.50% | 13509 i
p—30 p—20c pu-o 1 Hta  pd20  ptdo
a 97.72% of 13 year old boys are taller than 131 cm i— 20 =131
2.28% of 13 year old boys are taller than 179 em pF20 =179 .. (1)
Adding: 2u =310, andso pg=155cm
N ; . 179 — 24
Substituting 4 = 155 cm into (1) gives o= —Q—‘U 2k 12 cm
b For p=155cm and o= 12 cem, 143 em = p—o, and 191 cm = y + 30
<. between 143 cm and 191 em, the percentage is 34.13%+34.13% + 13.59% -+ 2.15% =~ 84.0%
So the probability is 0.84.
9 P(X < 18000)
i ~1—0.5—0.3413
0.18% 2.15%  134.15% A 0.1587
“13.50% i - & we expect that less than 18 000 bottles
14000 16000 18000 20000 22 000 24000 26 000 are filled on 260 x 0.1587 2 41 days.
b P(X > 16000) 4

P(18000 € X < 24.000)
A 0.3413 x 2+ 0.1359
~ 0.8185
. we expect that between 18 000 and 24 000

bottles are filled on 260 x 0.8185
~= 213 days.

72 0.1359 + 0.3413 + 0.5
~~ 0.9772

we expect that over 16 000 bottles are
filled on 260 x 0.9772 =2 254 days.

1 a 0.341 b 0.383 ¢ 0.106
2 a 0.341 b 0.264 ¢ 0.212 d 0.945 e 0.579 f 0.383
3 a P(X <a)=0.378 b P(X > a) = 0.592

ar”s2].4

P(X < a) =1 — 0.592 = 0.408
ar21.8
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‘ — 50.2 -
i € P(23—a <X <23+4a)=0427 6 Z-score for algebra = i A2 0.3671 Z-score for geometry = Fa
‘ i P(23 < X <23 +a) = £(0.427) = 0.2135 : 15.8 18.7
| £
. “I I s P(X <23+a)=0.5+02135=0.7135 we need to solve ——2ot' 1855.7 = 0.3671
| ‘ 23+ a = 25.82 '
| © a~92.82 - x — 58.7 =~ 6.86
1 - x =~ 65.6 So, Pedro needs a result of 65.6%.
EXERCISE 24C.1 sl i S B s i o ¥ i S Ohl il e B i e vz o I
| EXERCISE 24C.2 0 s e S e e T S
1
‘ 1 X is normal with mean 70, standard deviation 4.
a  P(X 74 b P(X<68)
X — _ _
:P( 0274 70) :P(X 70268 70)
4 4 4 4
=P(Z =1) =P(Z<g —-32)
| P(Z < 1.2) P(Z = 0.86) P(Z < —0.52) =1-P(Z <1) = 0.309
‘ ~z 0.8849 =1—P(Z < 0.86) =2 0.3015 ~1—0.8413
=z 0.885 ~ 1 —0.8051 ~= 0.302 =2 (0.159
~ (0.195 [ P(60.6 < X < 68.4)
d e _P(GO.G-—?U( X—70 _ 68.4—70)
o B P
=P(—2.35 < Z< —04)
: : R L Lo ~ 0.3446 — 0.0094
| i ~1.62 0 % —0.86—" 07-032 2 = 0.335
P(Z = —1.62) P(—0.86 € Z < 0.32) 2 X is normal with mean 58.3 and standard deviation 8.96.
=1-P(Z < —1.62) =P(Z £ 0.32) — P(Z < —0.86) a  P(X>61.8) b P(X <542)
~1— 0.0526 0 0.6255 — 0.1949 _s (X ~58.3 _ 61.8— 58.3) -5 (X — 583 _ 54.2— 58.3)
& 0.947 ~ 0.431 896 ~ 8.6 i 896 896
7 & 00814 0.524 =P(Z = 0.390625) =~ P(Z < —0.4576)
2 a P(Z =z 0.837) = 0.201 b P(Z <0 )= 0. ~ 0.348 -
r € P(Z > —0.876) ~ 0.809 d P(—0.3862 < Z < 0.2506) ~ 0.249
\ € P(50.67 < X < 68.92)
e P(—2.367 < Z < —0.6503) == 0.249

