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SECTION 122 Arithmetic Sequences 825

ARITHMETIC SEQUENCES

OBJECTIVES 1.
2,

Determine If a Sequence Is Arithmetic
Find a Formula for an Arithmetic Sequence

Find the Sum of an Arithmetic Sequence

When the difference between successive terms of a sequence is always the
same number, the sequence is called arithmetic. Thus, an arithmetic
sequence* may be defined recursively asa; = a,a, — a,-; = d,or as

ay = 4, ay = dy +d (1)

where @ = a; and 4 are real numbers. The number a is the first term, and the
number 4 is called the common difference.

The terms of an arithmetic sequence with first term a and commeon dif-
ference d follow the pattern

a, a+d, a+2d, a+3d,...

Determining If a Sequence Is Arithmetic
The sequence
4,7,10,13, ...

is arithmetic since the difference of successive terms is 3. The first term is 4,
and the common difference is 3. =

Solution

Determining If a Sequence Is Arithmetic

Show that the following sequence is arithmetic. Find the first term and the
common difference.

{Sn} = {3n + 5}

The first termiss; = 3+ 1 + 5 = 8. The nth and (n — 1)st terms of the se-
quence {s,} are
s,=3n+5 and s,y =3(n—1) +5=3n+2
Their difference is
5, — 8,1 =0Bn+3)-Br+2)=5-2=3

Since the difference of two successive terms does not depend on n, the com-
mon difference is 3 and the sequence is arithmetic. =

Determining If a Sequence Is Arithmetic

Show that the sequence {1, } = {4 — n} is arithmetic. Find the first term and
the common difference.

*Sometimes called an arithmetic progression.
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Solution Thefirsttermist, = 4 — 1 = 3. The nth and (n — 1)st terms are
t,=4-n and t,;=4—-(n—-1)=5-n
Their difference is
£t =d—n)—B-n)=4-5=-1

n

The difference of two successive terms does not depend on n; it always equals
the same number, —1. Hence, {tn} is an arithmetic sequence whose common
difference is —1. B

MOW WORK PROBLEM 3.

_ 2 Suppose that a is the first term of an arithmetic sequence whose common
difference is d. We seek a formula for the nth term, a,,. To see the pattern, we
write down the first few terms:

a, =a

a=a+td=a+1-d
ay=a,+d=(a+d)+d=a+2-d
a,=a;+d=(a+2-d)+d=a+3-d
as=a,+d=(a+3-d)y+d=a+4-d

a+ (n—1)d

a, an,1+d:[a+(n—2)d]+d

We are led to the following result:

Theorem nth Term of an Arithmetic Sequence

For an arithmetic sequence {an} whose first term is a and whose com-
mon difference is d, the nth term is determined by the formula

A, =i I — 1} 2

CEXAMPLE 4

Finding a Particular Term of an Arithmetic Sequence
Find the thirteenth term of the arithmetic sequence: 2, 6,10, 14, 18,...

Solution The first term of this arithmetic sequence is @ = 2, and the common differ-
ence is 4. By formula (2), the nth term is

a,=2+(n—1)4
Hence, the thirteenth term is
A =2+ 12-4=50 =

EXPLORATION Use a graphing utility to find the thirteenth term of the s
quence given in Example 4. Use it to find the twentieth and fiftieth terms

y
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Solution

Theorem

Finding a Recursive Formula for an Arithmetic Sequence

Tlhe eighth term of an arithmetic sequence is 75,and the twentieth term 18 39.
Find the first term and the common difference. Give a recursive formula for
the sequence.

By formula (2), we know that a, = @ + (n — 1)d. As a result,

ag =a+ Td=175
flzg:a+19d:39
This is a system of two linear equations containing two variables, 2 and d,

which we can solve by elimination. Subtracting the second equation from
the first equation, we get

~12d = 36
d=-3

With d = —3, we find thata = 75 — 7d = 75 — 7(—3) = 96. The first term
isa = 96, and the common difference isd = —3. A recursive formula for this
sequence is found using formula (1).

a, = 96, a,=a, 1— 3 =

Based on formula (2), a formula for the nth term of the sequence {a,,}
in Example 5 is

g, =a+ (n—1)d =9 + (n—1)(-3) =99 = 3n
NOW WwWoRrK PROBLEMS TP aneo 25.

EXPLORATION Graph the recursive formula from Example 5, a; = 96,
a, = a,_y — 3,using a graphing utility. Conclude that the graph of the recursive
formula behaves like the graph of a linear function. How is 4, the common dif-
ference, related to m, the slope of a line? =

ADDING THE FIRST 7 TERMS
OF AN ARITHMETIC SEQUENCE

The next result gives a formula for finding the sum of the first n terms of an
arithmetic sequence.

