46 P(x) divided by (z—1)(z —2) gives a remainder of 2z +3.
. Pl@)= (e — (= —2)Q) + 2+ 3
for some polynomial Q(zx).
P(1) = (0)(—Q(1) +2(1) + 3
=5
the remainder when P(x) is divided by = — 1 is 5.
{Remainder theorem}

47 Let P(z) =2 —2*+ (m+ Lz + (2—m?)
Now P(2) =0
P -2t (m+12+2-mY) =0
8—d4+2m+2+2—-m*=0
. om?P—2m—8=0
(m—4)(m+2) =0
m=—2or4
Ifm=-2 Pk =z"—2"—z—2
={(z—2)(z® +azx+1) for some a.
Equating coefficients of x? gives
—1l=-2+4a
soe=1
Plx)=(z—2)(z°4+2+1)
2 +z+1 has A=1>—-4x1x1
= —3,
So no more real zeros exist.
If m=4, Plz)=2"—2"+5z— 14
= (z— 2)(z* + az 4+ 7) for some a.
Equating coefficients of z? gives
—1=—-24a
a=1
o Ple)=(z— 2" +z+7)
g +z+7 has A=1"—4x1x7
= —27,

so no more real zeros exist.

58 a Since a is a solution of the equation,
3a® —11¢* 4 8a = 12a
3¢ —11a® —4a =0
a(3a® —1la —4) =0
a(3a+1)(a—4) =0
a=20, f% or 4
b If a=0, 32°—112° + 8z =0
z(3z° — 11z +8) =0
z(B3z —8)(z—1)=0
r =0, 5

3
If a=—3, 3z2° 112" 48z = 12(-1)
323 — 1122 +8r+4=0
2z = q Is a solution, and so (3xz + 1) must be a factor.

37% — 1127 + 82 4+ 4 = (3z 4 1)(2® + az + 4)

orl

373 — 112 4 8z — 48 = (z — 4)(3z® + ax + 12)
for some a.
Equating coefficients of z° gives —11 = a — 12
. &=t
(z— 4Bz +2+12)=0

—14+£+/12 -4 x 3 x12

r =
2% 3
—1 44+/143
7 =4 of ———
6
49 P(1) =6 {Remainder theorem}
24+3+p==6
p=1

P(2) = 77 {Remainder theorem}
2t gk 41="17
oML =g — P
We need to find n € ZT such that 76 — 3 x 2™ is a power
of 2 which is = 2%, {m e Z*}
70 —8 x 2%
70
64 v
52
28
—20 too small

13 TG SO R

n=2 2™t — 64
m=2>5

So, the only solutionis m =5, n=2, p=1

50 P(i)=0 6i* + 7% + 8 + Ti+ k=0

6—7T—8+4+T7i+k=0

k=2

Since P(z) is a real polynomial, —i must also be a zero.

(z+1)(z—i) = 2"+ 1 is a factor of P(.z)

P(z) = (2* +1)(62% + az + 2) for some a
Equating coefficients of 23, a =7

Ble) = (&° +1)(62" +Te+9)

= (22 +1)(324+2)2z+ 1)

. the zeros of P(z) are i, —2 and —1

51 P(z) is a real polynomial, so 3 + 2¢ must also be a zero of

P(x).
(342)+ (3 —2i) =6 and

(3+20)(3—2i)=9+4

=13
So, z* — 6z + 13 is a factor of P(z).
22° +mz® — (m+ Va+ (3 — 4m)

= (z® — 6z +13)(2z + b) for some b
= 22" + (b— 12)z* + (26 — 6b)z + 13b

. . - for some a. Equating coefficients of % m =b— 12 ... (1)
Equating coefficients of ¢ gives —11 =1 + 3a Equating constants: 3 — 4m = 13b ... @)
) =0 Substituting (1) into (2):  13b = 3 — 4(b — 12)
(Bz+1)(z" —4dz+4) =0 136 =3 —4b+ 48
Bz +1)(z—2)*=0 17h = 51
oo = —% or 2 b=3
If a=4, 32°—112° + 8z = 12(4) m=3—12=-9
3z® — 112% + 8z —48 = 0 P(z) = (z* — 6z + 13)(2x + 3)
T = a 18 a solution, so (x —4) is a factor, ", the zeros of P(x) are 3 + 2i and ﬁ%
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53 (x+ 1) and (x — 2)* must be factors, given the z-intercepts of