= - -
—p (50.67 58.3 & X —583 Z 68.92 58.3)

3 a P(-05<Z<05)0.383 b P(—1.960 < Z < 1.960) a2 0.950 ‘. 8.96 To896 8.96
. | =~ P(—0.85156 < Z < 1.1853)
| & a P(Z<a)=095 b P(Z 2 a) =090 ~ 0.685
| o, arg1.645 {searching in tables . 1-P(Z <a)=0.90

a2 1.64  or using technology} s P(Z<a)=01 2 L is normal with mean 50.2 mm and standard deviation (.93 mm.
a = —1.28 — 2(0.01) a  P(L=50) b P(L<51)
|
c. oam —1.982 :P(L—50.2 > 50750.2) :P(Lfso.z ” 51—50.2)
| 0 —1.98 0.93 0.93 0.93 0.93
| = P(Z = —0.2151) ~ P (Z < 0.8602)
83— 78 ) 7T —T2 ~ 0.5 =~ 0.805
5 a For Physics, Z = TR 0.463 For Chemistry, Z = T B 0.431 0.585 0.805
| . : c P(49 < L < 50.5)
For Maths, Z = ——— =2 0.990 For German, 2 = ~ 0.521

10.1

For Biol 5o 1552
1010 = T
. or BIoTogy. 12.2

b Maths, Biology, German, Physics, Chemistry

=

0.93 0.93 0.93
=P (—1.2903 € Z < 0.3226)
= 0.528

(49 ~50.2 _ L—50.2 _ 50.5—50.2
=P < < )

|}

i ‘ 84— 74 91 — 86
! i

!

~= 0.820
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EXERCISE 24D = S RN T

0.81

0k
P(Z < k) =081
k =~ 0.87 + 22(0.01)
k = 0.878

kO

P(Z < k) =017
k2 —0.96 + £5(0.01)
k= —0.954

%0

P(Z < k) =0.384
k&~ —0.205

0.1384

k0

P(Z < k) = 0.1384

k= —1.09

3 a  Pk<Z<k)
—P(Z < k)—P(Z < —k)
=P(Z<k)-P(Z>k) {asarcal = area 2}
=P(Z < k)~ [L— P(Z < )
=PZ<k)-1+P(Z<k)
=2P(Z < k)—1

b i P(—k< Z<k)=0238

2P(Z < k) —1=0.238

k~ 0.303

0k

P(Z < k) = 0.58
k /2 0.20 + 25(0.01)
k 7 0.202

0.878

0 k
P(Z < k) =0.878
ke 117

cqual areas

i P(—k< Z<k)=0.7004
9P(Z < k) — 1 = 0.7004
2P(Z < k) = 1.7004
P(Z < k) = 0.8502

k~1.04
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4 a PX<k)= 'h P(X >

k)=038
k=791 {using technology}

P(X <k)=02

ko~ 313 {using technology}

EXERCISE 24E & T A Rl REREY R T

1 Let X be the length of a bolt in cm.
Then X is normally distributed with p = 19.8 and o = 0.3,
P(19.7 < X < 20) = 0.378

2 Tet X be the money collected in dollars.
Then X is normally distributed with 1 =40 and o — 6.
a P(30.00 < X < 50.00) ~ 0.904 b P(X > 50) =~ 0.0478
=~ 90.4% = 4.78%

3 Let X be the result of the Physics test.
Then X is normally distributed with = 46 and o = 25.
We need to find & such that P(X > k) = 0.07
1-P(X < k)=0.07
P(X < k) = 0.93
k == 82.894
k72 83 {assuming k is an integer}
So, the lowest score to get an A would be 83.

