pter 10

THE UNIT CIRCLE AND RADIAN MEASURE

EXERCISE 10A

1 180° = 7 radians
=i % radians

7 radians
# s
=5 radians

180° = 7 radians
45° = % radians
225° = 3T radians
i 720° = 4 x 180°
= 4 radians

180° = 7 radians
367 = -;5 radians

36.7°
= 36.7 X m radians
~2 0.641 radians
219.6°
= 219.6 X 7L radians

2 3.83 radians

2(}
— 2y 180
= 114.59"

3.179¢
= 3.179 X =
~z 182.14°

180° = 7 radians
60° = -g—r radians
180° = & radians

o __ T :
9 == radians

180° = = radians
90° = 7 radians

270° = ST" radians

180° = 7 radians
45% = 7 radians
315° = I radians
180° = 7 radians
{a} T M
10 = radians
80° = BT radians

18

= %r radians

137.2°

= 1372 x ﬁ radians

~~ 2.39 radians

396.7°
= 396 T X = 130 radians

% 6.92 radians

3m

4

3%180°
1

= 135°

an
20

20
= 27°

1.53°
=153 x 122 degrees
4 87.66°

5.267¢
=5.267 x 222 degrees
/2 301.78°

180° =  radiang
30° = Z radians
180° = ¢ radiang
45° = % radiang
135° = %’i radiang
360° = 2 x 180°
= 2m radiang

180° = 7 radiang
540° = 3 radiang

180° = 7 radians
10° = l radians..

230° = 27 radiang

317.9°
=317.9x m radians

7 5.55 radians

0.867°
= 0.867 x 122 degrees
=y 49.68°

Degrees

135 | 180

Radians

w

7“ A ClSE 1°B gk

261

Math ematics HL (2nd edn), Chapter 10 — THE UNIT CIRCLE AND RADIAN MEASURE
Al

360

Degrees 60 120 | 150 | 210 | 240

e 2w [ 5m £m =%
| Radians 3 6 2
L

27

o _ (41.6 2
il arca= (——350) X T X9

i arc length (4_16(%) X 2T X9

~ 6.53 cm ~ 29.4 cm®

fi area= (égg) XX 4.93%

~ 25.9 cm®

i arc length = (%) X 97 X 4.93

~ 10.5 cm

b area= ( e ) x % (3.1436)2

22 9.30 m®

g =107.9°, =592
(1079) % 27 % r=5.92

360
5.92 % 360
T 0T9x2xmw

ra3.14m

R (LO) x 72 perimeter
=1 + 2r

f(ﬁsz) X 27 % 5.012 +2 % 5.912
=~ 18.9 cm

36
208 = (£2) x 71
208 X 360 _ ,
682X m
20.8 % 360
"TA Te2xn
r =~ 5.91 cm

(—:-)XZ'rrxr
(_"U-) % 21 X 4.3
295%360

2><1r><43
f = 39.3°

2

= 10r
2
=1(0.75) x 8

= 24 cm?

1 2
[ =0r —"2-61"

84=0x5 (1.68) x 5
8.4
0= =21 cm?

6 =1.68°

l=¢r = %¢’T2

T=0¢dx8 __ 1+, 817 2
3L.T=2¢ =2 X =g %8

¢=25"7 — 126.8 cm®
¢ =~ 3.96°

But =27 —¢
0 ~ 2.32°
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arc length  area 7
= 1 -2
= _-57'9
ge, EMAS =1x5? %2
=10 cm 2
= 25 cm

52 — 62 + 10® {Pythagoras} d
s s =4/62+10°
- s/ 11.6619
s/ 11.7

6cm

13cm  arc length = rf area

13 =108 = Llr%g

1.3=10
5 X 10% X 13

=65 cm?

arc length = ("32_0) X 27T

~ 2
37.6991 = 55 ¥ 2 X 7™ X 11.6619

37.6991 x 360
~ 9% 7 x 11.6619
0 =~ 185°
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EXERCISE 10C.1