54 Let P(x)=z*+22* + 8z* + 62+ 15

52 o’ xaP+ad—alxa—2=0 2
a?—2=0
a=+v2

P(z)=2%+2° —42—2
Since P(z) is the same whether a = ++/2, both z = /2 and
z = —+/2 must be zeros of P(z).

Hence (z — v/2)(z +v/2) = (22 — 2) is a factor of P(z).

P(z) = (£* —2)(2z+1)

. the zeros of P(x) are ++/2 and —2

2

P(z).
Also, P(0) = 56 and P(1) = 20.
So P(z) = (az +b)(z+ 1)(z — 2)?

P(0) = 56 3
(a x 0+b)(1)(—2)* = 56
4b = 56
b=14
and P(1) =20

(a x 14 14)(2)(-1)* = 20
(a+14) x 2 =20
Loa=—4
P(z) = (—4z + 14)(z + 1)(z — 2)° ]
= (—dz + 14)(z + 1)(z® — 4z + 4)

= (—4x + 14)(z® — 32® + 4)
= —4z* + 262® — 422 — 16z 1 56

Since bi is a zero of the real polynomial P(x), so is —bi.
x? + b* is a factor of P(z)
P(z) = z* 4+ 22° + 82® 4 6z + 15
= (z* + b*)(z® + cz +d) for some ¢, d
=z +ea® + (0% + d)z® + bPex + b7d

Equating the coefficients of z%: ¢ = 2

Equating the coefficients of a: 20 =6
b=4+/3
Equating the coefficients of 2*: 3+ d =8
d=5

P(z) = (x* +3)(z” + 22 + 5)
Now z*+2z+5=0

—24+ /22 —4x1x5

2x1
=—142¢

-, the zeros are /30, —1 +2¢

when © =

SOLUTIONS TO TOPIC 3
(CIRCULAR FUNCTIONS AND TRIGONOMETRY)

1 a %’r radians b 140°
o . T
- (Zgz % 1750) = (140 X -1%) radians
= 40° =i

[
7 15 12
I5em ) (15 sin30°)
. O =aresin| ——
12
C
A 12 em o O =a38.7° or 141.3°

perimeter = 40 cm
10+10+1=40

lem
=20
area — %91“2
1 _
= ?ZT’ {E = 97‘}
10'em =3 X 202>< 10
= 100 cm
area = 20 cm?
g B 1
287* =20 o, 8=~
1 _ 4
5l’r=20 {l=0r} 6
1i o — —_—
5(6)7" =20 %
T = 232 cm =0.9
52 4 52 — @2
COSQ =
2x5HX5
w {cosine rule}
14
cosfl = —
50
8~ 1.287

area of triangle = % X5 X5 Xsind
=12 cm?
area of sector = 1 x 0 x 57
7 16.088 cm”
area of minor segment = area of sector — area of triangle
~ 4.09 cm”

The largest angle is opposite
the longest side.

92 4+ 72 — 117
2XT7TX9

11 cm 9 cm
. _ 9
. cosf = To

{cosine rule}
7 cm ;. 0= 85.9°

cosl =

B sin ~ sin 30°

{sine rule}
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sin 26 _ sin @

8 a A -
) 2sinfcosd B sinf
5cm L 3 -
cosf =
B C
8 cm
b ABC = 7w — 30
= 7 — 3arccos(%)
&
~ 1211
Area of triangle & £ x 5 X 8 X sin(1.211)
~= 18.7 em?
9 P
X, 12 cm
Q 11 cm

117 = 22 + 127 — 2 x 2 X 12cos 60

o121 =% 4144 — 122
22— 120 423=0

i
2x1

x=611+13, so PQzﬁi\/ﬁcm

10 a A vertical stretch with factor 2, and a horizontal stretch with

factor 3.

b A translation of % units to the left, and a translation of 4

units downwards.