4 Let X be the length of an eel in cm.
Then X is normally distributed with ;2 = 41 and & = +/11.
a P(X > 50) = 0.00333 b P(40 < X < 50) ~ 0.615
=~ 61.5%
€ P(X = 45) ~0.114
So, we would expect 200 x 0.114 = 23 cels to be at least 45 cm long.

5 P(X > 35) = 0.32 and P(X < 8) =0.26
» K=y B
P(X < 35) = 0.68 8 ( i #) -
Hoifi | B 7 @
P(—”<——“):0.68 8— 4
o o P (Z < ) =0.26
35— o
P(Z< ”):0.68 8—p
o — & —0.6433
35 —p &
I T 8 — 2 —0.64330 ...

35 — 72 0.46770 ... (1)

Selving (1) and (2) simultaneously, 35 — 0.4677c =~ 8 + 0.6433¢
27~ 1.111c
o243 and p = 35— 04677 x 24.3
A2 23.6

So and o = 24.3

w2 23.6

507
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@ Let the mean be u and standard deviation be o.
| Then P(X > 80)=0.1
P(X < 80)=0.9

R X — 80 —
| P( o S0 “) =09
A T o

80 —
| : P(Z< ’“):0.9
L v

80 —p

~ 1.2816

o 80— a2 1.28160 ... (1)

Using (1), 80 — 1 2 1.2816 x 21.57 ~ 27.6
' c p A 5236
[ pr2524 and o = 21.6

b Let X be the result of the mathematics exam.

| STATISTICAL DISTRIBUTIONS OF CONTINUOUS RANDOM VARIABLES

and P(X < 30) =0.15

— 30 —
p(ug ’”):0_15
(o2

o
30 —
P(zg —E) —0.15
o
30 — p
o

30 — p & —1.03640 ... (2)

~ —1.0364

Solving (1) and (2) simultancously, (80 — ) — (30 — ) = 1.28160 + 1.03640

50 =~ 2.318c¢

om0 9187
2.318

X is normally distributed with mean g and standard deviation o.
We know that P(X > 80) = 0.1 and P(X < 30) = 0.15.

So, from a, p ~ 52.36 and o =~ 21.57.

If part marks can be given, P(X > 50) a2 0.544

: = 54.4%
| ‘ : If only integer marks can be given, P(X > 51) = 0.525
~ 52.5%

7 Let X be the IQ of a student at the school.

[ X is normally distributed with mean g and standard deviation 15.

) ‘ Now, P(X > 125) = 0.2

X — 125 — i
(s )

15 1
P (22 125__'”) — {0
15
125 —
(75"
125
s 22 H 08416
i I‘ 15
R 112

The mean IQ at the school is 112.
8 Let X be the distance jumped by the athlete.

| Now, P(X < 5)=0.15
| ‘ P(X_5.2<5—5.2

):&w

o a

|

‘ o P (Z = —%) =0.15

| o
2

0.
| o

o~0.193 m

~ —1.036

X is normally distributed with mean 5.2 m and standard deviation o.
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@ Let the mean be y and standard deviation be o and X be the diameter in cpy

P(X < 1.94) = 0.02 and P(X > 2.06) = 0,03
P(Z<%;#):0.0Z P(Z>2'067“):0.03
Ll P P (Z < M) =007

1.94 — pm —2.0540 ... (1) 2.36 — i

~ 1.881

2.06 — p~ 18810 ... (2)

= 1.8810 + 2.054¢
3.9350 = 0.12

o~ 0.0305

Solving (1) and (2) simultaneously, (2.06 — ) — (1.94 — 1)

Using (1), 1.94 — p =2 —2.054 x 0.0305 ~ —0.0626
o/ 2.00
p=200 and o = 0.0305

b Let ¥ be the number of tokens which will not o

he perate the machine. This is a binomial situation with
the probability p

=0.0240.03 = 0.05 of failure to operate and n = 20. So, ¥ ~ B(20, 0.05).
P(at most one will not operate) = P(Y < 1)