Alcos26°, sin 26°), B(cos146°, sin 146°), C(cos 199°, sin 199°)
A(0.899, 0.438), B(—0.829, 0.559), C(—0.946, —0.326)

A(cos123°, 5in123°), B(cos 2517, sin251°), C(cos(—35°), sin(—35°))

r=g /1.7
arc length = 27 x 6 /= 37.6991 ~ 37.7 cm

b 0+ 2x =180 {angles on a line}
1) ~ 180 — 2 % 18.43

o= tan” " (g
o 143.1
o~ 18.43 0

= 8
a8 tana= 13

¢ area = 2 x area of ACDB + area of sector

= 1 143.1
N2x5x15><5+(———360)><1rx250

~ 387 m”

a d distance i distance
a l= (ﬁ) X 27T b speed = = e

2130 km

1
a6 ..
= gygg ™ e BEIT0 ke 480 1 miles b1

1,852 957 km ~ 2130km
~ 480 x 1.853 kmh~!

7= 2.3947 hours
~ 2 hours 24 min

available feeding area
— area of A + area of secior

:%x?.X\/LLSxG
263.62 2
+(_-—360 )X‘n’XQ
Now MB = /9% — 62 2 227 m?

=45

cosfl = % = %
—1(2
6 = cos (5)
s 0 = 48197
So, 360 — 26 = 263.62°

b 690+ 90+ 20 =360
9:180*20!

. B
a sina=3;=01
o = sin”1{0.1)

a = 5.739
~ 168.5

length of belt

_8_ 4
+aﬁox2ﬂ-><

¢ ¢+8=360 d
¢ = 360 — 168.5
¢~ 1915

+§-g’—0><21r><5
~ 71.62 cm

~ 180 — 2 % 5180

A{—0.545, 0.839), B(—0.326, —0.946), C(0.819, —0.574)

 § (degrees) 90° 180 | 270° | 360°
i 9_(radiﬁz‘is_)' ' ez 2

2

=1 0
0

P(a, b) is such that [OP] makes an angle of & with the positive
p-axis. . a=cosf, b=sind.

[0Q] makes an angle of 74 @ with the positive r-axis.

Now As POS and QOR are congruent {AAcorrS}

OR=a and RQ=15b
Q has coordinates (—a, —b), and so sin(m +8) = —b

= —sinf

P(a, ) is such that [OP] makes an angle of @ with the positive
gp-axis. . a=ocosf, b=sind.

[0Q] makes an angle of 2 + @ with the positive z-axis.
Now As POS and QOR are congruent {AAcorrS}

OR=a and RQ =10
Q has coordinates (b, —a), and so sin(2F +6) = —a

= —cosf

sin 137° sin 59°
= sin(180 — 137)° — sin(180 — 59)°
= 5in43° =sin 121°
~ 0.6820 =2 0.8572

cos 24° sin 115
= —cos(180 — 24)° = sin(180 — 115)°
= — cos 156° = sin 657
/2 0.9135 =~ 0.9063

cos® § 4+ sin? 0 =1 b cos’O4sin®8=1
c0529+%:1 coszﬂ—l—%zl

cos? 0 :% s costf=2%

cosf = ﬂ:ﬁg . cosf = :l:%

W, |
==

cos 143°
= — cos(180 — 143)°
= —cos 37°
=~ —0.7986

cos 132°
= — cos(180 — 132)°
= —cos 48°
=~ —0.6691

cos? @ +sin6 =1

cos?@40=1
cosf = %1

cos®f +sin?d =1

cos?f+1=1

costl =0
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s = 2 - —
a cos’@+sin®f=1 b cos’@+sin’0=1 ¢ cos®f+sin®f=1 tanl® = 3 b tanz=

