1 Continued fractions SL Type

Description

Consider the continued fraction below.

1+

1+

1+
1+
1+
1+

1
1
1

1
f—

We can consider this “infinite fraction” as a sequence of terms, ¢, where

H=1+1
1
tyo=1+—
2 1+1
=1+ L
1
1+——
1+1
Method

1.  Determine a generalized formula for #,,41 in terms of 7,,.

2. Compute the decimal equivalents of the first 10 terms. Enter the terms into a data table and plot the
relation between x and 7,, using a GDC or computer. Provide printed output of your plot. What do you
notice? What does this suggest about the value of 1, —1,,; as n gets very large?

3. What problems arise when you try to determine the 200" term?

4,  Use the results of step 1 and step 2 to establish an exact value for the continued fraction.
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5

Now consider another continued fraction.

2+

2+

2+

2+
2+

1
2+

2+~1~

Repeat steps 1 to 4 using this continued fraction.

Now consider the general continued fraction.

k+

k+
k+

k+
k+

k+1

e

By considering other values of k, determine a generalized statement for the exact value of any such
continued fraction. For which values of & does your generalized statement hold true? How do you
know? Provide evidence to support your answer.
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2 The Koch snowflake SL Type

Description

In 1904 Helge von Koch identified a fractal that appeared to model the snowflake. The fractal is built by
starting with an equilateral triangle and removing the inner third of each side, building another equilateral
triangle at the location where the side was removed, and then repeating the process indefinitely. The
process is illustrated clearly below, showing the criginal triangle at stage 0 and the resulting figures after
one, two and three iterations.

My o F A7
FEY ,?r kY % 7 gy
S ", { o &
j’ % I \'-Mwm{, SAd A LT
Y "\ / % 7 L &
/ Ay ", / Loy y ¥t L s
" ] 4 \ 5
k 7 kY bl
N /N ¥ % ¥
"‘\ - SN, < A . T
& ._‘% \ f..( Zw\; m\; A4 ¥ hs
' ¥ B
Stage 0 Stage 1 Stage 2
Method

Let NV, =the number of sides, [, = the length of a single side, P, = the length of the perimeter and 4, = the
area of the snowflake, at the 7™ stage.

1.

26

Using an initial side length of 1, create a table that shows the values of N, , I,,, P, and A, forrn =0,
1, 2 and 3. Use exact values in your results. Explain the relationship between successive terms in the
table for each quantity N,,, [, P,and 4,,.

Using a GDC or a suitable graphing software package, create graphs of the four sets of values plotted
against the value of n. Provide separate printed output for each graph.

For each of the graphs above, develop a statement in terms of # that generalizes the behaviour shown
in its graph. Explain how you arrived at your generalizations. Verify that your generalizations apply
consistently to the sets of values produced in the table.

Investigate what happens at # = 4. Use your conjectures from step 3 to obtain values for Ny, I, P,
and 4,4 Now draw a large diagram of one “side” (that is, one side of the original triangle that has been
transformed) of the fractal at stage 4 and clearly verify your predictions.

Calculate values for N , 5, Ps and A4. You need not verify these answers.
Write down successive values of A4, in terms of 4. What pattern emerges?

Explain what happens to the perimeter and area as n gets very large. What conclusion can you make
about the area as 1# — o= ? Comment on your results.
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3 Matrix powers SL Type

Method

2 0
Consider the matrix M = .
0 2

Calculate M™ forn=2,3,4, 5,10, 20, 50.

-t

Describe in words any pattern you observe.

Use this pattern to find a general expression for the matrix M™ in terms of #.

31 4 2
2. Consider the matrices P = and §' = .
1 3 2 4

, (3 1Y (10 6 5 3) ., (4 2Y (20 16 10 8
1 3 6 10 3 5 2 4 16 20 8 10
Calculate P™ and 8" for other values of 7 and describe any pattern(s) you observe.

k+1 k-1
3.  Now consider matrices of the form s
k—1 k+1

Steps 1 and 2 contain examples of these matrices fork=1,2 and 3.
Consider other values of k, and describe any pattern(s) you cbserve.
Generalize these results in terms of £ and n.

4. Use technology to investigate what happens with further values of k and . State the scope or
limitations of £ and n.

5. Explain why your results hold true in general.
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Matrix powers—student A - SLTypel
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2. Cond
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Mathematics SL: The portfolio Form B
Feedback to student

Name: Student A

¥ .

Title of task: Matrix powers Ty;:e:U i
Date set: 12/03/05 Date submitted: 20/03/05

A Use of notation and terminology 2/2

B Communication 2/3

No introduction, more explanation needed. Hard to follow in places.

C Mathematical process 4/5

Successful analysis. Only just enough data to warrant level above 2. Only one further example looked at,
not enough for 5.

D Results 3/5

A lack of any discussion of scope or limitations prevents the award of a higher level, even though an
informal justification is given.

E  Useof technology 213

Not fully exploited. The GDC allows for fuller explanation of other cases.

F  Quality of work 1/2

Satisfactory

© International Baccalaureate Organization 2005 43



Type I tasks

Matrix powers—student B SL Type
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Mathematics SL: The portfolio Form B
Feedback to student

Name: Student B

Title of task: Matrix powers Type:U i
Date set: Date submitted:
A Use of notation and terminclogy 2/2

Good use of appropriate notation throughout.

B Communication 3/3

—1

31
Well presented. 13 result appears without working or explanation.

Overall communication, however, is clear and coherent.

C  Mathematical process 5/5

Good analysis. Validity tested.

D Results 575

While the recursive statement does not give an explicit result, it is an acceptable general statement.
Discussion of scope and limitations is incomplete, but correct, satisfactory informal justification.

E Use of technology 2/3

No evidence of use is provided. Limited use only. You could have explored irrational values of k with
decimal approximations.

F Quality of work 1/2

Good work. An explicit generalized statement and consideration of irrational values of k would have
demonstrated greater insight.
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