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When = =6, y:—62+12(6)r20:—36+72—2{}:16

the maximum value of Yy = —z? 4+ 12z —20

b i The perimeter is 20
:1:+'y+8:20
'y:12—£

fii Since y =12 — %,

144 — 24z + 52 =T°

is 16, which occurs when o = 6.

it y? = z* +8% — 2% T X8Xcosh
yzzw2+64—16w0059

(12 —x)? =a” + 64— 16a cosf

+ 64 — 16z cos @

16z cos § = 24z — 80
24 — 80

cosf=————

16z

3z — 10

— —_—

¢ Area A:%xmxstmB
= 4z sinf
A? = 163 sin® 6
— 162%(1 — cos® §)

- {1 (3m — 10)2]
= X2 2%

4x?
— 1622 — 4(9z” — 60z + 100)
— 1622 — 362> + 240z — 400
— _20z? + 240z — 400
= 20(—x* + 12z — 20)

QSQ:62+32-2X6X3XCOS¢

Qszm

b i If ¢=50° QS=-45—36cos 50°

=~ 4.675
gin 0 N sin 32°
7 4675
| 7 X sin 327
i sinf ~ ———
4.675

g~ sin " (

7 ¥ sin 32°
I e
4.675

2@
d A is maximised when A? is maximised
since A > 0.
From a, —x2+ 12z —20 has a maximum
value of 16 when = = 6.
When z =6, A% =20(16)
= 320

A=+320 {A>0}

] 8B

L6 [ 0z2 — 60z + 100
- M4 e ——

Also, when = = 6, y=12—6
=6
ihe maximum area of the triangle is
8+/5 units?, and the triangle is isosceles
when this occurs.

) or its supplement

' . pae525° or (180 —52.5)°

| ii If @ is acute, then & = 52.5°

‘ and o = 180° — 32°

il 2 05.57

w c areaofPQRS:-;-XBXGXSinBO"—{—

~ 93.2 units

2

RSQ = 52.5° or 127.57

T 7
g ———
$in 95.5° sin 52.5°

7 % sin 95.57

(R~

sin 52.5°

—40

xr ~ 8.78
perimeter 7 6 +3 + 7
£ 24.8 units

+8.18

1y 7 x 8.78 X sin32° ]

o2
or if @ is obtuse we can similarly calculate that the area of PQRS ~= 12.6 units™.
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EXERCISE 12A ©

y é - By

v

Ly~

1 ]

Not. el.lough information to say data is
periodic. Tt may in fact be quadratic.

] d
I E2 N 5
3 1 o e ° o |
P — o : 2
t : 5
*_? x 3 2
T 1 il i 4—?— . =
l_... ?’ 4 € 10 13 2>

Not enough information to say data is

B - 1t sy i ot b quadsatio Not enough information to say data is

periodic.
a
e L[fh:‘f\ b The data is periodic.
%muilcm) VAR ){J\ i The minimum value from the table is 0
7 \? / \ and the maximum value is 64.
/ So, the principal axis is y ~ 24164
/ \ / 3( # Jooy R 32, ?
A \\ ii  The maximum value is ~ 64 cm.
TR ST " fli The period is & 200 c¢m.

distance travelled (cm) v The amplitude is &2 32 cm.

A curve can b
e fitted to the data as the distance travelled is continuous

periodic b iodi iodi
; periodic ¢ periodic d notperiodic e periodic f periodi
| ic
12B.1

=3sing

amplitude 3 and period 2= b y=-3sinz
p

2=0, y=0 =2m has amplitude |—3| = 3
and period 2T" =2,
¥ When & =0, y=0.
¥y
»=3sinx 3
2 y=—3sinx
= 2n 1
x = x
1 T —

2n

It is the reflection of y = 3sina in the r-axis
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€ y—ﬁsmx

has amplitude 3 and period 2T =2m
When 2 =0, y=0.

y = sin 3z ,
has amplitude 1 and period -
When =0, y=0.

y=sin3x

€ y= sin(—Zm)

l s
has amplitude 1 and period T'_Q_\

When £=0, y=0.

y=2sinx + sin2x

Chapter 12 — ADVANCED TRIGONOMETRY

d y=-isinz
3
has amplitude l % =3

and perlod = =2m.

y=—3sinx

. 3 . A
Tt is the reflection of y = 5sinz in the

L-axis.

Yy= sin (E;')

; 2m
has amplitude 1 and period 5

When = =0, ¥ =0
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os&W\ P

TEET\NJ\NJ

Prediction: 4

R T B

—05
—1

O S O

0.5

—0.51

=i

Ly

This is the graph of vy = sinz
translated by (_02).

y=sin(x+2)

This is the graph of y =sinz
translated by (?).

This is the graph of y = sinz
translated by ( _0% )

2

riod — 2

& 5

il
B
8 B

=2
3

, or vertically down 1 unit.

anslation of (©)

nslati i i
slation of ( 40 ), or horizontally I units right.

y=sin(x - 2)

& ¢

This is the graph of y = sinz

translated by (g) ;

y=sinx+2

This is the graph of y =sinaz

translated by (g) ;

y=sin(x—%)+l

/‘

—

2n x

This is the graph of y = sinx
translated by ( f )

¢ period =
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EXERCISE 12C !

e
A vertical stretch of factor 2. d A horizontal compression of factor 4,

A vertical stretch of factor 3. f A horizontal stretch of factor 4.

h A translation of (:2).

A reflection in the x-axis. 4

A vertical stretch of factor 2 followed by a horizontal compression of factor 3.

A translation of (g )

Mot | 1 | 2|3 | 4|5 |6 |7 |89 |10]11]12
Temp, T | 15 | 14 | 15 | 18 | 21 | 25 [ 27 | 26 | 24 | 20 | 18 | 16

30 4 Temperature (°C) o © o
20 e 5
o g © 9
10
1 2 3 4 5 6 7 8 9 10 11 12 time (month)
. 2w .
The period is 12 months so = 12 . B=% {assuming B > 0}.
; max, —min. 27 — 14
Amplitude, A=~ = ] 5 75 6.5
' - o . 27+ 14
As the principal axis is midway between min. and max., then D = 5 23 20.5

When T is 20.5 (midway between min. and max.)

247
C= % ~ 4.5 {average of £ values}

T~ 6.5sin Z(t—4.5)+20.5 where % = 0.524.

Using technology, T & 6.14sin(0.575¢ — 2.70) 4+ 20.4
T m 6.14'sin 0.575(¢ — 4.70) + 20.4

Month, t | 1 | 2 3 4 | 5|6 |7 8] 9| 10 11 | 12
Temp, T | 15 | 16 | 141 | 12 | 10 | 74 | 7| 7% | 8% | 103 | 125 | 14

20
o © o o e o
10 o o o ©
t
0 " —
1 2 3 4 5 6 7 & 9 10 1 12
h 1 1 2Tr » m
The period is E:B o B=Z {B>0}
. max. —min. 16 -7
Amplitude, A~ =] 4.5

2 2

i G . 16+7
As the principal axis is midway between min. and max. then D =2 2+ ~ 11.5

7T+14
s =10.5

Atmin, t=7 andatmax., t=2+12=14 - C=

So, T =45 sin%(t —10.5) +11.5

Using tech., 7"~ 4.29sin(0.533f + 0.769) 4+ 11.2  Note: (1) % ~0.524
T 72 4.295in 0.533(¢ + 1.44) + 11.2 (2) 1.44—(—105) =11.94=~12

Mathematics HL (2nd edn), Chapter 12 — ADVANCED TRIGONOMETRY 291

Month,t | 1] 2 | 3 4 5 6

7 8 9 10 11 12

Temp, T | O —4 | =10 | —15 | —16 | =17 | —18 | =19 | =17 | =13 | —6 | —1

t Temperature (°C)

9 10 11 12 ~
[=]

. 2w W
The period is 3:12 B=% {B>0}

max, —min. 00— (=19) 5

litude, A = R 5
Amplitude = 2
; in. 0 —19
ngax-{-mmm +( )rﬁ‘:_g‘5
2 2
; 8+ 13
At min., £ =8 and at max.,, t =1+12=13 = 5 ~ 10.5
So, Tw~9.5sinZ(t—10.5)—95 . (1)
From technology, T & 13.1sin(0.345¢ + 2.37) — 5.43
T 22 13.1sin0.345(t 4+ 6.87) — 5.43  ..... 2
Il' T:ililpcramre () —— r - T=13.15in0.345(1 + 6.87) — 5.43
[ = N P N . <
-10 = :
=20

Y

Neither model seems appropriate.