Sum of n Terms of an Arithmetic Sequence

Let {an} be an arithmetic sequence with first term a and common dif-
ference d. The sum S, of the first # terms of {a,]} is

s, = g[Za +(n-1)d]=2(a+a,) 3)

2
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Proof

S.=aj+ay+azt - + ay, Sum of first n terms
=a+(@+d)+(a+t 2d) + - +a+(n— 1)d] Formula (2
=(a+a+-+ a)+d+2d+-+ (n—1)d]  Rearrange terms

n terms

:n.a+d[1+2+---+(n—1)]

=na -+ d[ ! :2’1)_?1] Property 6, Section 12.1

=na+5(n—1)d

= %[Zﬂ + (n— 1)d] Factor out n/2 @

=%[a+a+(n-1)d]

= %(a + an) Formula (2) 5)
=l

Formula (3) provides two ways to find the sum of the first n terms of an
arithmetic sequence. Notice that (4) involves the first term and common dif-
ference, while (5) involves the first term and the nth term. Use whichever
form is easier.

Finding the Sum of n Terms of an Arithmetic Sequence

Find the sum S, of the first n terms of the sequence {3n + 5}; thatis, find
§+11+14+-+ (3n+5)

Solution Thesequence {3n + 51 is an arithmetic sequence with first term a = 8 and
the nth term (37 + 5).To find the sum S, we use formula (3), as given in(5).

(a—%an):%[SJr(?m + 5)]:%(3n+13) ==

wow wonrk rrosLEM 33.

Using a Graphing Utility to Find the Sum of 20 Terms
of an Arithmetic Sequence

Use a graphing utility to find the sum S, of the first 20 terms of the sequence
{9.5n + 2.6}.

Sofution TFigure 12 shows the results obtained using a TI-83 graphing calculator.

Figure 12 [sum(sga(3., Snt2.6
sne 2@, 1

The sum of the first 20 terms of the sequence {9.5n + 2.6} is 2047. o

HOoW WORK PROBLERM 41.
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Creating a Floor Design

A ceramic tile floor is designed in the shape of a trapezoid 20 feet wide at the

' base and 10 feet wide at the top. See Figure 13. The tiles, 12 inches by 12
inches, are to be placed so that each successive row contains one less tile than
the preceding row. How many tiles will be required?

Figure 13

Selution The bottom row requires 20 tiles and the top row, 10 tiles. Since each suc-
cessive row requires one less tile, the total number of tiles required is

S§=20+19+18 4+ 11 + 10

This is the sum of an arithmetic sequence; the common difference is —1. The
number of terms to be added isn = 11, with the first term @ = 20 and the last
[ term a;; = 10. The sum S is

1
S:S(a + ) :71(20 +10) = 165

Thus, 165 tiles will be required. =

Jroblems 1-10, an arithmetic sequence is given. Find the common difference and write out the first four terms.

L {n + 4} 2. {n—5} "y, 3. {21 - 5} 4. {3n + 1} 5. {6 — 2n}
6. {4 — 20} % {% - %n} 8. {% + g} 9. {In3"} 10. {e""}
In Problems 11-18, find the nth term of the arithmetic sequence whose initial term a and common difference d are given. What is
the fifth term?
La=2 4=3 .a=-2; d=4 13. a=35 d=-3 4. a =6, d=-2
B.oa=0; 4=1 16.a=1; d=-1. 17.a= V2% d=V2 18.a=0;, d==
‘ In Problems 19-24, find the indicated term in each arithmetic sequence.
‘-\“‘\.‘_ 8. 12th term of 2,4,6,.. 20. 8thtermof—1,1,3, ...
1. 10th term of 1,=2,—5, o 22. 9th term of 5,0, -5, ...
2. 8th term of a,a + b,a + 25, ... 24. 7th term of 2V/5, 4V/5,6/5, ..

In Problems 25-32, find the first term and the common difference of the arithmetic sequence described. Give a recursive formu-
. lafor the sequence.

L. ) .
veo 8thtermis 8;  20th term is 44 26. 4th termis 3; 20th term is 35
27. 9th term is —5; 15th term is 31 28. Sthtermis4; 18th term is—96

h
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29.
31.
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15th term is 0; 40th term is —50

14th termis —1; 18th termis—%

In Problems 33—40, find the sum.

N 33.

35.
37.
39.

1+34+5++ (2n—1)
T+12 417+ + (2 + 5n)
24446+ +70
549+ 13 + -+ 49

Induction; The Binomial Theorem

For Problems 41-46, use a graphing utility (o find the sum of each sequence.

"y, 41.
AN

P

45,

47.

48.

49,

50.

51.

{3.45n + 412},
28+ 52+ 76+

n =20
+ 364

4.9 7.48 + 10.06 + --- + 66.82

Find x so'that x + 3,2x + 1,and 5x + 2 are consecutive
terms of an agjithmetic sequence.

Find x so that 2
terms of an arithme
Drury Lane Theater “Lhe Drury Lane Theater has 25
seats in the first row and 30 rows in all. Each successive
row contains one additional $eat. How many seats are in
the theater?