=~ 0.736

REVIEW SET 248 1880 i i By i S e

1 X is the contents of the container in mL.,
X is normally distributed with p=377 and o =49,

a i P(X < 368.6) ii P(3728 < X <« 389.6)
7 2.16% + 0.13% /22 % 34.13% + 13.59% + 2.15%,
72 2.28% ~ 84.0%
b P(377 < X « 381.2)
Rz 0.341
0.13%
i : 13.59%
364.4 368.6 372.8 377 381.2 385.4 3896 ;

2 Let X denote the mass of a Coffin Bay
standard deviation of 6.3,

Oyster. X is distributed normally with a mean of 38.6 and a

P(38.6 —a < X < 38.6 4+ a) = 0.6826
p (38.6 —a—38.6 < X — 386 < 3864 a— 386
6.3 6.3 6.3

) = 0.6826

a a
Pl—-—<zg—)=0n
( 6.3 6.3) aE
by symmetry, P (Z < __a_) =y EE0LI020
6.3 2
a
S Pl Zg——)=01 :
( < 6_3) 587 ... (%)
a
L —— 2 —1.00
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STATIST
ll (X = b) =0.8413 REVIEW SET 24B "o AT e L T
b P =b)=0. b

P(X < b) = 0.1587

‘ 1 If random variable X is the arm length in em then X is normally distributed with = 64 and o — 4.
' _ 38 — 38.6 _ b—38.6 a . N
. % (X 38.6 @ b ) — 01587 CompsHiE With 65 - =—%E a i P(60 < X < 72) ii P(X > 60)
.| 6.3 6.3 6. - A2 2 x 34.13% + 13.50% ~ 50% + 34.13%
I — ' — b~ 75.30 o o
| H . (Z P b 38.6) _ 1587 P 383 s A3 81.9% 2 84.1%
‘ - & Rioao £ b P(56 < X < 64) ~ 0.3413 + 0.1359
~ 0.477
2 < P(X >z)=07 4 ] i
(z—3)dz=1 b : i FN 215% 0.13%
| 3 a an az(z —3) P(X <2)=03 5 ’ ’
I § fn (2 —3x)dz =1 quadratic © 73 61.9  {using technology} = = 6 50 ) 68 73 6
| o[is* 3o =1
| . ] B -z 2 Let X be the rod length in mm.
“ [3 - X is normally distributed with mean pand o = 3.
a(-%)= Now  P(X < 25) = 0.02
3
-2 X —pu 25—
" oo P (*—“ #28 “) =0.02 g Sy —2.0537
=[x flz) dz d P1<X<2) 3 3 a 3
€ 'u'_f() @ z = 25—[.& * 25 2 —6.161
‘1 = 2 —Ea?(z—3) da =Ji ~ige(z—3) du Jiles ) =00 o
| —Ja 10 72 31.2
3 (2,5 _ g ) d :7130 f12($2,3m) da I f
=10 fu (% — 3¢%) dx 2]2 .. the mean rod length is 31.2 mm.
3 1.3 3
—_3 [13;4 - wa] ® de = "1 13T T 2%,
10 4 0
— 2 (1(16) - 8) da =-£ (%(S) — %(4)) - (%(1) - %(1))] 3 & Since Area 4 = Area B, 20 and 38 must be equal distances away from the mean u, because of
=103 5 0 7 )) the symmetry of the normal distribution,
=54 =% (-3 -3 is halfway between 20 and 38 20438 _ o
15 ha a clween an , SO = =
=£8=12 =2 & 9 s 2
Now P(X < 20) — 0.2
X —29 20 — 29
oo P ( < ) =0.2
P(Z>Fk or Z<—k)y=106 o o
T = k) =g0m] =83 P (Z < —2) =02
—k = —0.524 o
=z 0.524 —2 ~ —0.8416
o
| c. o a2 10.69
. 41-35
§ Jarrod’s z-score is =13 Sow=29, o107
x— 25
Paul needs = such that =15

| b Using the values obtained for pp and o in & and technology:
25 + 4.5 = 29.5 i P(X <35)~0.713
T = 5 =29.

il P(23 < X < 30) ~ 0.250
Paul needs to throw a tennis ball 29.5 m to perform as well as Jarrod.