4 a Forthemodel H=AsinBt—-C)+D

2
period = Eﬂ- =124 hours .. B=

We let the principal axis be 0, so D =0

T~95sin5(t— 10.5) — 9.5

2
2T 0.507
12.4

the amplitude A =7, so the min, is —7, and the max. is +7

Let t =0 correspond to ‘low tide’

0+62

=

So, H = 7sin0.507(t —3.1)+0
H = 7sin0.507( — 3.1)

0= 3.1 b

5 Let the model be H = Asin B(t — C)+ D metres
When ¢ =0, H= 2 andwhen t =50, H= 22

T T
min. max.
. 2
penod:ﬁzloo B ol
B 100 50
_max. -+ min.

t = 6.2 corresponds to ‘high tide’

[ 9=3

i
F=7sin0.507(¢ — 3.1)
T
31 9.‘3\ -

= P e R A

ﬁ\

A=10 {from the diagram} D=
0+ 50

2

C= =25 {values of ¢ at min. and max.}

2242

===
m

H:lOsinE(th%)JrlZ

12
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EXERCISE 12D

1 a y=cosz+2"

b y=cosz—1

i

This is a vertical translation of
y =cosz through (g)

¢ y=cos(z— %) 4y

This is a vertical translation of
y=cosz through (_01).
d y=cos(z+ %)

This is a horizontal translation of

=
y=cosz through (‘6)

e y:%cos;ﬂ ¥

T
\.._____Tr / — =)

This is a horizontal translation of

A
y =cosz through ( 0‘5).

f y:%cosa’:

This is a vertical stretch of
y = cosa with factor .

g y= —CoSl

il

This is a vertical stretch of
y = cosz with factor g

h y=cos(x—F)+1

hn

T
=i

This is a reflection of
y=cosz in the z-axis.
i y=-cos(z+ %) —1y
2

X -

-T

=2

This is a translation of ( 3

j vy = cos(2x)

N e

=2

s
This is a translation of (_i )

?.V

k y=cos (%)

7—11: \/_1

This is a horizontal compression of factor &

1 y=3cos(2x) 5

&

This is a horizontal stretch of factor 2.

,
=

This is a horizontal compression of 2 ;"‘“
followed by a vertical stretch of factor &
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2
g a period=ZF b period = =% — 67

1
3

1 2T
¢ period = — =100
30

: ; 3 2
3 A controls the amplitude. B controls the period {period = |
D controls the vertical translation.

g a If y=AcosB(x —C)+ D, then A=2 i

T = —

C and D are 0 as there is no horizontal or vertical shift.
b If y=AcosB(z—C)+D, then A=1,

A vertical shift of 2 units, no horizontal shift

So, y=cos(2z)+2 or y=cos (%) + 2.
¢ If y=AcosB(zx—C)+ D, then A= -5,

C =D =0 {as there is no translation}

EXERCISE 12E.1 [0

~ 0.364

tan 50°
~1.19

k } In ATON, ON=NT =1 {A is isosceles}

B

D=2,

7
| }. C controls the horizontal translation.

B=2

y = 2cos(2x)

2m
47 = —

B=1
c=o.

N
tan45° = — =

ON

EXERCISE 12E.2 immmms

a | y=tan(z—3) is y=tanz ii

g in
translated ( 2 )
0 ‘
¥

y=—tanx is y =tanz reflected

the z-axis.

4y = tan 2z comes from y =tanx
under a horizontal compression of factor 2.

\
J

4 translation through (é) b reflection in z-axis
a 1 SR T _ =
period = T =7 b period = £

n

¢ horizontal stretch, factor 2

jod = &
€ period = =
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SXERCISE 12F.2

EXERCISE 12F.1

sinz +sinz —1 =0 when = = 0.666, 2.48

b
92
,2.85

4.35

0.171, 4

2.03

when z A —0.951, 0.234, 5.98

1

b=

1.31,

~

2 _ g3

=Inz when =z

= 0.0652 when =z = 1.08
=z —6x+1 when =z

)

z2
d 2sin(2z)cosx

10

a sin(z+ 2)

¢ xtan(
g cos(z — 1) +sin(z+1) =6z + 5z

{ Using technology:

K=
I

x € [0, 37]

Y4+1=0,

sy

4

b 2sinzg—1
2sin(xz —

+ k2w

=
3

COs T

il
=]

i

m.,
5
L
2
B2

© /2 5.9,9.8, 129

+

2hd

rerthb

u

+

T 3 4.4, 8.2, 10.7

FHITE TN

T
ias

MEiggat

R

{28 228

i

i
iy

i

qdaeas

£ EEaa

an ks

iSetbeesas

sRashEly

4
kx
i

:

%

iga=es

RO

R E RS

I

Faet

gad

tanl =~ 1.557

IO

i tan2.3~ —1.1 {point B}

I When tanz = 2,
ii When tanz = —1.4,

il tan2.3= —1.119

b When sinz = —0.4,

a i tanl= 1.6 {point A}

faseeill

bkx

s

g

Skt

G

it

HE

{iSEess

th

jaan

o

fazwurs

SioEaNevs:

of
=]
|
it i =
= i N
25t S m £
oE HHEb
o ww..nn.-_. [hey
st =
MRt 2
i BREITEAELROEER %
3 FEEn s Rk, g
o T o
= B - -
5= S ey -4 ixt
i @ R i ok
- o B gt = hisi
i T, EEE : e
§ o B = o
..N [=}] it r)w. T Hi o
i g £ dEas e i
t =] SR 3
i ; o dEEEIEE i
o © N S i £
o 5 e i aans HE
o 9 e il £ ot
o il 22 5
o
=]
Q
=]

aRnntianey

o

i

B 8 s

=
aget

= 1.7,3.0,4.9,6.1, 80, 9.3, 11.1, 12.4, 14.3, 15.6

H
yuan

-

=%
Sp e
tesl

T

4 g anys

5

o~ 0.4, 1.2, 3.5, 4.3, 6.7, 7.5, 9.8, 10.6, 13.0, 13.7

s
aaan s

5

zr1.2,5.1, 7.4

S

TR T
R
EEsArEs
TR

oy

1

BE e ey

Bupevks siEippnit

i
1 38 - w‘ i}
Eaazessezeny Eoe jaEizEeied -
igagasen % FE e
i 5 S 5t
kSR o ERawR e =

Anapyz ek

e e

(aaeE ey

oty gz

P

T

EaBh e

Risiay

SR
Souna

i
SR AR aE
t

T

frhs
2SR

=
5 A%

i

5

£

i

5

AEf

RAnka

i

b
H

E

b When sin(2z) =—0.3,

a When sin(2z) = 0.7,

a When cosz = 0.4,

F._;{

a When sinz = 0.3,
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I

a The zeros of y = sin2z are the
solutions of sin2z=0 {0< z < 7}

y=0
2r =0+ kr
z=0+k%
r=0Z,7m

2 g

3 X:tanél( ):% km
= tandz = V3
a tan(z — %)_\/_ b tan m_ﬁ+kﬂ-
m—%:—’é + k — 3 y
. :L+_£
z=2%+km I T L

¢ tan®x =3
tanz = £v3

&= _3£}+
3

b The zeros of y = sin(z — §) are the

solutions of sin(z — F) =0 {0€xg 37}

€

a sing = —cosx, 0L z<2n
sin —cos T
cosT  COSZ
tanz = —1
T = + kmw

¢ sin(2z) = V3cos(2z), 0< <27
sin(2x)
cos(2r) 7R
tan(2z) = V3

2m:%+k7r

T=%

184-741—04*’671'
=5 +kn
5 9
e=1 T e
- Elus
w="4 or 3
sinz
If sinz = cosx then =
cos T
tanz =1
—
T=1q
—
=5

gin(3z) = cos(3z), 0< <27

sin(3w)
cos(3z)
tan(3z) =1

3z = -E- + km

r

T =73r 127 12’ 127 12
i,

T=T5, 35 2 137 16
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b The greatest value of P(t) occurs when sin (%) 1, so the greatest population
t
is 7500 + 3000 = 10500 grasshoppers when % =3 + k2w
............. = t
y=1 - i- 140k
km
t =4+ 16k
t=4 {as 0<t< 12}

So the greatest population occurs after 4 weeks.

¢ i When P(t)= 9000, il When P(t) = 6000,

7500 + 3000 sin (E-E 7500 + 3000 sin (Lt ) = 6000
y=0 3000sin (—B-) = —1500
sin (%) =~}
W—t 5%_7[} +k2m

+k2

} +k 16

— 11 2 A -
t=lz w6 Lot=

L’DIH—
o:im ml»—- &
N

t=

[to
|O TS

(4]

So, the population is 9000 at 13 weeks
and 62 weeks.

d If P(#) > 10000, then

EXERCISE 12G

1

z=2ZI,

T =

a P(t) = 7500 + 3000sin(%E), 0t <12

i P(0) = 7500 + 3000sin0
= 750040
= 7500 grasshoppers

P(5) = 7500 + 3000sin(%")
A2 10271.63 ...
= 10 300 grasshoppers

H(t) = 20 — 195in (22t)

e
t_4mm

| e T y:%

7500 + 3000sin (Z£) > 10000
3000sin (Z£) > 2500
an (%) > 2
Solving  sin (”Tf) =2 using technology
tm2.51 or 549  So, 2.51 <t < 5.49 weeks.

a H(O) =20 —19(0) b H is smallest when sin (%) =71
=20m . 2mt — T ko
So, at time ¢ =0, the light is 20 m o3 2 i

above the ground. 2t

® o E =tk
3

__ 3
i i+ k3

{as k =0}

So, the population is 6000 at 9% weeks.
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; 27 .
¢ period = 5~ =3 min
3
one revolution takes 3 min

3 P(t) = 400 + 250sin () years

a P(0) = 400+ 250(0)
— 400 water buffalo

1
b | P(3) =400+ 250sin (Tr(;))

— 400 + 250sin(%)

1
¢ P(1) = 400 + 250sin(5) =400+ 280 X
— 400 4 250 x 1 ~ 577 water buffalo

= 650 water buffalo ii P(2) =400+ 250sin7
This is the maximum herd size. — 400 + 250(0)

— 400 water buffalo

e If P(f) > 500 then

P(t) is smallest when sin (-";t) =)
400 + 250sin (&) > 500

and is 400 — 250 = 150 water buffalo.
250sin (5£) > 100

n () > 2

Tt occurs when

% +k2 sin (E) ; when
2
t=3+4k it

. 2 — 04115 or w—0.4115
So, the first time is after 3 years. 2
t = 0.262 or 1.74

So, for sin (lf-f-) > 2,026 <t< 1.74

2

the herd first exceeded 500 when

t == 0.262 years.