16 in2@ =1

5z T sin (7]
.29 _ 9
sin® 6 = ¢

sinf =+

d cos®f+sin®f=1
0+sin®0=1
sin?@ =1

sin@ = +£1

9 e B |
Té+51n 8=1
7

2 T
sin” 8 = 75

sinf = :tl'g

1+4sin?8=1
sin®f =0
sind =0

Quadrant | Degree measure |

Radian measure

0<8<90

o<y

90 < 6§ < 180

12'-<9<1r

180 < 6 < 270

3w
7T<9<"2—

270 < 6 < 360

o<

cos? @ +sin’ 8 =1

%+sin29:1
s'm29=%

+E

+3

9 a

sinf =

But @ is in quadrant 1
sinf >0
sing = 28

3

where

d cos? @ +sin? =1

25 n*g =1
=5 +sin 8

b cos?f4sin®f=1
2 4 _

cos®f+ - =1

21

25

cosf = :i:k/ﬁz—_1

cos? A =

But @ is in quadrant 2
cosf <1
cosf = — Y2

5

where

But @ is in quadrant 3

sinfl <0

Lo 12
sinf = —33

where

o
b cosz =z

€

cos? 8 +sin®d=1
2 50 _
cos" 0+ 5z =1

16
25

cosf = i%
But @ is in quadrant 4
where cosf >0

—4
cosf =2

cos® @ =

EXERCISE 10C.2

X

sin X =

sinz =

d tanz = —

sin @ + sin(—8)
—=ginf —sinf
=0

3sinf — sin(—0)
=3sinf — —sind
= 3sinf + sinf
=4sind

cos(—a) cos @ — sin(—a) sin

=cos@acos — —sinasine
=cos® o +sin® &

=1

2sin @ — cos(90° — 6)
= 2sinf — sinf
=sinf
3cos(—0) — 4sin(F — 0)
= 3cosf — 4dcosd
= —cosf

3 sin(6 — ¢) = sin(—(¢ — 6))

= —sin(¢ — 0)

tan(—@) — tan @
= —tanf — tanf
= —2tanf

cos?(—a)
= cos(—a) X cos(—a)
= cos&x X cos&x

- CC!E2 (83

sin(—0) — cos(90° — @)
= —sinf —sind
= —2sinf

3cosl 4sin(Z —0)
= 3cos -+ cosf
=4dcosf

4
3
A

4 =8
= cos X = &
4
g:

COST = —

12
5

2 cos 8 + cos(—0)
= 2cosf + cosf
= 3cosd

sin?(—c)
= gin(—a) X sin(—a)
= —sina X —sina

= sin® o

sin(90° — ¢) — cos @
= cosf — cos@
=0

cos(y — ) +4sinf
=sin@ + 4sinf

= 5sinf

cos(f — @) = cos(—(¢ — #))

= cos(¢ — )

sin(—f)  —sinf
cos(—8)  cosd

= —tanf
cos(3 —0)  sinf
sin(§ — ) " cos®

= tan@
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EXERCISE 10C.3

1 ¥

So cos(%) = \}5
sin(%) = %
1

tan(3) = £ =1

7
You should draw separate unit
circle diagrams for each case.

8  You should draw separate unit circle
diagrams for each case.

3 a sin” 60°
= 5in 60° X sin 60

(4 4 5in 60° cos 30°
=2(&) () PR

‘ I k 2‘can(fﬁTTr —sin(a’7Tr

=2(-1) - (=1
| M = o 1

a
..:sinﬂr %

cost) % v
| tanf | 1

o a

_Si,n,@-' %

.'cos;@_ 325

wanf | &

sin 307 cos 60°

1
% 2

= (V3" -2(3)’
=822
=2
2 tan 150°
1 — tan? 150°

¥

0 = 240°, 300°

b y ¢ 3

e cosf=—-3 f sin?8 =1 |
sinf = +1 l
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cos?f =1 h
cosf = =41

x=—1 x=1

g=0,m 27

i tan® @ =3

tanf = £v/3
¥

a area b area
: o
:%xgxluxSinriO" =1 %25 x 31 X sin 82
2~ 28.9 cm® ~ 384 kam?
area = 150 cm? 3 C
L 517 x & X sin68° = 150
% 4 cm
2 % 150
® = 17 x sin68°
A 6 cm B
= 19.0 4
area
= 2 x area AABC
=2x%x4x6><sin52°
22 18.9 cm®
12cm
60°
12 cm