Football Stadium The corner sectie

,3x + 2, and 5x + 3 are consecutive
ic sequence.

successive Tow contains two additional seats, dny

How
seats are in this section? '

//

Creating a Mosaic A mosaic is designed in the shape of
an equilatéral triangle, 20 feet on each side. Each tile in
the me%aic is in the shape of an equilateral triangle, 12
inchés to a side. The tiles are to alternate in color as shown

ir'the illustration. How many tiles of each color will be % 55. Make up an arithmetic sequence

required?

30. 5thtermis—2; 13thtermis 30
32. 12thtermis 4; 18th termis 28
M. 2+4+6+-+2n

0 36. =1 +3+ 7+ + (4n - 5)
38.14+3+5+--+59

40, 24+5+8+ -+ 41

42. {2.67n — 123}, n=25

7
#

of a football sta- /
dium has 15 seats in the first row and 40xows in all. Eacl’

4. 54 +73 + 92 + -
46. 3.71 + 6.9 + 10.09 + -

+32 -
7

-4 80.27

4

52. Constructing a Brick Staircase A brick staircase
total of 30 steps. The bottom step requires 100 br
Each successive step requires two less bricks than
prior step.

(a) How many bricks are required for the top step?
k) How many bricks are required to build the stairc

53. Stadipm Construction How many rows are in the co
sectiomof a stadium containing 2040 seats if the first
has 10 seats and each successive row has 4 additi
seats?

54, Salary Supposathat you just received a job offer w
starting salary of $35,000 per year and a guaranteed1
of $1400 per year. Ho many years will it take be
your aggregate salary is $380,0007
[Hint: Your aggregate salary“after two years is $35,0
($35,000 + $1400).]

ive it to a friend

ask for its twentieth term.
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Objective  To find a formula for the nth term of a geometric sequence and
to find specified terms of geometric sequences.

The method for finding the ath term of a geometric sequence is similar to the
method used for arithmetic sequences. For example, to find the tenth term of
the geometric sequences 5, 10, 20, 40, . . ., look at the number of times the
first term 5 is multiplied by the common ratio 2 to produce #4o.

sequence 5 10 20 40 L. t
; Syt ot Y

ratios

9 ratios

As the diagram shows, the number of tatios is always one less than the number
of terms. Therefore, the tenth term is the product of 5 and the ninth power
of 2.

fi10 = 3 29
= 2560

E}:ampﬁef 1 Tind a formula for the nth term of the sequence 3, —12,48, —192, . . ..

Solution The first term is #; = 3. The common ratio is r = ;3,1; = —4,

Since there are n terms, start with 3 and multiply by the ratio n — 1 times:

t,=3(—4" ' Answer

The method used in Example 1 can be generalized to any geometric sequence.

Example 2 Find ts for the following geometric sequence:
3, —12, 48, . ..

Solution Use the formula ¢, = 3(—4)* ! from Example 1.
. t = 3(—4)51
= 3(—4)°
- = 3(—1024) = —3072 Answer
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Ex@mpie 3 Find t; for the geometric sequence in which t, = 24 and f5 = 3.

g@ﬂ'&gﬁ@ﬁ.i ~ Substitute 24 for t; and 3 for 75 in the formula ¢, = ; - ! to obtain a
system of equations in #; and r.

t2=E1‘P’2—1——>24:Z]‘?’
f5=11‘?’5_1——_> 3:1’1-1’4

Solve the first equation for f;: £ = % Substitute this expression for #;

in the second equation and solve for r:

Bi= 24 r4
=
e gy A
=7 So7=y
Substitute % for r in the first equation:
e g ik,
24 =1 >
48 =1
Using #; = 48 and r = L in the formula ¢, = ¢ - "1, find £

1 7-1
=18+ (3)
1 —t

Geometric means are the terms between two given terms of a
geometric sequence.

1,2,4,8,16 1, —2,4, —8,16 1, 4,16
L L — —
Three geometric means Three geometric means The geometric mean
between 1 and 16 between 1 and 16 of 1 and 16

Because 1, 4, 16 and 1, —4, 16 are both geometric sequences, you might
think that 4 or —4 is the geometric mean of 1 and 16. However, so that the
geometric mean of two numbers will be unigue, it is a common practice to
consider the geometric mean of a and b to be Vab if a and b are positive
and —Vab if a and b are negative.

Example 4 " a. Find the geometric mean of 4 and 9.

b. Insert three geometric means between % and 1%

S@fﬂﬁﬁ@ﬂ a. The geometric mean of 4 and 9 is V4 - 9 ="V36, or 6. Answer

1

b. Outline the sequence: 1 .9 ? ,_L;.ﬁ

2 L 3

(Solution continues on the next page.)
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To find r, substitute ﬁ for t5 and % for ¢; in the formula
=it
i%- =r

1 1 1 1 1

Sofution

o ; 111 11
If r= 30 then the geometric sequence 18 >, ~ =, Jg> ~ 54 162
- Answer
r Example 5 George has taken a job with a starting salary of $20,000. Find his salary

during his fourth year on the job if he receives annual raises of:
a. $1100 b. 5%

a. With annual raises of $1100, George's yearly salaries form an
arithmetic sequence with #; = 20,000 and 4 = 1100,
The fourth term in the sequence is:
= 20,000 + (4 — 1)1100
= 20,000 + 3300
= 23,300
. George’s fourth-year salary will be $23,300. Answer
b. With annual raises of 5%, George's yearly salaries form a geometric
sequence with 1, = 20,000 and r = 1.05. (Notice that the common ra-
tio is 1.05 and not 0.05, because a 5% raise means that for a salary S

ope year, the salary will be S + 0.05S, or 1.05S, the next year.)
The fourth term in the sequence is:

£, = 20,000(1.05)*
= 20,000(1.157625)
= 23,152.50
. George’s fourth-year salary will be $23,152.50. Answer

Gral Bxercises

Give a formula for the nth term of each geometric sequence.