The period is 4 seconds. D=1+3=4
ar 4 =0
B . H(t) = 3cos Z(t — 0) + 4 metres

o

2 - H(t) = 3cos(Et) + 4 metres

AmPide is 3 Check: When t =0, H(0) =3cos0+4=7 v

X enters the water when H(t) =2
3cos (%t) +4=2

at) — 2

cos () = -3

Using technology, 1t/ 1.46 sec
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§ C(t)=92sin T (t—4)+107.8 cents L*
a i 107.8 is the median value. Values are between 107.8 — 9.2 and 107.8 + 9.2
=986 cents L™ and 117.0 cents L™*
T T

the statement is true. min. max.

i i 2
i period = == 14 days .. true
T

b C(7) = 9.2sin Z(3) + 107.8 =2 116.8 cents L™!
¢ When C(f) =$1.10L~" then 9.2sin Z(t—4) 4 107.8 = 110

2.9
sin Z(t —4) = — == 0.2
o ) 5 3913

F(t—4)~0.23913 or 7 —0.23913
t—4~0.533 or 6.467
o t ~4.53 or 10.47
So, the price is $1.10 per litre on the 5th and 11th days.
d The min. cost per litre is —9.2 4+ 107.8 = 98.6 cents ™1
when sin Z(t—4) = -1 S 2—8=21
%(t—tl-_):%” 2t =29
‘4 o t=145+ 14k
7 {perioad is 14 days}
So, the minimum occurred on the 1st day and the 15th day.

d tan(m) =0
cot(m) is
undefined.




300  Mathematics HL (2nd edn), Chapter 12 — ADVANCED TRIGONOMETRY

cscxt = 2

TR
SL‘[I.’E—.Z

Q
=}
7
2]
|

; 2
cosB=—"¢
csc B = —/5
sec 3 = —-‘§

Bl wlon ;e ol

§ csc T cot
sin T csc T
T .
tanx cob 1 e
1 S eem—— X

sinc  CcOsSE Gz AR

_ 5 =sinx X o

= - si
cos® sin®m i -

=1 T osin?w

i Jcosx
st p 2sin T cot & +

sinz cot T cscT cot @

. cos®
=sinx X —
sin &

1 ) cosx
2sine X —

sin

COS T

sin

= 1 sin®
BLEEE = (2cosT + 3cosT) X ——
cos®

COST | + 3cosz

sinz  sinz

= cOST
cosS T sin @

, TR sin®
= Hcost X

= Hsinx

¥

o cos2z =23 whichis impossible
as all values of cosine lie betwclaen
—1and 1, no solution exists.
1
x = arctan (Z) + kT
T ~ 0.245 or 3.387
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CsCx — —

which is

impossible as —1 < sinz €1
no solutions exist.

sing = —

= arctan (—%) + kr
T~ —0.3218 + k

0.4636 -+ k7
r~ 0232+ k%

T~ 0.232, 1.80, 3.37, 4.94

© EXERCISE 121 ©

1 a 1 —sin? @
= (1+sinf)(1 — sin6)

2c0t2m73cot:17-|-1
= (2cotz — 1)(cotx — 1)

3sin® 0 + 3cos® 6
= 3(sin® 0 + cos® @)
=3

2cos? o — 2
=2(cos? @ — 1)

= —2sina

{(2sin8 + 3cos )% + (3sinf — 2cos )? h
= 4sin? @ + 12sin @ cos § + 9cos®
+9sin? @ — 12sinf cos @ + 4cos® 0

=13sin% 0 + 13cos® @
=13(sin”® 8 + cos® 0)
=13

sec A —sin Atan A — cos A
1 sin Asin A
cos A cos A
_ 1—gin? A—cos® A
cos A
_ 1—(sin? A + cos® 4)
cos A

—cos A

0

3tan® o — 2tan &
= tan (3 tana — 2)

sec® B — cac® B

= (sec 3 + csc B)(sec 3 — csc 3)
2sin® 4 Tsinwcosx 4 3 cos®

= (2sinx + cosxz)(sinx + 3cos )

1—sec’ 8
1
cos? 3

cos? 3 —1
= T cos? 8
—sin? 8
cos? 3

= —tan? g

=1 =

tan? 0(cot? 0 4 1)
tan26 +1
B tan? @ cot® 0 Jr tan? @
- tan? 0 + 1
1+ tan2 8 =sin® o
T tan20 4+ 1
=1

cos® axsec” v — 1)
= cos? asec? a — cos? o

=1—cos’a

(1 4 csc B)(sin @ — sin 0)
= sin @ — sin® @ 4 csc O sin 6 — csc @ sin® 4
—=sinf —sin?f+ 1 —sinf
=1—sin?6

= cos® @

cos? 0
"~ 1+sind
(1+sinf) — (1 —sin? 6)
1-+sinf
1+4sinf —1+sin? @
1-sinf
sin 0(1 dsirdT
L v

= sinf




ADVANCED TRIGONOMETRY i Mathematics HL (2nd edn), Chapter 12 — ADVANCED TRIGONOMETRY 303

302 Mathematics HL (2nd edn), Chapter 12 —

cos? 3 — sin® 8 sin(2r — A) 556 (a_n_ B 9)
cos 3 — sin 3 = sin 27 cos A — cos 2w sin A :
o (1 cosf 1 _ (cos,@ + sin 3)(cos B —=sir 3] = (0) .COSA —(1)sin A
- ( * sinﬂ) cosﬂ(%% sl cosF—sinp =—sinA = (D)‘COSG«k(fl)sing
=cosf +sinf = —sinf (0,—1)

14 cotf sec
csc tan @ 4+ cot 8

con (55 cosf -+ sin (5 sin0

tan(F + 6) tan(d — 341) " san(r + )

=sinf +cos8 — ——55
an
tan4+tan9 taﬂﬁ—tan%’

sind + S5- tan® @ sec? 0 —1
secBW‘l) secf — 1 _

sind 45T T 1—tan % tanf 1+ tand tan 22 e ——
sin2 @ + cos? 8 = (sec (s 1) anbtan 1—tanmtan@

— gind + cosf —sinf 9_5319-9-41 :l—tanﬂ = _ 0+ tanf
=il = sealiF 1+ tanf(-1) 1—(0)tan0
1-+4tan@
1—tané

=sinf + cosf — _ tanw +tand

ﬂ . tan @ — (—1)

= tanf

. 1 ” cosf cos@(1 + sind)
a secA—cosA= —cos A T _snf (1—sin)(1+sind) sin (9—1— %)

cos

B 1 —cos® A #cosﬂ—i—cosﬂsinﬁ :Sinecos(%)+cosgsin(§)
- A - 1 —sin?80 .

o =sinf x (%) +cosf x (ﬂ) _

sin? A cos@ + cos@sind 2 =

= =T o0 = §sin6 + 22 cosf

=1 3
5 cosf + 325 sind F%%)

T ocos A
sin A 1 sin @
= 3§sin6 — %COSG

= » sin A =
cos

—tan Asin A —sect +tanf . : -
: cos (9 o Z) St (% _ 9)

cosf  cosf

cos sina sin ¢ _1 +.__COS 4 =cosBcos (Z) —sinfsin (= :

1+ cosd sin @ (4) (4) =el (%) cos 8 — cos (%) sin 6

_ cosc sin o _ sin® @ 4 (1 +cos )2 . - ]
] _ Sne ' . cosa T T (1 +cosf)sinf = —zsinf + == cosf

cos & sin o

1—tana 1—cota =2 cosf — L sind
vz vz =16059—32£sin9

p)
= _32_5 sin@ + -;-_cos(?

cos sina sin20 + 14 2cosf 4 cos? 0 1 ‘
- 1 o6 2iooadl ntnBuintd sin2Acos A + cos 24 sin A

cos a—sina sina—cosa - (1 + cos 9) sin @ B
: = cos(28 — ) — sin(24 + A)

co8 o sin o
2 24 2cosf =cos0
- €08 =sin3A

cos? a sin

I S T e = .
cosn —sing  sin@ — COSQ {1+ cos#)sinf . .
cos Asin B — sin A cos B ; .
2 ta2 2_(_1,—5—«665‘67 . Slnamnﬁ“‘COSaCosﬁ
cos? o — sin® o B [P iumyings ) ‘ .
- = coswcos 3 + sinasin 8