X cm

g T o
area = 6 x area of A area = 2 X 5T sin 63
=6x 1 x12% x sin60° - 22sin63° = 50
50

sin 63°

50

2
~ 374 cmy oa?=

T & T7.49

So, sides are 7.49 cm long.

sin 63°

i tan9=~%
¥
1.]:
_5x Lz
8=

_1 -
=1 x10.2><6.4><sm¥

~ 28.3 cm®
& ¢
12cm
A 12¢cm B
area
= 2 x area AABC
=18 % % 122 x sin 72°
s 137 cm®
7
xm
xm
360°+5=72°
area of A = g,_:_g

So,

; 33
12%5in72° = -'Ej'

2 x 338

__ZxEiie
B e sinT2°

r e 11.9
OA = 11.9 m long
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g @ If the included angle is @ b Likewise,

then % X5x8Xsinf =15 3 X 45 % 53 x sin 6 = 800
20sinf = 15 ;g BDOx2
o sinf = TESs
REE =y Now arcsin (Zgi’;i) ~42.1° |

Now arcsin(2) = 48.6° ,
B~ 42.1° or (180 —42.1)°
f ~ 48.6% or (180 — 48.6)° © P d.1° or 137.9°

~3 48.6° or 131.4°

9 total area of 8 coins area of $10 note fraction covered
|
=8x12x 3r’sin30° =8rXxdr 2472
r J = 48r?(3) = 32r® ~ 3272
_ 2 >
| 600 +120=300 = 247 =2 .. % is uncovered

shaded area shaded area

= area of sector — area of triangle = area of triangle — area of sector ' \
=2 x 1.5 x 12% — L x 122 x sin(1.5) = 3 x 12 x 30 x sin(0.66) — % x 0.66 x 12°
e 36.2 em?® ~ 62.8 cm?

a i area:%basexaltitude ii S:i;—irjzﬁi
=1lx4ax3 3 I l
2 3
area = 4/6(6 —3)(6 —4)(6 — 5 |
6 om? ea=1/6(6—3)(6—4)(6—5) | |
# =vBx3x2x1
=6 cm?

. 6+8-+12
b s=————=13 s A=4/13(13—6)(13 — 8)(13 — 12) . i
=+4/13x7x5x1 ‘

/2 21.3 em? ‘ ‘

- 7.24+8940.7

i s= + =129 . A= \/12.9(12.9— 7.2)(12.9 — 8.9)(12.9 — 9.7)
=+129x57x 4% 32
/2 30.7 om?

1

RIEW SET 10A By s e o

1 area=1 % 7.3 x 0.4 x sin38° 2 a area=(2) x 7 x 13% & 118 om? (i
) 2 I
~ 211 km b area = % x 11 x 9 X sin65° & 44.9 cm? | \

* M(cos 73°, sin 73°) = (0.292, 0.956), N(cos 190°, sin 190°) == (—0.985, —0.174), e
Pleos(—53°), sin(—53°)) = (0.602, —0.799) ‘

| The 2-coordinate of A = —0.222 5 a sin? =sin(r—2)=sinZ
cosf = —0.222 ; 9—=
=] o 3
@ = cos™ " (—0.222)

b sin165° = sin(180 — 165)° = sin 157

0 /2 102.8°, 257.2°
0 =15°

€ cos276° = cos(360 — 276)° = cos 84°
6 = 84°
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6 a sin47° b sin % c cos 186° 12 sinz = -i
— sin(180 —47)° . e % = cos(360 186)°
= sin 1337 — g i = cos 174
0 =133° 1a s 0=174°
o=

7 a sin 159 b cos 927 € cos 75°

|

i , = sin(180 — 159)° = — cos(180 — 92)° = — cos(180 — 75)°
= 5in21° = —cos 88° = —cos 1057
=~ 0.358 ~ —0.035 =2 0.259