1. 1000, 200, 40, 8, . . . 2.3, —6,12, =24, . ..
3. 4, —12, 36, —108, . . . d. 125,25, 5, Ly v <
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B

B

For each geometric sequence, find the value of #;; (in exponential form).

5. 1,4, 16, 64, . . . 6. 5,10, 20,40, ... 17.18, —6,2, —%, o
8. Give the geometric mean of each pair of numbers.
a. 1,4 b. —3, =27 c. 3,12

Tt s
Exercises

Find a formula for the nth term of each geometric sequence.

1. 2,6, 18,54, . .. ‘ 2. 500, 100, 20, 4, . . .
% LN 29V 4, 8 12, 18,927 . .
5. 64, —48, 36, —27, . . . 6. —1, 0.1, —0.01, 0.001, . . .

Find the specified term of each geometric sequence.

7.2,6, 18,54, . .. to | 8. 5,10, 20,40, . . . ;1

9, 320, 80, 20, 5, . . . 3 g 10. 1, =3,9, =27, . . . ; Iy

11. 40, =20, 10, =5, . . . : 12. —10, 50, —250, 1250, . . . ; to
13. £, =18, 1, = 12; 15 " 14 5= 12, 14 =96; 1o

15. 11 = 5, 13 = 80; 15 16. 1, =8, 6, =72;

17. v, ¥, ¥°, . . .3 o 18. ab?, a*b°, &b, . . . ;a5

Find the geometric mean of each pair of numbers.

19. 2, 8 20. 21. V3, 3V3 22. —18, —36

11
127 18
Insert the given number of geometric means between the pairs of numbers.

2. Three: 5,80  24. Two; —4,108  25. Four; 1,2 26. Three; =, 5

Tell whether each sequehce is arithmetic or geometric. Then find a formula
for the rth term.

27. The sequence of positive 28. The sequence of odd integers
even integers greater than two
29. 25,33,41, 49, . .. 30. —17, —11, =5, 1, . ..
31. 200, —100, 50, —25 N 32, &, &, e, e¥, . ..
2 4 6
W o 1, %% 3,404 5. . B B

. The sequenee-of negative even : sequence of positive

integers that are multiples-of- integers that give a remainder
e £ 1 whendivi
— of 1 when

35

Sequences and Series
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~~Find a formula for the nth term of each sequence’ The sequences are neither
arithmetic-nor _geometric. (Hint: Analyze the-patterns in the numerators and
denominators sepai‘atelyQ

2 3 4 5 e 12 3 4
37-'* . .o /«(" " — 38' 7 & 5a 8’ 117

1°4°9° 16"
T
& 39. Show that the-séquence a, Vab, b (a, b positive\)\hmu%ﬁm
40. The ﬁrst“ﬂlree numbers of the sequence 8, x, y, 36 form an aritfimetic se-

/g{n ce, but the last three numbers form a geometric sequence. Find all
possible values of x and y.

@E@E@E@@@E@

The following problems involve arithmetic and geometric sequences.
A calculator may be helpful in solving these problems.

B 1. Allysa has taken a job with a starting salary of $17,600 and annual raises
of $850. What will be her salary during her fifth year on the job?

2. Frank has taken a job with a starting salary of $15,000 and annual raises of
4% What will be his salary during his third year on the job?

3. The cost of an annual subscription to a magazine is $20 this year. The
cost is expected to rise by 10% each year. What will be the cost 6 years
from now?

4. A new pair of running shoes costs $70 now. Assuming an annual 8% price
increase, find the price 4 years from now.

5. A carpenter is building a staircase from the first floor to the second floor
of a house. The distance between floors is 3.3 m. Each step rises 22 cm.
Not counting either floor itself, how many steps will there be?

he width of a pyramid decreases by
m for each successive 1 m of
heights If the width at a height of
.22 m, what is the wi
at a height of 86 m?

7. A culture of yeast doubles/in size every
4 hours. If the yeast population is esfi-
mated to be 3 milliop{now, what will it
be one day from pow?

8. An advertisement for a mutual fund
claims that péople who invested in the
fund 5 years ago have doubled t
money "[f the fund’s future performance
is sirhilar to its past performance, how

uch would a $2000 investment be
‘worth in 40 years?
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B 9. A pile of bricks has 85 bricks in the bottom row, 79 bricks in the
second row, 73 in the third row, and so on until there is only 1 brick
in the top row.

a. How many bricks are in the 12th row?
b. How many rows are there in all?