= ’(j;&——coﬁﬂj in @ = HiE —
° Hn(B —l) = cos(a — 3)

cosa —sina
(cosa+sina)£ggs_a-—s%rrﬂ 2 ) inbsind —
- _coso—siTT " sinf _Sl psind — cos dcos 2sinacos§ — 2cos asin 3
1 = —[cos ¢ cos f — sin ¢ sin 6] e )
i p = 2[sin cxcos 3 — cos asin ]
s(¢ +0) = 2sin(a — 3)
tan 260 —
o i U tan 24 -+ tan A

= tan(26 — 6) —_—
i h
+ tan 20 tan @ 1—tan2Atan A

EXERCISE 12J © - _
) tan 6 = tan3A

b cos(90° + 6) Tgﬂ_ — rand

— cos90° cosf — sin90° sin @ + cos 20

= - i sin 26 i )

=(0) .0029 (1)sin® :m = % _ (sin 26 cos @ — cos 20 5in ) — sin &

- o (1 -+ cos 23) cos @
sin 26 -

sin(180° — o) d cos(m + a) = cos ) — sin B(1 + cos 26) in(20 — 0) — sin
— cosTcosq — sinwsing (14 cos 26) cos @ = S e v
= (—1)cosa — (0)sincx =Si3126C058—5in9_ sin @ cos 28 0
(14 cos26) cos @

=sina -+ cos

= tan(24 + A)

sin(90° + 0)
— sin 90° cos 8 + cos 90° sin
= (1) cos @ + (0)sin 8

= cos

— gin 180° cos & — cos 1807 sin
= {0)cosx — (—1)sinc

=sino

= —COS ¥
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sinf  cos20

-+ = [
= — 4+
b tan 9 cot 26 -

sin 0 sin 20 + cos 20 cos §
cos 0 sin 260
cos 20 cos § + sin 20 sind
cos @ sin 20
1

€os

- costsin 20

= csc 20

cos(a + (3) cos(a — B) — sin(a + 6) sin(a — )
= cos[(a+ ) + (@ = O]
= cos 2¢¢
b sin(# — 2¢0) cos(8 + @) — cos(f — 2¢) sin(6 + ¢)
_ sin[(6 — 26)— (0 + &)
= sin(—3¢)
= —sin 3¢

cos 75°
= cos(45° + 307)
— cos45° cos 30° — sin 457 sin 307

(@G

+
+%)

) cos () —sin (%) s (%

sxlsu")
= tan ( e

= tan 75° (\/§+1> (\'/5%‘1)

— tan(45° 4+ 30°) VB—1 \/f+1
tan 45 + tan 30° 3+V3++3+

_ tan45® + tan 07 R

1 — tan45° tan 30° 3—-1

4423

2

=243

i -
11— ()

RIGONOMETRY

sin 26 B

sin 20 sin @ cosf

cos20 sin20cosf —sinBcosg

sin 6 cos 6

_ sin(260 — 0)

" sinfcos@
s !

- s cos

1

cos B

= gecf

cosacos(f — )

—sinasin(8 — a)

= cos [+ (8 — )]

=cos 3

— sin(60° +45°)
sin 60° cos 45° + cos 607 sin45°

9@ o)

«/§+1)ﬁ

VZ

tan 1057
— tan(180° — 75°%)
tan 180° — tan 75°
_ tan180° —tanio
= 1t tan 180° tan75°
0—(2++3)
= _.__n——'__'_-—-
1+0)2+v3
R ]

—_—

g tan(A+B)=

g
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tan A + tan B
1—tanAtan B
2 _ 1
-3 5

=@

3

15
2
3

tan(A + ) tan(A — %)
tan A 4+ tan %

- 1fta.nAta.n§

tan A — tan %

l+tanAta.n%
_ (tanA-i-l) (ta.nA—l)

" \Nl—tanA/ \1+4tanA

_ tan® A —1

T 1—tan? A
. |

tan 80° — tan 20°
1+ tan 80° tan 20°

= tan(80° — 207)
— tan60° = /3

tan(A — B)tan(A+ B) =1
(tanA—tanB ) ( tan A + tan B ) 5

1+ tan Atan B 1—tan Atan B
tan® A — tan? B 1
1—tan2 Atan? B

C

[]
10 em B
tanﬁ — -1%

tan(a + ) = &
tan v + tan 3
l-tanatang 10
: 3
tan o 4 =

_ 1
l—tanoa(Z) ~ ®

~tan A +tan T
9 tan(A+ ir-) atiiail ™
1 _tanAtal’_‘l-jiE

3
711

={ L)

=7

1
I
=3
1
4

tan(A + B) + tan(A — B)

1 —tan(A 4 B)tan(A — B)
=tan[(A+ B) + (A — B)
=tan2A

tan{A + B) =
itk O W
1—tanAtan B

ta.nA+§- 5
1—tanA(Z) 3
5tanA+% =3 —%tan A

__a
tan A = -

tan? A — tan® B =1 — tan? Atan® B
tan® A(tan® B + 1) = 1 + tan> B
tan2 A =1
tan A = 41

8 is the acute angle between the lines
1 and I,.

tan¢ = L {gradient of I}
tan(f + ¢) = % {gradient of I3}
2

tanf +tand

1 —tanftang s
ta.nB-Q—% )
1—tand(%) 3

3tanf+ 2 =2 — tan0

the tangent of the acute angle is .
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tan(A + B+ C) = tan[(A + B) + C]
tan(A+ B) +tanC
- 1_tan(A+B)ta.nG

tanAttanB L tan O

1—tan A tan B

T 7 _ fanAdtanB o an(C
1 1—tan Atan B ®

tan A + tan B + tan C(1 — tan Atan B)
= 1 _tan Atan B — (tan A + tan B) X tan C

tan A + tan B +tanC — tan Atan Btan C
1 tanAtanB — tan Atan ¢ — tan Btan C

i hen A+B+C:180°
If A, B and C are the angles of a triangle t
tan(A+B+C)=0

tan A +tan B +tanC — tanAtan BtanC =0

tan A+ tan B +tanC = tan Atan B tan C

V2 cos (9+%) 2 (6_%)

=2 [COSQCOB (%) — sinf sin (%)]
=2 [—-\}-3 cosfl — —\}—Esinﬁ?]

— cos @ — sinf

— cosf + V/3sin8

€ cos(o + B) — cos{o — 3) - .
— cosacos3 —sinasin 3 — [cosacosﬁ+51na51n,6]
= gasercos P — sinasin § — cosecos — sin asin 3
= —2sinasin 3
cos(a + 3) cos(a — ) |
= [cos @ cos 3 — sinasin 3] [cos cecos 3 -+ sinasin 3
— cos? acos? B —sin® & sin® 3
2
= cos” o [1 — sin® ﬁ] = [1 — cos” a] sin® 3

:cosza—M—Sin2ﬁ+M

s .2
:coszodfsul ﬁ

1
18 tana=; and tanf = 3

tan o + tan 3
tan(a+8) = TG tan B

Ty L
5t3
1

2

—
|
—
=
—
—
P

3

=1

a+pf==Z+Fkm kekid

But clearly both e and 8 <
at+fB=

ARl R olo|ele

a sin(A + B) +sin(4 — B) .
—sginAcos B +W+ sin A cos B — cos ASirS

= 2sin Acos B

{x top and bottom by
1 — tan Atan B}

=2 [cosﬂcos (-'g—) + sin B sin (%)]
=12 [% cos 8 + 32@ sinﬂ]
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b Usinga, sinAcosB = Lsin(A+B)+ 2sin(A — B)

i sin 3¢ cos @ ii sin 6a cos o

= 5 sin(30 + 0) + % sin(30 — 6) = Zsin(6o + o) + L sin(6a — a)
= 3sin4f + Zsin26 = 2 sin7a + 1 sin5a

i 2sin 53 cos 3 iv 4 cos O sin 40
=2 [Lsin(58 + B) + L sin(58 — 8)] = 4[sin 46 cos 0]
= sin 68 +sin 48 =4 [ésin56+§sin39]

= 2sin 58 + 2sin 36

v 6 cos 4o sin 3 vi % cosbAsin 34
= 651113-01005401 - _ %sinSAcos 5A
L - [hsnsa + 3an(24)]
= 3sin7a — 3sina = gonBd = fain2d

cos(A + B) + cos(A — B)
= cos A cos B — sin-AsimiB + cos A cos B + sinAsm B
=2cosAcos B

cos Acos B = £ cos(A+ B) + 2 cos(A — B)

2

i cos 48 cos ii cos Tercos o il 2cos 3 cos 8
:%cos59+%c0539 :%cosSo:—l—%cosﬁa :2[%(:054,8-4—%0052,3]
= cosdf3 + cos 28
iv 6 cos x cos Tz v 3cos Pcos4P vi i cos 4 cos 2z
= 6cosTrcos® = 3cosdP cos P — 1701 1
—6 [% cos 8z + % cos ﬁﬂ:] =3 [% cos 5P + % cos3P] ; i C;::j-’fl-:;c;: 239]
] 8