5in 227° = sin(—47)°
1507

|
= —sin47°
~ —0.731 = (120 % 755) =5 x 45° =5 % 30°
_ Zme =5x ¢ =5x Z°
3 _sme - 5_Trcci

6

9 a 71° b 124.6° € —142° d
w & e
= (71 x &) = (124.6 x %) (—142 x %5)°
~ 2.175° ~ —2.478°

a cos360° =1, sin360°=0

cos(—m) = —1, sin{—m) =0

27 57
3 a 5 b iy € Ir d
. 9
cosf = —sinf _ 2x180° _ Bx180° 7x180°
5 S = Ixl

I sind " and this only occurs at the .
sl two points shown. =225 = 140°
tanf = —1 So, =2, I ‘,
4’ 4 4y a 3¢ b 1.46° ¢ 0.435° d

= (3% 28)° = (146 x 222)° = (0.435 x 182)° =

~ 171.89°

~ 83.65°

~ 24.92°

perimeter = 2 X 11 + (%) X 2w % 11 area = (%)

646° = 360° + 286°
sin 646° = sin 286°
~ —0.961 {from ¢}

"a're: 2
4= 42 cm S 2 XTx13xsing =42
4
i . sinz = S
7 x 13

Now arcsin (;i’ig) = B7.4°

13 cm

/2 —302.01°

~ 34.1 cm
/2 66.5 cm?

T .
i a sin 106° 254° = 74° 4 180° sin 286° = — sin 74°
. . _ rRave - o _ _ gin74° = —0.961 erin
| = sin(180 — 106) o, sin254 sin 74 ~ =0 ) _ s
N ‘ = 5in 74° =~ —0.961 perimeter = 2r -+ (Hr area = (&%) x (8.7925)*
' ~ 0.961 36 =r(2+2) ~ 81.0 em?

TR 67.4 or 180 —67.4
B . T~ 67.4 or 112.6
« the included angle is 67.4° or 112.6° {assuming the figure is not drawn accurately}

=3 x 180°
= 3" |

—25.3°

= (—25.3 % %)° ||

180
~ —0.4416°

6
11x180°
6

= 330°

—5.271°
(—5.271 x 182)°

x T x 112

1 ‘|




»72  Mathematics HL (2nd edn), Chapter 10 — THE UNIT CIRCLE AND RADIAN MEASURE Mathematics HL (2nd edn), Chapter 10 — THE UNIT CIRCLE AND RADIAN MEASURE 273
8 a We t:ozlstruc:tIc a perpendicular from B to (AD). sin ( 231 ) _ _%_E_ b (7% . (ﬁ) % |
sin7h = — - .p e 1207 m —_— (2_1\') _ 1 3r 2 2 1!
125 3) T2 3 cos (8—”) =1 |
o Y 1 3 2
cosTh = —— soyR324m
125
Using Pythagoras’ theorem, 2 — g2 4 (120 — y)*
~ 120.72 + (120 — 32.4)*
z 7 149.2 m cos (3) =0 b , . con(=2) =0 ;
The area of the block = area of AABD + area of ABCD Siti (3_« _ 2 | |
2 ) =-1 sin (—%) =—1 ‘

A % 120 % 125 % sin 75° + £ x 149.2 X 90 X sin 30°
| ~2 10600 m?
~1.06 ha {10000 m* = 1 ha}

cos 1387
= — cos(180 — 138)°
= —cos42°

~ —0.743

cos 222° cos 318° cos(—222)°
= —cos42° = cos42° = — cos 42°
=~ —0.743 =~ 0.743 ~ —0.743

10 cos?@ +sin®0=1 s osin?f= %
2 psin’d=1 sinf = %L

A

f = 45 or 135° @ = 120° or 300°

2sin(Z) cos(g)

=2(3)(3)

0 = m+ k2m,

)

REVIEW SET 10C |

i 1 a The point is (cos320°, sin 3207) 2 v &
~ it 2 a * o
(| #2 (0.766, —0.643). — tan® 60° — sin® 45 cos? (Z) + sin( ) cos(35) — tan(EX) |
|l b The pointis (cos163°, sin163%) =(v3)? - (%)2 1)2 1 ’ ¢ ‘
- St = — 1 I
1 ~ (—0.956, 0.292). [ . L5 : () +1 =g
2 1 =1
il ol both negative L 53 =3+1 T2
2 1 |
v =13 ‘
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11

12

a cos(Z —0)—sind =sinf —sind

=0

area = 80 cm’
1 x11.3 x 19.2sin2” = 80

sinz®

_1eo
T 11.3x19.2

Consider the case = /2 47.5.