10. A projectile fired vertically upward rises 15,840 ft the first second,
15,808 ft the following second, and 15,776 ft the third second.

a, How many feet does it rise the 45th second?

b. How many feet and in what direction does it move during the first sec-
ond of the tenth minute after it has been fired?

11. A new $12,000 automobile decreases in value by 25% each year. What is
its value 7 years from now?

12. A house purchased last year for $80,000 is now worth $96,000. Assuming
that the value of the house continues to appreciate (increase) at the same
rate each year, find the value 2 years from now.

13. Job A has a starting salary of $12,000 with annual increases of $800.
Job B has a starting salary of $11,000 with annual increases of 10%.
Which job will pay more after 3 years? after 5 years?

@\l w~There are 12 steps in the chromatic scale from the

Ik%ﬁbl@%mlddle C to the next higher A. This scale

can be played by playing the white and keys

of a piano in order from left to right"The frequency A B c D|E|F|G A
of a note is given in hertz (Hz)
the A below middle C has a-f equency of 220 Hz, 20 Hz 440 Hz
which means the. pf: ates 220 times Middle C
per second.-Notice that the frequency of“the
above-iddle C is twice as great, 440 Hz. If the, frequencies of the notes
rf’ﬁz chrornanc scale form a geometric sequence, $haw that the com-

mon ratio is 212 and then find the frequency of middle C.

[Wized %@%@w Em%mgggg
Solve each inequality and graph the solufion set.

1. 2x—5]>9 2.2+ x=<6 3.2=2% T t4<s

4. x> > dx 5.5 -3x=—1 .jx+3|<2

Find an equation for each figure described.

7. The line containing (—2, 3) and (1, 0)

8. The parabola with focus (0, —1) and directrix y=1

9. The ellipse with x-intercepts +2 and y-intercepts +\/3
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17-4 Series and Sigma Notation

Objective  To identify series and to use sigma notation.

When the terms of a sequence are added together, the resulting expression is
called a series. Here are some examples:

Finite sequence 3,7, 11, 15, 19
Related finite series 3+7+11+15+ 19
L1 11
Infinite sequence 20408 16
Related infinite series L +1 gk p L +
2 4 8 16

Many of the words used to describe sequences are also used to describe
series. For example, the finite series above is an arithmetic series with first
term #; = 3, last term ¢5s = 19, and general term 1, = 4n — 1. An arithmetic
series is a series whose related sequence is arithmetic. Similarly, the infi-
nite series above is a geometric series because its related sequence is
geometric.

A series can be written in an abbreviated form by using the Greek letter S
(sigma), called the summation sign. For instance, to abbreviate the writing of
the series

24+4+6+8+-+ 100

first notice that the general term of the series is 2rn. The series begins with the
term for n = 1 and ends with the term for n = 50. Using sigma notation you

50

can write this series as Z 2n, which is read “‘the sum of 2x for values of i
n=1

from 1 to 50.”"

50
2 m=2:1+2:242+3+2-4+4 4250

n=1

24+44+6+8+--4 100
Similarly, the sigma expression below represents ‘‘the sum of n? for values
of n from 1 to 10.”
10
2 n?=12422 432 4 4 |02
n=1

In sigma notation the general term, »?, is called the summand, and the letter n
is called the index.

518
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Any letter can be used as the index. For example, replacing the index n by
k in the series just given does not change the series:
10

2 R=12+2243+--+ 102
k=1

20
Example T Write the series >, (—1)/(j + 2) in expanded form.
j=1

Solution

Il

20
2 (G =D+ D)+ (—DPQ+H D+ (-1DPG+2) + -+ (—1)PQ0 + 2)
j=1

344 —54---+22 Answer

The first and last values of the index are called the limits of summation. In
Example I, the lower limit is 1 and the upper limir is 20. If a series is infinite,
then the symbol ¢ is used for the upper limit to indicate that the summation
does not end. For example,

i 1
k=1

2k71
is read ‘‘the sum of % for values of k from 1 to infinity.”

oo

| | 1 1 1

kgl 2::—1_21—1+22—1+23—1+24—1+
- Lol 1,
71+2+4+8+

By changing the lower limit of summation from 1 to 0, this infinite geometric
series can be rewritten with a simpler summand.

< 1 1,1 1,1
o=

,Zloz" 98 " gt v gk g2
_ 11,1 .

= Lot ok ot

As you will see in Lesson 11-6, this infinite series has a finite sum of 2.

Example 2 Use sigma notation to write the series 10 + 15 + 20 +--- + 100.