= 3cos8x + 3 cos bz =%COS5P+%COS3P

cos(A — B) — cos(A + B)
= cos Acos B + sin Asin B — [cos Adeos 5 — sin A sin B]
=sin Asin B 4+ sin Asin B
= 2sin Asin B

sin Asin B = % cos(A — B) — % cos(A+ B)

i sin 30 sin i sin 6a sin e i 2sin 53 sin 3
=2 [é cos43 — % cos 6,6]
= cos43 — cos 60

=1 72 J— s A 1
S cos 26 5 cos 40 = 5 cosba — 5 cos T

v 4sinfsin4d v 10sin2Asin84 vi  lsin3Msin7M
= 4sin 48 sin = 10sin 8A sin 24 = 2 sin 7M sin 3M
=41 —ik = X weid
4[2 cos 36 2cos59] =10 [2 cos6A 2coleA] 1 %0054M7%COSIOM]

= 2cos 360 — 2cos 50 = bcosBA — 5cos 104

[~

= j5cos4M — l—lncos 10M

(=]

becomes sin Acos A = L gin24

2
becomes cos? A = 1 cos2A + 2cos0, . cos?A= Foos24+4 1
becomes sin? 4 = % cos 0 — % cos2A4, . sin? A= % — % cos 24
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2A=8+D A=5E2

and B:S-A:S—(igﬁ)z

A—-B=D
sin Acos B = £ sin(A+ B)—k% sin(A—B) becomes sin(
or sinS +sinD = 2sin (;1;_2) cos.( ) (4)
Replacing D by (—D) in (4) gives
= 5+D
sin § + sin(—D) = 2sin (S 2D cos (—-'g—-)
. (5=D
or sinS —sinD = 2cos (Ejé—D-) sin (——-)
cos Acos B = 2 cos(A+ B) + 3 % cos(A — B) becomes
cos (S;D) cos (S—ZD)
or cosS+cosD:2cos(-&‘2:—D-) cos( )
L cos(A — B) — Fcos(A+ B) becomes
2

5—-D
2

=k

cosS+-2-cosD
s—D
2
sin Asin B =
sm(—L)sm(s D)-%cost-;-COBS
or costcosS—2sm(S )sm( )
or cosS —cosD = —2sin (—i—) sm( D)

cos8A + cos2A
= 2¢os (&-A—'Eﬁ) cos (

— 9coshAcos3A

i b
sin bx +sinx

= 2sin (-5%&) cos (

= 2sin 3z cos 2z

Sa:-m)
gin 56 — sin 36

= 2cos (g_e_—gls) sin (5

— 2cos4fsinf

d

cos 3o — Ccos &

= —2sin (-3—"‘-;—“-) sin (3‘““

9—30
2
2

) )

— —2sin2asin e

T gin 3¢ 4+ sin Toe
cosTa —cosa

= —2sin (-733'—“) sin (

= —2sindasin 3a

— sin Tox + sin 3¢
= 2sin (E%g) cos (

— 2sin 5o cos 2

Ta—o

)

Ta—3a
2

9B — cos4B sin(x + h) —sinT
cos 2B —
= —[cos4B — cos 28]

. BA2B\ ... (4B=2B
:—fZSm(ii—iz’——)sm >

(5%

— 2sin3Bsin B

cos(x + h) —cos®
= —2sin (Ef—-};rﬂ) i

= —2sin (2—‘”*—") sin (

EXERCISE 12K S50

a sin2A=2sin Acos A
— ()

8BA—2A
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cos2A =2cos® A —1
=2(3)*—1
=2xz—1

cosﬁ:%
B isin Q4
sin 3 < 0

h o is acute

a cos 20 = 2cos® o — 1

*-g —2cos?a — 1

2cos? o =

)

COS2 o=

= o= olu

COs X =

tan 24 = %
2tan A
1—tan? A -
40tan A = 21 — 21tan® A
21tan® A +40tan A — 21 =0
(Ttan A —3)(3tan A+ 7) =0
tan A =

21

20

g or =

but A is obtuse tan A is negative

ta,nAzf-g.

ta.n(-’i-) =1
tan(2 x ) =1

™

2 tan 5

I ta?(5)

i

2tan(Z) = 1 — tan®(%)

tan?(Z) + 2tan(I) —1=10
 sind =1
3

';Aistg
cos A < 0

cosa+sinfa=1

cos’ B+sin? =1

b cos2¢ = 1—2sin ¢

- 1)

2

9

sin2a = 2sinacos o

~2(-1) (-4)
~+f

cosza+§=1

CDS2 =

cosa = _ME

3

sin 23 = 2sin G cos §
~2(-F) (3

5 5

431

25

or 3
22
16

1
9

sine = &33@

4 P —
35 T sin Bi=A

sinzﬁ = %

Sinﬁ = —l@

cosa and sina are positive

cos2a =1 — 2sin? o
“g =1-2sin’a
2sinfa =1L =
9
2

5 _ 8
sin OC—g

sina:bsé

tan 2A = —

2tanA

1L—tanZA

10tan A = —12 + 12tan® A
12tan® A — 10tan A — 12 =0
2(6tan® A —5tan A —6) =0
2(3tan A+ 2)(2tan A —3) =0

tan A = 7§- or %

iz
5
1

5

but A is acute tan A is positive

tan A = %
2 /2 — 41
2

tan(«g-) =

. —2+2/2
4
—14++2

tan(Z) is positive

but £ is in Q1

tan(Z) =v2—1

cos? A +sin® A=1
cos® A+3=1

cos? A =

cos A = _243@
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9

10

=1+sin(%)

310
cos B = 71= sin B = % 5
Bisi Ql5 tan bl =2 2
is in
sinB >0 !
A 2tan A
a tan(A + B) b fatda= 1—tan? A
_ Ja el 253)
1 —tan Atan B = T 2
) 1={zm}
_ Attt (——2‘/5) 7
T1-(gm@  \2v2 =TT
8
24/2 +2 L
1442 % 5
“ovi-2 \avare =7
8

9/2 + 2+ 16 + 82 " V2
8_4 7/2
8

18+ 10v/2 _ 9+5v2
42 T

2
[cos(l—“';-) + sin({5 )]
= cos?(Z) + 2cos( %) sin({5) +sin*(53)

=1+ 2cos(Z%)sin({5)

{sin24A = 2cos Asin A}

1
=1+3

Ed
2

12

13

2sin @ cos b 4 cos asin o [ sin x cos &
L(ogi
= i — L{2sinacosa
= sin 2a = 2(2sin o cos @) L )
= 2sin2a

— 1
fzsta

-2
2cos? 31 e 1—2cos® ¢ i 1—2sin* N
= cos 203 = —{2cos® ¢ — 1) = cos 2N
= —cos2¢
= . 2
2sin? M — 1 h cos® o — sin® o i sin® az— cos 012 ]
— —sin“ &
= —(1—2sin® M = cos 2« = —(cos” a —sin” @)
L 2?\;111 ) = — cos 2a
= —cos
2 i
2sin2A cos 24 k 2 cos 3asin 3o I 2cos” 46 —1
= sin 2(2A) = sin 2(3ax) = cos 2(46)
=sindA = sin 6 = cos 86
.9 N
1 —2cos238 n 1 — 2sin® b o 2sin BD_ 213):))'
= —(2cos” 33 — 1) = cos 2(5a) =—(1 —22;;1) !
= —cas2(33) = cos 10c = —cos2(
_ 68 = —cosbD
= —cos
i 2 3P — 208"
cos? 24 —sin” 24 q cos®(2) — sin® (£) ¥ 2 211[1 2213;13 i
= = cos2(Z) = —2co! 5
= cos2(24) - a( 2 e
- “ = —2co8 6P
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(sin 0 + cos 0)? b
=sin® 6 + 2sin0cosf + cos?
=sin? @ + cos® 6 + 2sinf cos 0
=14 sin 26

cos? § — sin® 0
= (cos® @ + sin® 8)(cos® @ — sin? )
=1 X cos26
= cos 26

7 em 2em

Using the sine rule, Using the sine rule,

sin24  sin A sin2A4 sinA
T 5 3 2
2 s cos A ___siaﬁ’{ ) 2simAcos A simA
7 T s " 3 T2
cos A = "i% cosA:%

r+—tanz

sinz
tanz =
COS T

is undefined when cosz =0
when z= 72 +km, kCZ
domain of z ++tanz is {z |z # L +km, keZ}
tanw can take any real value
range of @ — tanz is {y |y is in R}

& — sec 2z

sec 2z = is undefined when cos2z =0

=% +kr, kEZ
z=2+5, keZ
domain of = sec2x is {z |z # %+ &5, ke Z}

cos 2z

Now —1<cos2x<1

1
< —1 or =1
cos2x cos2z

range of x> sec2z is {y|y=1 or y< —1}

€ = cot3xm

cot 3 — cos 3z

is undefined when sin3z =0
3z=km keZ
_ kn
domain of z — cot3z is {z |z # 1“32, keZ}
cot 3z can take any value

range of z— cot3z is {y |y isin R}

sin 3z

1

5-%@529 b %+%cos29
U ;
=35—5(1—2sin?9) :%+%(200529—1)
=31 1sin?p =2%+cos®f—12
=sin? ¢