& Let X be the marks in the examination. Then X is normally distributed with I

=49 and o = 15,
6 a P(p+o<X <p+20)=13.59% a P(X > 45) =~ 0.6051

= 0.136 So, 2376 x 0.6051 ~ 1438 students passed the examination.
34.13% b Let k be the minimum mark required for a ‘7.
b P(p<X <pto)m3413% P(X > k) =0.07
| 34.13% ) ~0.341

2.15%  0.13%

P(X < k)=1-0.07=003
ka~T71.1
k=71 (to the nearest integer)
So the minimum mark required to obtain a ‘77 is 71 marks.

i . i H i -
‘ p—3c p—20¢ pu—0o L pt+o  p+20  p+3c
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5 X is the life of a battery in weeks. 4 Let X be the length of the rods. X js normally distributed with o —
X is normally distributed with p = 33.2 and o = 2.8. Now P(X > 89.52) — 0.0563 T=8
i a P(X > 35)~ 0.260 S P(X < 89.52) = 1 — 0.0563
il b We need to find k such that P(X < k) = 0.08 . 5 (X — i 8952 —p I
I ko~ 29.3 - 6 " ¢ ) =Taar
\.| . So, the manufacturer can expect the batteries to last 29.3 weeks before 8% of them fail. . P (Z " 890.52 — M) S
5 — ") —q |
6
i '
| ‘ 6 a P(X < 30) = 0.0832 and P(X = 90) = 0.101 R -
| - - . B H 5 B 1.
. P (X p o 80 u) o T s P(X < 90) = 0.899 comm
o c X—p 90—u o B2 — = 9.52
30— P(— < —) =0.899 S R 80.0
P (Z £ ) ~ (0.0832 a e S
o = 0, the 1 :
il 30— p P(Z< ol 'U“) = 0.899 e Gl o
f ot m - 1383864 -’ 5 P(X < 90) ~ 0.975
. — _
30 — p v —1.3838640 .. (1) ot L E S (fﬂ . 50) ~0.975
90 — = 1.275874 ... (2) 7 0 So, X ~ N(50, 20.409?)
Salving (1) and (2) simultancously, ¥ (Z % ;) ~ 0.975 Now, the shaded area = P(X > 80)
(90 — ) — (30 — ) 7= 1.275 8740 — (—1.383 8640) R 72 0.0708 units?
60 ~ 2.65970 g T899
o == 22.559 S o A2 20.400
Using (2), 90 — p = 1.275874(22.559) & Let X be the heights of 18 year old boys. X ig normally distributed with 1, — 187
; p 72 90 — 1.275 874(22.559) Now P(X > 193) = 0.15 po=187.
A 61.218 ’
. P(X £ 193) = 0.85
b P(-T<X—p<T)mP(—7< X —61.218<7) X 187 _ 193 — 187
i ~ P(54.218 < X < 68.218) e ¥ (——0 < ——) =085
' A2 0.244 6
SO (Z < —) =0.85
o
REVIEWSET 24C = ... = Segear 5 10364
- a
1 Using technology: S o R 5.789
| a P(X > 22)~0.364 b P(18< X <22)~0356 ¢ P(X<k)=03 So, P(X > 185) ~ 0.635
| e REEIE . the probability that two 18 year old boys are taller than 185 om =+ 0.6352
, 2 Let X be the volume of drink in mL. 2 0.403
Then X is normally distributed with p = 376.
hen X i Ily distributed with

Now P(X < 375) = 0.023
. (X — 376 _ 375 — 376
.. P <
a a

) = 0.023
1

p (Z < —) — 0.023
a

2 —1.9956

Q|+~

| - o ~0501
\ . the standard deviation is 0.501 mL

0524 X —p 0524
3 P(ﬁ0.524<X7u<0.524)=P( el o )

] 2 2
|
I | =P (—0.262 < Z < 0.262)
2 0.207 {using technolagy}