Solution 1 By inspection,
104154204+ 100=5-2+5-3+5-4 +---+5.20,

20

. the series is >, 5k. Answer
k=2

Sequences and Series
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Solution 2 Since the series is arithmetic with common difference 5, the nth term is:
po= 16 2= 1F
=51+5,or5(nt1)
Now find # such that the last term is 100.

t,=5n+5
100 =5n+5
n=19
19
- the series is 2, 5(n + 1). Answer
[ n=1
20
In the two solutions of Example 2, notice that the expressions >, 5k and
k=2
19
> 5(n + 1) represent the same series.
n=1
Example 3 Use sigma notation to write the series % — % + % = % A

Sofution  Since the infinite series is neither arithmetic nor geometric, you need to
look for patterns:
(1) The numerators are all equal to 5.
(2) Since the denominators are consecutive even integers, a general
expression for the denominators is 2n.

(3) To make the terms of a series alternate in sign, choose n = 1 for
the lower limit of the summand and include in the expression for
the summand one of the following factors:

(—1)" makes odd-numbered terms negative;
(—1y**! makes even-numbered terms negative.

So the expression for the summand is (—1)"“(%) :
L -, the series is 2, (#1)””(—5—) . Answer
n=1 2n

Oral Exercises

5
Exercises 1-4 refer to the series >, (4m* — 3).

m=2

1. What is the index? 2. What is the summand?
3. What are the limits of summation? 4. What are the first and last terms?
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For each series, read each symbol aloud and give the expanded form. '

3 4 5
5 i 6. 25— 7. > 4n
i=1 j=2 n=1
4 =) 1 6
8. > I 9. > — 10. > (~1y
k=1 =521 =0
Tell whether or not each pair of series is the same.
8 1 11 1 4 5
e L 12. 2 -+ 172, 2 (-1
k=0 =37 n=0 j=1
% osk+3 o W T
1 n
13- kzo k46~ igl i+ 5 4 IZ:(] 3k n§1 3l
VWirittem Exercises

Write each series in expanded form.

6 8 6 10
A 1. 2 (n+10) 2. > 3k 3. >, 2 4. 2, 3n—2)

n=1 k=1 n=1 n=4
5 (#1 3 8 4

5. ) L 6. > 47F 7. 2 157 8. > (—kF*!
j=0 +1 k=0 n=3 =1

Write each series using sigma notation.

9.2+4+6+---+ 1000 10. 5% 104 154 =4+ 250

1L 134 27 + 3% s $20° 12. 3-4+3-4+3-4+--+4 3.4
L, 2,3, ..,5 d o Ly b ocis 1

(3 5t pprbiseb o M; sgpidied o5 5

15.1+3+5+---+199 16. 3+7+ 11 +15+---+ 399

17. 1 +2+4+8+ -+ 64 18. VT + V14 + V21 +:+ V77

b s Fala, . g Lag L g,
W 14gobyed ook 20, 1¥ g gt ook
B 21. -9+3-1+1+. 22 8- 442~ 14
23. 6 — 12 + 24 — 48 24, 2+ 5+ 10+ 17 + 26 + 37
1,1 L, ... Y S S

BB, 1 bt St 26 1—5+ -4

27. The series-consisting sitive three-digit i ivisible by 5

28. The seri isti positive two-digit integers ending in 2

Sequences and Series 521



log 56 _ log s
8 Tosg b 234 19 a —og
b. —0.473 21. 2. 2% _ 16

21log35
38, [%] 25. {%} 27. {6740} 29. {21.6}
31. {2.19} 33. {1.03} 35.3.17 37. 3.36
39. {0.631, 1.46} 41. a. 2;% b. 3+
log, a __ 1

log,b log, b

¢. They are reciprocals. log, a =

Problems, pages 486—488 1. a. $1120

b. $1254.40 c. $1404.93 d. $3105.85

a. $1125.51 b. $1266.77 c. $1425.76
. $3262.04 5. a. $10,000 b. $8000

. $6400 d. $1342.18 7. a. 4N, b. 32N,
. (2N, 9. a. 25kg b. 6.25 kg

1 ¥/6000
c. 100(3—) kg 11. about 9 years

13. 12.6% 15. 0.997; 9.09 x 107"
17. 11.4% 19. 19.7% 21. a. $1,065,552.45
b. $1,066,086.39 c. $1,066,091.81

00 W

Mixed Review Exercises, page 488
1. {0 . 1} 2. 11,2} 3.{V2,2,4}

,'E:
11 2
4. {0, 6} 5. {3, S 5} 6.{1,V2,2} 7.1
1 5
8.2 9. ¢ 10.1 1. 55 12.3

Written Exercises, pages 490-491 1. ¢ =3
3.¢70=1 5.1n201=3 7. 165 =2
9.2 11. -3 13. 0 15.5 17. In12

19. In 3 21 In10e® 23. {7} 25. f4+e7}
27. {2 29. {n2} 3L {In 5}

33. 2412} 35 {9} 37. [% In 10]

39. {¢} 41. {2} 43. {In3,1n 4}
45. D = {x: x # 0}; R = {reals}
47. D = {x: x> 5}; R = {reals}

Calculator Key-In, page 492 1. a. $1061.84
b. $1127.50 c. $1822.12 3. a. 1; 0.99; 0.96;
0.91; 0.85; 0.78; 0.70; 0.61; 0.53; 0.44; 0.37