= cos? §
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313
sin20  _ 2sin 6 cosd b sin 6 + sin 20 Equating coefficients of sin(nz) and cos(nz),
L—cos2)  1—(1—2s0%0) 1+ cos 6 +cos 26 cos(np) =1 and sin(np) =0
_ 2sinfcosd _ sin @ + 2sin 6 cos 8 c. mp=3%m, kEZ
T 1—1+42sin%0 Z+COSB+QCOS29*Z ) 2%
Zsirrtf cos 0 sin (1 +-2€o50] o B RES

15

¥

Zsin? 0 cos {1 =Feos T} The smallest p > 0 occurs when k = 1

cos B sin 8

sin f cos B

= cot = tanf

16 +/3sinz + cosz = ksin(z + b) 91 @ 2cosz—5sinz = kcos(z + b)
= klsin z cos b 4- cosz sin bl = klcoswcosb — sinx sin b]
— kcoshsinz + ksinbcosT _ = kcosbcosz — ksinbsinz
Equating coefficients of sin and cos 2, Equating coefficients of cosx and sin,
kcosb=+/3 and ksinb=1 . kzkcc‘sb=2 and ksinb=5 ... (1)
K eo?b—3 and KkZsin?b=1 {squaring both sides} o n e 2:; =4 Za“d k*sin® b =25 {squaring both sides}
k2(cos® b+ sin® b) =4 {adding the 2 equations} Substituting k = 2 into (1) gives 2. K(cos®b+sinb) =29 {adding the two equations}
L k=4 coab = ¥ sinb= 1 k=29 - k=v29 {k>0}
k=2 {k>0} s B=% Substituting k = +/29 into (1) gives

cosb=—2 and sinb= -2
If sinA =sin B, then sinA—sinB =10 - V28

b= cos_l 2 ~ 1.1
2cos (A + B)sin (A — B) =0 _ () =119
. 2cosx — 5sinw & /29 cos(z + 1.19)
cos 2(A+B)=0 sin(A—B)=0

1(A 2 y 1(A A s 2cosxz — bsing = —2

LA+B)=2 T Sha — B)=HT, €

A+ B=m+k2w A—B=kn, kel \-/_CDS(:E+L19)N 22
A+ B=m+k2r A=B+k2m, k€Z B COS(:E+1.19)%_@

x+ 1.19 = 1.951, 4.33

3

3 _
_ ZS:?QGG +0) v SCOZ c6053 g‘i’sﬁgc;:; _ (11 ; S @A 0.761, 3.14 <— this so]uti'on is exactly 7
— cos20 cos 0 — sin20sin 6 - dcos®f —3cosf=—1 | Now h?
= (2cos? 8 — 1) cos § — (2sin 0 cos 0) sin [0
— 9c0s? 0 — cosf — 2sin® Bcost

— 9c0s% 0 — cosf — 2(1 — cos” @) cos O

— 2cos® 6 — cosfl — 2cast +2cos® B
—dcos®f — 3cosl

=1 —1%)% +(2t)
=1-—22 +¢* 44t
=142 ¢4
h=1+1¢

o

[
Il
|

B el

sinx = and cosz: =
1+¢2 112

—~
o
[S=R
m ~

B
Il
|

o|¥

2cosx — Ssing = —2

- Y b Y
sin 36 5in 30 = sin 142 (1+t2)=—2
= sin(26 + 0) . _4gmn®8+3sinf =sind 5 -

— sin 26 cos 8 + cos 20 sin 6 - 4gn®@—2sinf =0 l——zlﬂt _
= (2sinf cos ) cos 8 + (1- 2sin®@)sinf . 2sin6(2 sin?8—1)=0 i

— 2sinfcos? § +sin @ — 2sin® 6 . &n@=0 or sin®f=7% s s 2T - 10t = -2 — ¥

— 25in O(1 — sin® ) + sind —2sin® 0 i 4 =10t —_— on
R P _2 : = m solution has been lost since
— 25inf — 2sin® # +sinf — 2sin 0 t= 2 + is undefined when T — 1.

= —45in® # + 3sin

sinf =0 or sinf=x75
6203%:%"':7‘-:%’151}
80 The period of a function f(z) is the smallest p > 0 such that
f(z+p)=flx) forallz
sin [n{z + p)] = sin(n)
sin{nz + np) = sin(nz)
sin(nax) cos(np) + cos(ni) sin(np) = sin(ne)
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’ 2cos’x = COST
1 a 9ginx +sinz =0 b

sinz(2sina + 1)=0 .
I s sinz=00r—73

2¢cos’xz —cosz =0

cosz(2cos® — =0
cosz =0or 1

— T T 3x 5
T= 550 g

2gin?x + 3sine +1=0

> _ :0 d
€ 2cos®x +cosz—1 : : =
(2cosz — 1)(cosz +1) =0 (2sinz + 1)(smm-|.-1)70 1
gy =1 sinz =—2 ar -]
cosx = 3 OF

2

1—cos?x=2—COSZ
| cos®x —cosx+1=0

' where A = (—1)> —4(1)(1) s skl
=1—4
=-3

no real solutions exist

sina -+ cos® :-\/ﬁ
(sinz + cos z)? =12
sin® x + 2sinz cos T +cosPx=2
1+sin2z=2

Il g sin Ax = sin 2w h
| . 2gin2rcos 2z =sin2z

[ - sin2z(2cos2r —1)=10 .
sin2z =0 or cos2x =73

But when z =2F, sinz-+cosZ ="
T

z=7Z isthe only solution

sin 2@ + cosz — 2sinT -1 :
9 sinmcosx + cos® — 28inT ~ 1 =

(2sinz + 1){cos® — 1)
cosT

\
i 2 a 2sinx +cscx =3 b
l“ 2gin?z +1=3sinx
I ‘le - 9sin’z—3sinz+1=0 L
\-‘ s (2sing —1)(sinz —1) =0 w4 =
I sinm:%m'l

XERCISE 12M 170

Wi =1, PrEnE a3 —1<sinz<1l = —-1<r<1 “
\
=) ciS=2 — =2 i
1—r _ ) ;
1(1 — sin® z) 3=2—2sinz It
= 2sinz = —1
1—sinz . 1
1 —gin™m» smE="3
T 1 _sinz w=4F g 2E
g | 2sinz(cosz + cos 3x) il 2sin z(cos & 4 cos 3z + cos 51) |
= 2sinz cos T + 2sin & cos 3w = 2sinz(cos & + cos 3x) + 2sin x cos 5w
= sin 2z + sin 4z + sin{—2z) = sindx + sin 6z + sin(—4x) {from i}
{2sin Acos B = sin(A + B) +sin(A — B)} = sin4w+ sin 6z — sin4T
= sin-27F + sin 4o — sin27F = sin 6z
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tan®z — 2tan®z —3=10
(tan?z — 3)(tan®*z +1) =0
tanzm:3 or —1

tan®z = ++/3
o 27 T W 2%
T="%» "3 3 5
|
a 2cos® & = sinw ya0.7808 ‘

2(1 —sin®z) —sinz =0 !
2 —2sinz —sinz =0 ‘ ‘
2sin? 2+ sine —2=10 |

—1:4/1—4(2)(-2) \ |
sinz = 905 . osinz /2 0.7808 as ‘
(2) —1<Lsinz <1 ‘
. —1+£4/17 ; 4 : ;
sing = —— Y~ ~ 0.7808 oo @ A2 aresin(0.7808) or m — arcsin(0.7808) ‘
4 or —1.281 o T~ 0.896 or 2.25 |
|
b cos2x 4 S5sinx =0 [4 2tan®x + 3sec’z =7 ;
1—2sin®x + 5sine =0 o 2tan®z 4 3(tan? @ +1) =7 i \
2sin®z — 5sinz— 1 =0 5tan29:+3:7 ‘ ‘
I
. 5+ /25 — 4(2)(—1) 5tanzm_zf1 \ \
sine = c, tan"xz = <
2(2) 5 ‘ |i
. tanz =+-2 (LA
54 /33 i v .
= ———— ~ 2.6861 or —0.1861 |‘
4 x = 0.730, w — 0.730, |
sinz =~ —0.1861 {as —1 < sinz < 1} -+ 0.730, {
T = 0.730, 2.41, ‘I
z &7+ 0.1872 3.87, 5.55

or 2w — 0.1872
z/~3.33 or 6.10

|
|
21 — 0.730 | ‘ ,
|
|
|
|
|

a l4sing+sin®z+sindz+ ... +sin” "tz b S= =
is a geometric series with ‘

= sindxz
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b i 2sinm(cosa:+c033m+cos5m+....+cos'7m) = sin 8%

i 2sinz(cos® + cos 3T - cos BT + ...+ COS 19z) = sin 20x

sin 20z

cosa:+cosSm+cos5m+....+c0519:c: :
2sinzx
sin 2nx

¢ In general, cos® -+ cos 3@ + €08 5 4+ ... +cos(2n — )T = ——
2sinx

3 a i sin @« cOS & COS 2& il (sin x cos 2 cos 2T) cos 4T b i
= 1(2sinx cos x) cos 22 = Lsindx cosdx {from (1)} I
= 1 sin 21 cos 2% = %(2sindzcos 4x)
= 12sin2zcos 27 _ sinBx
= 2sindz ..(1) 8

in(2%x)