11 a Period:-zai
b Period = &F = 4r
2
3

le

124 /(127 —4x 1 X 23

y=sinZx +5

Period = o

or sin®gp+ 5= (% — %cozs?m) +5

12 For the sine function y = Asin B(x — C) + D:

The amplitude = 2, so A = 2.
The period = m, so %” =n = B=2
The principal axis is y =1, so D = 1.

There is no horizontal translation, so € = 0.

~. the function is y = 2sin(2z) + 1

We want to solve 2sin(2z)+1=0, 0 <z < T

— e
. sin2zx = >

Mathematics HL — Exam Preparation & Practice Guide (2™ edition)

17 a cse(x) =

=

So, P is (—

13 Ay
1 y=sinx
A /. .
— T
=1
-3

14 a Amplitude =1
The principal axis is y =0

iod = 20 — ©
Period = - =3

b Amplitude = 2
The principal axis is y = —1

2
Period = TW =4
2
2 2w .
15 a Period = 4— =67 b Period = %
3
€ y

y=2sin(2x+%) -1

y=sin3x + sinx

y = sin 3z has period 2?“, and y = sinz has period 2x.

80, ¥y = sin3z 4+ sinz has period 2.

16 tan 2z has period 3, and tan 3z has period =
The lowest common multiple of Z and Z is .
;. period =

1
sinz
", vertical asymptotes occur when sinz = 0
.. the vertical asymptotes are x = 0, dor and =27
1

Cos 2%
" vertical asymptotes occur when cos2x =0

2x = i% + k27, ke
z==+ +kr KEZ
.. the vertical asymptotes are
T==*I, :f:%“, i%’r and j:%“.

€ cot (g) = %

. x
", vertical asymptotes occur when sin (5) =0

b sec(2z) =

5; =0+kr, kETZ
t=2kmw, kEL
=0 and z = +2r
. the vertical asymptotes are & = 0 and z = +27.

18 v i
1t x
:ﬁ_] T 2n 3r
¥ E y=csc(x)
19
(=1,%) %
3
J=arccos x
- > X
-1 i 1
20 arcsin(—3) + arctan(1) + arccos(—3)
v 27
=—stit3
ar
=4

21 a gin (a.rccos(—%)) b tan (arcsiu %

= sin (5?«) = tan (%)

22 sin (3?" e q’)) tan(¢ + m)

3

b — cos I g
2T cos ¢ —cos 5 bm(i;) tan ¢

= (sin
. sin ¢
= ((—1)cosd — 0 x sin ¢) a
= —ging
sin? 0 1+ cosé@ sin® @
b 1+ cos@ - 1+ cos8 1+ cosé
1+ cosf — (1 —cos® @)

23

14 cost
cos 0 + cos® @
1+ cosf
cos B(1 + cos )
N 1+ cosé
= cosf
26 cos79° cos 71° — sin 797 8in 71° = cos(79° 4 717)
= cos(1507)
R
—g
25 cos 2x = %
1—2sin’z = % {double angle formula}
2sin’ ¢ = %
sinw = i—‘?

26 sin @ +cos @ =1

(%)2 +ceosff=1

oo

cos’l =
W5 .
cosf = —%= {8 is obtuse}
sin 28 = 2sinf cos
2 V5
= D% 3 X — 3
_ 4/
- 9

M’

2tan@
27 tan?20 = ﬁ tan 30 = tan(20 + &)
QX;I] B tan 26 + tan @
:1ﬁ22 "1 —tan20tand
_ _4 -2 42
=2 e LS
Y
_ 2
-1
28 tan2A = sin A
sin 24 ool
cos 24
in Acos A
2sin Acos A =sin A {double angle formula}
2cos2 A —1
2cos A
—————— =1 {sin4#0
2cos?A—1 { #=0F