We construct a perpendicular from A to (BC).

AD o
ina7.5° = — and cosd75 =
s 19.2

Using Pythagoras’ theorem,

AC? = AD? + CD?
— AD? + (BC — BD)?

19.2°

Now arcsin (

b cosftanf = cos

sin @
4 (cos 9)

=sin6

160
11.3 % 19.2

AC % 1/(19.25in47.57)2 + (11.3 — 19.2 cos 47.5”)?

~~ 14.3 cm

We can similarly construct a perpendicular from A to the extension (BC) in the case z =~ 132.5. In this

case we obtain AC =2 28.1 cm.

shaded area

— area of sector — area of A

=118 %72 — 1 x7x7xsinF
_2x18><7 5 X7

~ 36.8 cm”

13w
18

shaded area of sector

) /= 47.5°

xR 47.5 or 180 —475
=~ 47.5 or 132.5

A

— area of sector — area of A
— 80 2

I

360

2,2 12 ()

G 2 2

shaded area of figure

2 [ 2] + 4

%,r,z _ 334‘{37.2 + Jéirz

-"-2'~'r2 - %\/57‘2

r h%xrx'rXsinin“

" (5)

Chapter 11

NON-RIGHT ANGLED TRIANGLE TRIGONOMETRY

EXERCISE 11A

5

a BC% =212 +15% — 2 x 21 x 15 X cos 105°

BC = 1/212 + 152 — 2 x 21 X 15 X cos 105° ~ 28.8 om
b PQ® = 6.3 +4.8% — 2 x 6.3 X 4.8 X c0s32°

PQ = 1/6.3% 4+ 4.8% — 2 x 6.3 x 4.8 X cos32° ~ 3.38 km
¢ KM? = 6.2% + 14.8%7 — 2 x 6.2 x 14.8 X cos72°

KM = /6.22 + 14.8% — 2 X 6.2 X 14.8 X cos 72° & 142 m

12%4-13% — 11% 132 4+ 112 — 192

But z >0, so z=

A= B= C=180°-A—-B
o 2x12x 13 o 2x 13 11 et
1 (192 —1 (146 ’
A = cos (ﬁ"z') B =cos (ﬁ)
A =2 52.0° B~ 59.3°
5% 4+ 77 — 107
cos( = —+ L a b
28 W7 13 cm b 7 em
S AR - N
= 70
~112°
Q@ 17 cm 9em
The smallest angle is The largest angle is
opposite the shortest side. opposite the longest side.
132 4+ 172 — 112 42 472 - 92
cosf = ——mM8M8 cosp = ————
2% 13 x 17 2x4xT
6 =cos! (2%;).- ¢ =cos ' (f%)
6 7~ 40.3 & =~ 106.60
So, the smallest angle So, the largest angle
measures 40.3°. measures about 107°.
22 52 742
i o=t T b 22 =52 4+3% —2x5x%3xcosh
2xX2%X5
_ 1 s @m=1/5%+32 —2%5x3x0.65
20
- 0.65 59381
64 4/36 —4(1)(—13
a 7 =2% +6%2 -2 xz X6 % cos60° . - (1)( )
49 = ® +36 — 12z X (%)
6 1+ +/88
@ —6x—13=0 = =
=3+ 22
But >0, so z=3+4+22.
. -3+ /9 —4(1)(—16
b 52 =22 +3%2 — 2 x z x 3 % cos120° I > () )
B=2"+9—6xx(—1)
2% 4+ 35— 16 =0 =L L
2
—3+ V73

2