_ sin(2%x) = fl__a._
== 2

n sin(2™ 1)

¢ sin cos® cos 2@ cos 4z.... cos(2 z) = T

sin(2"1z)

of cosxcos2x cosdz....cos(27 @) = -
(2" gn+lsinm

l sin 2nd
i L a P,.is “cosﬂ+c0339+cos59+....+cos(2ﬂ_1)9=

‘ l\ Proof: (By the principle of mathematical induction)

|

I‘ I It L LHS 0 and RHS = sin 26 _2sin9c059 — cosd
M n=s = cost an T 2sinf  2sinf N

ne Lt

2sin 6

| (2) 1f Py is true, then
sin 2k0

i cos@+cos39+cos59+....+cos(2k:—1)9: —_—
2sin @
cosf -+ cos 30 4 cos 58 + . + cos(2k — 1)8 + cos(2k +1)8

| I i
9
| Sm%e + cos(2k + 1)0

2sin
gin 20 + 2sin B cos(2k + 1)0
!l I‘ 2sind
i sin 2k6 + sin[0 + (2k + 1)) + sin[f — (2k + 1)0]
2sin 0
<in 2k0 + sin(0 + 2k0 + ) + sin(f — 2k6 — 0)
2sinf

“l " _ sin2kf + sin(2k0 +26) + sin(—2k6)
{| 2sin

‘ 5in2%0 + sin2(k +1)6 — sin2k0
t | - 2sin @
i _ sima(k+ )0
A 25in
I Thus Py is true whenever P, istrue and Pp s troe.

' P, istrue forall n € 7+ {Principle of mathematical induction}
I\ sin 320

I b c059+cos39+cos56+....+coﬁ319: - {n

2s5ind

= 16}

sin(24m)

sin(2%x)

26

P1 is true.
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/_

—cos2nd

§ Pu is “sin@ 4+ sin30 +sin50 + .... +sin(2n — 1)8 = L neZt
o 2sinf
Proof: (By the principle of mathematical induction) .
) =1, DES=end il R L0008 _1- Qs ) _Bev B,
2sinf i ~ 2si -
P e, in 2siné 2sinf
@ If P is true, then
sin @ + sin 36 4 sin 50 + .... +sin(2k — 1) = 'l—cﬂ
2sinf
sin @ + sin 30 + sin 560 + ... + sin(2k — 1)8 + sin(2k 4+ 1)¢
1 —cos2kf e
. e + sin(2k + 1)8
_ 1 — cos 2kf + 2sin(2k + 1)@ sin 6
2sinf
_ 1= cos 2k + cos[(2k + 1)0 — 8] — cos[(2k + 1)8 + 6]
2sin )
_1 — cos 2k + cos2R0 — cos[(2k 4 2)0]
2sin @
1 —cos2(k-+1)8
i 2sin 6
Thus Pyy1 is true whenever Py is true and P; is true.
: . . P, is true for all n € ZT {Principle of mathematical induction}
E— - 3w : Eis s
Thus sin £ +sin 2 +sin 22 4 ...... +sindE has 2n—1=13 and 0=7
n=7 and 0=7%
P— 1—005(2. ><7r7>< =il _ 1 —cos2m _ 1—1 _
2sin 7 2sin T 2sin %
) P.is “cosT X cos2T X cosdr X cos8z X ... X cos(2""1x) = FRUEN) ,, n€ZT
- o 2" ¥ sinz
oof: (By the principle of mathematical induction)
D 1t =1, LHS = cos#, RHS = S02% _ Zein@oosy i
| T FrrEe cosx P is true.
(2) If Py is true, then
Cos T X €08 2T X cosd® X ... x cos(2¥~tz) = in@fﬂ
2k sinz
cos X cos2z X cosdx X ... x cos(2¥1z) x cos(2"z)

> sin(2%x)

X cos(zk x)

2k ginx

_2 sin(2%x) cos(2¥x)
2 x 2k ginz

_ sin(2 x 2Fg)
T {2gin A cosf = sin 26}
L sin(2F+1z)

2k +lsing

Thus Py, is true whenever Pj is true and P; is true.
P, is true for all » € Z+ {Principle of mathematical induction}
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cos(n + 1)@sinnd ] ,, ) . 2
7 P,is “cos?f+ cos? 20 +cos? 30 + ... + cos?(nf) = % {n + ——{-—51-11}—9—'_] , neZt a period = T?r — B 4
B . 3 Y
| it Proof: (By the principle of mathematical induction) b period = = i y=sin(x—)+2
2 RHS=12]|1 cos 20 sir?l
(1) If n=1, LHS=cos’0, =i+ — ‘1 x
:%—i—%{Zcoszﬂfl) ,II n P
= cos” 0 - P istrue.
@) If Py istrue then 7 :
. cos(k + 1)0sin k0 3 1 g 6 7 g
cos? 0 + cos® 20 + cos® 30 £ ... + cos®(k0) = i— [k + _-—-—6-——} 315 | 31.8 | 295 | 25.4 9 10 11 12
sin 215 | 188 | 17.7 | 183 | 20.1 | 22.4 | 255 | 28.8

35
30 =
B e

25 \
. R i

cos? 0 + cos? 20 + c0s2 30 & ... + cos”(k6) + cos®(k + 1)0

sin @

O sin k6
=1 [k + i e Lt +,1) S ] +cos? (k4 1)0

[IH- ﬂii—)gﬂ} + 14 2cos2(k+1)0 {cos®8 = } + 3 cos 20}
sin

(S

cos(k 4+ 1)8 sin kf + cos 2(k +1)0sinf

=3(k+1) 2sin 6
T=AsinB(t—C o L 2
i et et »
) |
Lsin(k6 4+ (k+1)0] + Lsin[kd — (k+1)8) + Lsinff +2(k +1)8] + L sin[f — 2(k + 1)f] max, = 31.8 L Ao BLE—ITT e
il 25inf J min. = 17.7 2 2 o ‘ ‘
| _ max. +min. 3184+ 17.7
| {products to sums formula} D= 5 = 5 /2 24.75 l‘
| Lgin(2k + 1)0 + + sin(—0) + L gin(2k + 3)0 + 5 sin(—2k — 1)0 7T+14 |
‘ 1 2 2 2 2 = — ; :‘
| ‘l | — k4D + 2 C= =10.5 {values of ¢ at min. and max.} |
fh Lk +1 W—%smw%ﬂn(zwmﬂfw 5%, TS TOGEn G105+ LT
=1 (k+1)+ rewr From technology, T == 7.21sin(0.488¢ + 1.082) + 24.75 i

L sin(2k + 3)0 — 3 8inf A 7.21sin0.488(t +2.22) + 24.75  Note: 2.22 — —10.5 & 12.7 & 12

I =Lk+1

f e+ AR |

i . cos [EEAE] sin [(2rs2e=t] a sinz = 0.382 b tan (2) |

_1 an (£) = —0.458

| \I 2(k+1)+ e {factor formula} © = 0,392, 2.75, 6.68 ' zm e ‘
\ . s = 5.

g _ %(k—t—l)-&— cos(k:+2)9_su;(k+1)9 ‘
il 2sin a sin(z — 2.4) = 0.754 b s 5

1 =3 {(k oy b DOCET 1)9] o A 3.25, 4.69 sin {2+ §) = 08049 |
|| — 2 in 0 B S xArl.44, 589, 7.73 ;

|

" i Thus Pps1 is true whenever Py is true and Py s true.
‘ . p, istrue forall n€Zt {Principle of mathematical induction}

- a 25ine = —1 i
, € [0, 4] b \/Esma:—lzo, z € [—2m, 27 ‘

sinz =.—

(S

REVIEW SET 12A !

|
i ‘ll‘ | 1 This is the graph of y = sinz under a 9 This is the graph of
vertical stretch of factor 4. horizontal compression of factor 3.

L
The amplitude is 4. The period is 2Z.

y = sino under @

p=s5in3x
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9 a 2sin3z++v3=0, z€[027] b sec’s = tanz +1, @ €0, 2n] P(t) =40 2
. - =40+ 12sin 2= (¢ — 3T
| = tan2m;Vf)ta,n:c;|/f 3 sin <7 (t 12) mg L a If y:ACOSB(t—C’)+D
tanz(tanz — 1) =0 ini
na( ) a P(t) has a minimum of 40+ 12(—1) then A= —d 2m
=—4, —=m
B

tanz =0o0r1l
= 28 mg per m*
. |

|
i 2w
b when su1-—-_;-(t—%):_]_ &b v B=9 |
27 8y == i |
(g 3L = ‘
72( 12) Yy = —4cos2z || ‘
2(—3y =2
) 7t —33) b If y=AcosB(z—C)+D I
m:O,%,w,_—Z’-,Zw So 87 _ 21 k I
; m =3 TkT then A=1 2—11-—8 . B=r=x |
a1 El B = A = =
t=8%+k7 o ¢
B _ max.+min. 341
t= 1%, 8%, 15%, and so on. D= 3 = ;— =2
¢ =0 :

! ;. on Mondays at 8.00 am

9
g 4n §m 10m 1lm 10x 17T

=5>%9* 8’ 98?9’ 9 i )
{15 days after midnight Saturday}

< 8, where P(t) isin thousands of water beetles.