2cos A =2cos® A—1
2cos’ A —2cosA—1=0
24+ 4/(—22 -4 x2x (1)
2 X2

cos A =

14++/3
2
1—+/3

2

But |cosA| €1, so cosA =

29 siny — 2cosz = Asin(z + )
= A(sin z cos @ + cos z 8in o)
= Asinwcosa + Acoszsina
Equating the coefficients of sin = and cos z:
Acosae =1 and Asina= —2
1 . =
a and Bt = —r

. 2 2
Now sin“a+cosa=1

cosB Q¢ =

N
=]
T 4

+
T
e | =
N
L]

I

iy

441
+1_ 1
AZ
A=5
A=+/5 {A>0}
So cosa = %, sina = —%
", « is in the 4th quadrant.
L oam5.18
30 tan 20 = 2
ﬂg— =2 {double angle formula}
1—tan®6

2tan9:2—2tau29
tan®0 +tanf —1=0
—1d2 /1P —4x1x(-1)
2x1
—1++/5
T
w 3m

Now 20 € [r, 2F], so 6 € [5, o

£ e

tanf =

—1 —
tana = —2— {tan@ < 0}
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31 sin@ = 2s8in (a" - E) 35 2sin®z —cosz =1, = € [0, 2] b 3+ 2sin(2z) =0, z€ [, 37] 6 Iflis m X n then A must be of order n X n.
& 2(1 — cos® z) — cosz = 1 . The elements, e;; of L are: e;; = 1, for all
s1113:=2(51n3:cos%—cosrr:sin%) 2~ 2cos?w — cosa = 1 sin2z = —-5° e.; = 0, for all i # j.
4
:251119:(%)—20,05;3(%) o 2cos*z+cosz —1=0 s 2w = 5?}4-}62?, kel
_ (Q?OSI*I)(Cosm"'l):O El 7 (ilc .2) is singular if i Z =k*—5=0
smz(l—\/g):—cos:c cos:c:% or cosx = —1 2%} LET
: Lox= g ptkm & L
S __ 1 i i f B= :t\/g. If ('llu 2) is singular it has no inverse.
1
tanz = {z € [—m, 3]} 8 Assuming A and B are square matrices with inverses A~! and
VvV3-1 a
=2 o o 5= B! respectively, 3AXB —2C =0
1 cos 2z v ’ M sinz + \/ECOS v=0 o 3AXB =2C
32 CSC(Z.’E) = C(Jt(QCL') = it 36 sinx + cosx = 1, 0 -.<_‘ &Z g iy gine = —+v/3cosx X 3AXBB71 — 2CB*1
iulgczos 2;4111 2% sin®z + 2sinzcosz+cosz =1 ... *) sine 3AX = 2CB™}
= E— {squaring both sides} . = 7‘/5 " s AX = %C[r1
. sin 23 1=1 . —1 e e |
1—(1—2sin’a) S - tanz=—/3 S ATAX=3AT CB
- 7 ¥ 2 winde= 0 . X =2A"1cp!
2sinz cosx 33:27“4-}4:71-, kc o T3
{double angle formulac} )
9 - x sinf + 2cos 0 2 11
= ﬂ ¥=h 42 m =2 9 m 2 1 has an inverse if its determinant 74 0.
2sinx cosx c 22=04km, KEZ ¥ ¢ 3 =1 2
sinx gk oo sinf + 2cosf = 2(sin @ — cosP)
_ s oa=kE . 2 11 2 1 1 mo 2
COs & Lorx=0,5, 7 {0z <} o 4dcosf =sing m 2 1 _2‘_1 9 ———1}? 2{4-1 3 _1‘
= tanz Since we squared both sides at (¥), we need to check our oo tan® =4 3 —1 2 _
tan (1_72&) = csc (22) — cot (52) solutions. 9 tand =2(5)+1(2m —3) + (—m — 6)
1 1 sin0+cos0 =1 v tan%:l_tanga =10+2m—3—m—=6
:Sin(%’)itan(‘%) Sin%—l—cos,—j:l v _ 2x4 =m-+1
1 1 sinm+cosm = —1 X ‘ T 142 So, the matrix has an inverse if m # —L.
=T- - So z=0 or % ‘ o B