5. 2.718056; ¢

Self-Test 3, page 493 1. {650} 2. {5.81}
1/
3. {1.07} 4. $3277.23 5. In (5) ’

o2
lnS*Z)
(OI 3

Application, pages 493—-494 1. 6600
3. a. 95.3% b. 93.0%

Chapter Review, pages 496-497 1. ¢ 3. d
5.b 7.a 9.b 11.a 13.d 15. b

Mixed Problem Solving, page 498 1. 10 mL
3. CA:45; NY:34; NC:11 5. =9 7. $1500
9. A= f—; 11. Larger plant: 8.4 h; smaller:

124h 13. 4h

Preparing for College Entrance Exams,
page499 1.C 3. E 5. A 7. E

Chapter 11 Sequences and Series

Written Exercises, pages 504-506 1. A; 8, 5

3. G; 625,3125 5. A;30,38 7. N; 25" 36

9. G; 472,42 11. 7,11, 15, 19; A 13. 1,
3,9,27; G 15. —%, % ~1,2: G 17. log 2,
log 3, log4, log 5; N 19.a. A b. G

21, 32, 44 23. 20, 18 25. 63; 127 27. 21,
34 29, 48,71 31.a. 15,21 b. 55

33. 2.9 b. 35 35. a. 16, 31; No b. 57

Mixed Review Exercises, page 506

7. 2, -3) 8. (f% %) (1,1) 9.2, 1),
-2, 1); @, 1), =2. 1)

Written Exercises, page 509 1. t, = 8n+ 16
3.1 =4-7n 5.1,=4n+3 7. 104 9. 52
11. —902 13. 875 15. 8 17. —61 19. 2
21. % 23. a. —7,13 b. —12, 3, 18

c. —15, =3,9,21 25.a. 19,27 b. 17, 23,
29 ¢ 15.8, 20.6, 25.4, 30.2 27. 101

29. 300 31. 16

atb ;.
33—2— a=1b 3 5

at+b _ b—a
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Writien Exercises, pages 513-514
L g=2+3"7 3. = (VD?

5 t=64(v1)"71 7. 39,366 9. —>-
< In 2 - 39, © 356
5 16 -
11, 3o 13,28 15 5120 17, 5% 194

21. 3 23. 10:20: 40 25. V2, V4, V8,
V16 27. Ajt,=2n 29, A;

n—1
f,=25+8n—1) 3. G;t,= 200(—%)
3. Act,=(n+ Da+ 2n—1) 35 A;

= —10n 37. t,= ”:21

" oa Vab a
Problems, pages 514-515 1. $21,000

3. $35.43 5. 14 7. 192 million 9. a. 19
b. 15 11. $1601.87 13. B; B

Mixed Review Exercises, page 515
L ex<—2orx>7 2. {x 3=x=<2}

3. 4=x<2}
4. {x —2<x<0orx>2} 5 {mx=32}
6. {x: 5<x<-1} 7.x+y=1
| Loty
8 y= sz Yo o]
Self-Test 1, page 516 1. a. G2, 3L b. A;
11 — .36 i
11, =15 ¢ N; TRNE d. A;2.2,25

2. a.1,=43—7Tn b. =90 3.a. 4 b. 2,6
_ _l n—1 71

4. a. r,ﬁ48( 2) by —g B Hi 42

b. 4,8 6. $58.32

Extra, page 517 1. 6 3. -2
5. {real numbers}; {positive integers}
7. {real numbers}; {positive integers}

Written Exercises, pages 521-522
1. 11 +12+ 13+ 14+ 15+ 16

3.2044+8+16+32+64
PSR O TR . 1
Sl-at3 4t57%
500
7.241+0+1+2+3 9 > 2n
# n=1

100
15. 2. @2n—1)
n=1

11. >, »° 13. 1
n=1 n=1 ntl1

6

17. 522 19. > L 21, 3 27(7l)"
n=0 n=1 n n=1 3

3 @
23. > 6(—2y 25. 3 % 27. 3 5n

n=0 n=1 n=20
S (1) j+4 4 B
29. ,Zo (X) 3. oy 33 gl klog 5=

log5+2log5+3log5+4logs=
10 log 5 = log 5° 35. 21

Written Exercises, pages 527-528 1. 670
3. 3420 5. 25,250 7. 3925 9. 15,250

_ 4095
11. 893 13. 255 15. —29,524 17. 422
19. a. =300 b. 23X 21,1960 23. 247,500

25, a. 420 b. 2,097,150 27. 3240
S e 2 -2 1-2°
k=1 _ — . |
29.a.g]2 ] e
b. 20 31. 16, 48, 144; peometric
33. Answers will vary. a. 0.00000093
b. 0.00002656 ¢. 0.00001427 35. —50

37. 2,097,360

Problems, pages 528-530 1. 880 3. 156
5. 2046 7. Plan B; $58.83 more 9. B; A
nin + 1)