So, y =cos (ilm) 492

10 P() =5+2sin(5), 0<t

5 a cosxz=0.4379 .
, 0 <10 b cos(z —24)=-0.6014, 0<z<6

€ Tf population is > 6000,
z a2 1.12, 5.17, 7.40
S T~ 0.184,4.62 I

then P(t) > 6

a P(0)=5+2sin0

=5
S, 5000 water beetles. 5 4 2sin (%t) -6
b Smallest P =5+2(—1)=3 . s (%ﬁ) 51 cos(165°) b tan(Z) 1
; Largest P =25 +20)="7 _ — o 5 12 il
| ) (mt) s L cos(120° 4 45%) a2
Ll - smallest is 3000 water beetles e Sm( 3 ) 2 — o ° . = ta-ﬂ(ﬁ — 2=
: ) cos 1207 cos 45° — sin 1207 sin 45° 12
Kl largest is 7000 water beetles Using technology, sin 45 tan(Z) — ta.n(lg-) ‘
1 i - —_— D
05 <t<25 and 6.5 <t<8 = (_%) (ﬁ) _ (?) (%) 1+ tan(%) tan(Z)
| i 2
| REVIEW SET 12B = -3 _ =% (3 ‘
' i 1+ ()%= a 3
| ‘|‘ 1 a sin®z —sinz —2=0 b \2/\_/5 )(‘/E) V3 =_ﬂi i
‘ i .. (sinz—2)(snz+1)=0 =_4i€ :ﬁ_lx V31 B—=1 il
i - sinz=2o0r—1 V31 V31 :4—2\/5
[ But sinz values lie ' 2 ‘
il between —1 and = /5
| | 1 inclusive
' \ sing = —1
.......................... y=—1
z =% + k2 y

P

-

cos(z+Z)—1=0, =€ [0, 4] b tan2r—v3=0, = € [0, 2]
1 % 's
cos(z + I) = —J_l o tan2w =+/3

-
st
=

b o y=cosx—3

--------

old @i wla
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2 . g : .
cos“ a4 sin“a=1 sin2a = 2
cos? 6 — 1 c 5— Bsin® @ h e in 200 smsa cos _\Z
; cosfa+ L = — 9(_3y/_
9 a COSBB—FSJ.UZBC.OZB b sin @ — 5(1 — sin”® 6) 213 . =%
= cosB(cos? O + sin” 0) —(1 —cos?0) = 5cos” 0 OB =g = 3{?
= cos0(1) - sin 6 cos @ = iég
= cosf ~sin®6 Butin Q3, cosa <0
sind cosa:—lg
:—sinﬂ
5 cos 24 =1 — 2sin® A
sin? 6 — 1 e cos? 9(tan9+1)2—1 '
i cosz =1—2sin? (2 i =] =
cos — cos? f(tan® § + 2tanf +1) — 1 * (2) {lotting 24 =2, A= 3} |
. a = i
_ ,Ll_f_miz.ﬁ)_ = cos® 6{36029+2tan9) = s =1—2sin® (%) :
cos B ] in? (2} =7
cos2 6 =1+ 2008 S(SH;B) e o (2) ;
- n2(z2yY=1
cos 0 — 2sinf cos sin (2) 8
— —cos@ = sin 26 | st (%) =i2-72
o b (omn—sinaP Bu f<g<iE @@ - sn(3) -2
10 a (23]1;05— ) . zcos2a_gsiuacosa+sin2a ‘
—4gin?a—4sina+1 _ cos? o +sin® @ — 2sinacos o a i tanz=4 ii tan(f) =4 i tan(z—1.5)=4
= 1 —Hina w%i'§§6+kkw £ N1326 4 kn . T— 15~ 1326+ kr ‘
r 2 1.33+ km . A
@~ 5.30 + kdrr S xR 283+ k |
ol REVIEW SET 12€ 0 b i tan(z+Z)=-v3 i tan2r=—3 i tan®z —3=20 i
i 29 sinq — cos & ¢ 4-——-——3-1‘12‘1—4 $+%:2?”+k7r 2m:2T’r+k7r S tanz =3
| a q s 1 —cos m 8cosa - a::§+k7r $:§'+k77r % |
\l 1+C059 N M_ _4(1_51112“); I:.ZZ.T_ + ki
1 —cost) _ = 3
‘ w( = ( M’)" Bcosa
sin o 4+ cos &) € 3tan(z — 1.2) = —
1 eost oo @
I‘ B tan(z — 1.2) = — 2
| —1—-cosf = 8 cos o 5
fi il sin o + €Os & i z— 1.2~ —0.588 + kr
| p DR 1 o I
=g ooR @ A2 0.612 4 ki '
\
I =-2 =
\ cos @ 1+sind b (1+ ) (c0594c0529) tfmg— Z, E<b<nw S [gA
| 2 a T 9+_—c059 c0S sin @ i 5
sin 2 — coxl - 3
bl oL 264 (1 + sin 0)? =4 B G?SB T C ‘
e _cos @+ - —1— cos? 6 sinf = —2k, cosf =3k But in Q2, \
\ - i 2 i
| (o sinciycos — sin? @ but  cos” 6 +sin” 0 = 1 sin6 > 0, cosf <0
‘ cos? § + 1 + 2sin f +sin? 0 Ok% + 4k% = 1 D ko1
L - (1+5in9) cos 8 1387 = 1 - 2m 3 |
| g ot L oo sinf = , cosf=——= i
| i 226800 20 4 sin® 0 =1} b=+ Vi Vi3 il
| —————
| 1t (1+s1n0)c059 8in 200 — sin ¢ _ 2sinccosa —sina ‘

0820 — cosar -+ 1 Zcosa 1—cosa+1
_ sinof2coser=T1] sina
cosa(2cos-e—T1T cosw

cos(-— - )

I 21 erf)
! ‘II' Mcoaﬂ

| gt 2

= 2secf

cos B .
b cos2A = cos® A—sin® A

‘ 2  a sin2A=2sinAcosA

512

_ o522 — (22— (&) = cos (3= £) cos0 +sin () sin 6
—25 = s

i _ 14;;692 (0)cose+(_1) S

= 189

" = —sinf

(=
U=}

\
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™ (0,1) a 2cos(2z)+1=0 b sin2z = —v/3 cos 2z ‘
b sin (9—1— 3) 1 . I
e cos(2z) = —3 sin2z V3 f
= sin @ cos (%) + cos 8 sin (-5) 2 —=- 3 |
=sin6(0) + cos8(1) i 4_qr} + k2m tan2z = —/3
3
= C059 % - 2 = ZT’ir + km
. 3 , - \
10 Let BC=zm tanf = 3 or —2 4 o ﬁ—z_w}Jrkﬂ' Lom=3+k3 |
tanf = 2 tan20=1% But 8 is clearly acute, ® or an s r=1Z, 5%, %r, —lgE \
=g - —_ T kI8 T i I
3 3 so tanf >0 T |
2tan @ 4 dm \
e == tanf = = : . \
1 —tan?f 3 - 2 c g a sin20=2sinfcosd b cos26 = cos?f —sin? 0 }
1
R S ()2 (-
2(2ta.n29+3taen9ﬁ2)=0 . x=15 " (] ! ) ] , bc c B .
= o1
2(2tan8—1)(tan9+2) =0 . BC=15m - 3m—— == -
c =g ‘
8 tan2a=§, g<a<%
: : 2t
1 a /2 cos (9 A 1) b cos acos(ff — o) —sinasin(B — a) s b :‘Hz _ _14,_’
4 — tan® «
e, Tiie — cos[a+ (B — @)]
=2 §cos (L) —sinfsin (T 6tan o = 4 — 4tan?
V2 [eos (4) 1(4)] =cos[a+ 3 —al : 5 e
=\/§[c059x71545'1n9><7§] — cosB & 4‘3&2 a+btana—4=0 But @ is in quadrant 1.
4 giaf o 2(2tan’a+3tana —2) =0 5 fasidee X ﬁ: .
=cost—sm : oo 2(2tana — 1){tana +2) =0 * 5 ‘
gin 22 ¢ cos 2z d tan 2z tana = 1 or 2 A
= 2sinxcos® =1—2sin*z _ sin 2z 5 gl = ek AN
3 V7 9 (2 cos 2T vE
=% [2){-%7) =1-2(%) o
5 S EV AT | 9 a By the sine rule — b Using th i
_ ,Saﬁ e s ° s > 5 3 sing the cosine rule !
:'% =37 . 2sinacosa 32 =22 452 —2x T xb5Xcosa |
sina 4 . 9=a%+25— 10z ()
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