R | 15 3 —g 2
=243 37 arcsin(2z —3) = —% 38 cos 2a = sin® & 10 The equations have a unique solution if | 1 2 —3|#0.
. 2z — 3 = sin (*1) - 1 —2si 2 0 s 2 -1 -1 1
3 3 sin® a = sin® &
"33 1 1 o Zm—8=-1 L, SOLUTIONS TO TOPIC 4 (MATRICES) g —g 9 ) ) ) 5 . @
tanﬂ—secﬁzsme 1 {oosl 70} Co2p=2 h lz?lsma 1 2 -3 _3}*1-1}#(1 =i 1’+2{1 —1
cosf  cosf ; sin” o = é 1 To evaluate 24 — 3B, A and B must have the same order. -1 —1 1
1 oL =3 o e B | Since A has order m X n, B must have order m X n. =3(—1) +a(—2) +2(1)
i oy = | So, p=m and g=n. =—-1—2a
—_— 2
— o cos” o which is 0 if @ = —1
08 ot a=—5—=2 9 Let the cost of 1 soccer ball be $z, the cost of 1 softball be $y = 7B
_ cosf @ sin@ +1 and the cost of 1 basketball be $z. Thus, we have a unique solution if a # —%.
 sinf —1 sinf + 1 School A paid 2z + ly + 3z = 90.
i an f = _z = School B paid 3z + 2y + 1z = 81. —
:—COSH-SISQHOSH * roang =5 0€-5 5l \ Sch !Cp'd 5 +0y+2z—104 " dem_’? 3 }:61:7 i
sin® @ — 1  cost s sin @ [ chool C pai x4+ 0y = 3
cosfsinf + cos 6 S = 2 1 3 z 90 _9 5
= e . i mmatrix form, (3 2 1 )|y |=[ 81 detB = =—6—-5=—11
—cos? @ . cos” 8§ +sin? @ ' 5 0 2 z 104 L &
cos &sind cosf s : - = tB=7x —11 = —77
= - _ - sinf cos @ | This system has solution = =14, y =11, z = 17. So, dstAB= deba de L
cos* ¢ cos* ¢ ;. 1=2sinfcos v ‘ 11 costs $14, a softball costs $11 and a basketball
_ sing 1 e e ‘ So, a soccer ball costs $14, a softball costs and a basketball | 19 riting the system in augmented form
= e o, 1=sin2 ‘ costs §17. 1 3 k|2
= —(tan ¥ + sec§) 20=75+2mn kel ‘ 3 A=B if: (1) A and B have the same order k=2 3|k
O=3+km kel | (2) each element a,; of A is equal to the v -3 108
34 sin2z =sinz, z € [—m, 7 L 9=Z {pcl-z = | corresponding element b;; of B. 1 3 k 2
2sinzcosxz —sinz =0 } L t ] 2,2[} ! . ~l0 —2—-3k 3—-k% |-k | Ry — Ry —kly
sinz(2cosz — 1) =0 40 a +/3tan (f) =—1, z € [, 37] o 5 a If A has order m X n and B has order n X p then C has 0 —15 10—4k | =3/ Rg — Ry — 41
s 2 ? ? n
sinz =0 sp o= 1 1 3 k 2
wELA =5 i (f) . | order m X pand ¢y = 3, aubig ~(0 —15 10-4k|-3|R.=Rs
2 V3 0 —2—3k 3—k*|—k/ Rs=R;
v o .
Ao S otkr, keZ '| b cgs= ) askbra 13 k 2
) | et ~l0 -15 10 — 4k .
; _ 5m . G2 _an
) ¢ WS YA BGE 5 1f O is the matrix with all entries 0, then A + O = O + A if 0 0 25-22k—3k"|6— 6k
=0, =% or £m sooz=3For - {z€-m 3} - A and O have the same order,. A+ 0 =0+A=A Rs; — 15Rz — (2 + 3k)R2
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