2

11. $13,971.64 13. a. T, =

n
o

b. T,= Z k 15. the square of an odd number
k=1

Mixed Review Exercises, page 530 1. %
2.0 3 -2 4.4 5 —1 6. 2V17 17.16
8. -1 9. =2 10. 11. 4 12. (3, 0) and

(-3,0)

oW

Computer Exercises, page 530 2. a. 500
b. 1.99998957 ¢. 0.740049503

Writien Exercises, pages 533—534 1. 48
3. 16.2 5. nosum 7. no sum

9, %(\/5* 1} Tl 4 15 %, 10, 2L 85 341,

2 g 3

ilig=3 (5. 33 9 1533 o 1
S=1LS=5 BB. .55 a2
L o L qg JOU 5y 1 38
s=1 1.1 19. 280 21. 1 2383, 2
25. 40, —%% 29. a. 3 b. 32

Problems, pages 534-536 1. 72 ft
3. 48(2 + V2)cm 5. 288 cm® 7. 480 m
9. a. 0.18889 in. b. 249.24 in. «¢. 250 in.

29
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ANSWERS 12.1 Exercises AN9S

2
35. 50 37.21 39.90 41.26 43.42 45 96 47.3+4+ -+ (n+2) 49.3+2+g+-~+% 51.1+%+%+---+%
BT s 55 B il e + (=1)"lnn 57 Ek 59. - i*l*i 63. o
-3%3 > . nn Zk-i-l ‘k:[)( ) P E

n+1

65. E(a + kd) or E[a + (k — 1)d] 67. (a) $2930 (b) 14 payments have been made, (c) 36 payments. $3584.62  (d) $584.62
i=

69. (a) 2080 (b) Afler 26 months. 71 $529,244.62 73. (a) a; = 0,a, = (1.02)a,_; + 500 (b) After 82 quarters (¢) $156,116.15
75. (a) ag = 150,000, a, = (1.005)a,, — 899.33 (@) (a) ap = 150,000, 4, = (1.005)a,_, — 999.33 77. 21

(b) $149,850.67 (b) $149,750.67 79. A Fibonacci sequence
© & (c)

DEEE| 150000 [T it0000

i P i figre]

z 148701 x IHBENG

3 iugEED 3 THBEHE

i 148538 i iyggEE

£ 148245 £ 14BFaL

& 148033 & 14BY4HE

n=H n=A

(d) After 58 payments (d) After 37 months
{e) 30 years (e) After 279 payments, last payment;
(H $173,758.80 ] $353.69(1.005) = $355.46

(f) $128,169.20

12.2 Exercises

1. d=1,5678 3 d=2-3,—-1,13 5 d=-2420—2 7 d——%%,*%,*%,*-g- 9.d=1In3;In3,2In3,3In3,4In3

1
1. a,=3n—lLas =14 13.a,=8 —3nas = —7 15. a,= E(n —1sas =2 17. a,= V2mas=5V2 19. ap, = 24
2Loap=—26 2. gy =a+ 7 25. a.=-13;d=3a,=a,,+3 27.a=-53,d=60,=a,,+0
20 4y, =28,d=—-2a,=0a,., —2 3l ag=25d=-2a=a,,—2 33 35 ;l(Q + 5r) 311260 39. 324

3
. [comizeacs. dom+d. B Cumize=iz, dnt, 4, 45 [cumCzealz. Soniz. 47. _5
1Z:19:1,208: 1)) sy 1215, 122 32:n.1.25,13)
8865. 9 294 896.5 49. 1185 seats
51. 210 of beige and 190 blue
53. 30 rows
Historical Problems
2.5 1.1
L 15,1052 —, 38~
3’106’ 0,296, 3
12.3 Exercises
1 3 3 3 3 11 313927
1r=3 R - U [ S S =gl gl o3 9 04f3 g p=2.>2 2 20
r=33,92781 3.r 2 7 778 1% ’ 24212 1. r 2 r I IPUrEY:

2
11. Arithmetic;d = 1 13. Neither 15. Arithmetic;d = —% 17. Neither 19. Geometric; r = 3 21. Geometric;r = 2

23. Geometric;r = 3Y2 25, g, = 162;4, = 2-3""1 27 a5 = S;a,=5-(—1)"" 29. a5 =08, =0 3L a5 =4v2;a, = (VI)"

)
1 1
Boay =7 3 0y =1 370, = 000000004 39. —(1—2) 41 2|1 -

64
3 _ 8
45 174 =umizeaia n 47. Famizeatiz 30 n, 4. FTzunlzea(Zm: e 51. 9 §3. 16 55. 5
e Bs14:10) e 1:15: 100 Ga14,155
2191.75 1.995432683 -32767 20 18
57. ;3 59, 5 61. —4

63. 10 65. $72.67 67. (a) 0.775ft (b) 8th (c) 15.88ft (d) 20ft 69. $21,879
71. Option 2 results in the most: $16,038,304; Option 1 results in the least; $14,700,000 73. 1.845 X 10" 77. 3,5,9,24,73
79. A:$25250 per year in Sth year, $112,742 total; B: $24,761 per year in 5th year, $116,801 total




